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Find ( 2) i.e., the factorial of one-half.
Solution: Using the Gamma function we know that for any » € R
o0
P(r+1)=rl, where I'(r+1)= / e trdt
0
First note an important property of this function, i.e.:

I'(r+1)=rI'(r), foranyr

Proof: Using integration by parts:

(r+1)= / t"e tdt = [—e_ttr]go + / e trt"ldt = 7“/ e ' tdt = rI(r) o
0 0 0
. . . 1 . 1 . 1 3 1 1
Using this property, it suffices to compute I' 3 to obtain 5 ! since 3 =T 3)=5 r 5 ) Hence,

1 oo
r () = / etz dt change t = u?> = dt = 2udu. Note that v — 0 as t — 0 and u — oo as t — co. Thus:
0

2
[e%S) [eS) . 1 [eS) R [eS) R
/ e ttT2dt =/ e " u? ?udu = 2/ e u tudu = 2/ e " du
0 0 0 0

This new integral can be solved by doble integration as follows:

%) 2 o oo
(2/ _“Qdu> = 4/ _zzdx/ eV’ dy = 4/ / e~ (@ +y )dxdy switch to polar coordinates:
0
/ / ~(@*+y )d:cdy = 4/ / e rdrd = 27r/ e rdr change 72 = w = 2rdr = dw
0

w . 00 1
= 27r/ erw =7 [—e_w]o =7(0+1)=7 Therefore, 2/ e Vdu=T (2> =7
0 0

Using the property proved above, we conclude that:
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