B555 - Machine Learning - Homework 2

Enrique Areyan
March 05, 2015

Problem 1: Suppose that the number of accidents occurring daily in a certain plant has a Poisson distribution with an
unknown mean A. Based on previous experience in similar industrial plants, suppose that our initial feeling

1
about the possible value of A can be expressed by an exponential distribution with parameter 6 = 3 That
is, the prior density is
O = e

where A € (0,00). If there are 79 accidents over the next 9 days, determine:
a) the maximum likelihood estimate of A.
b) the maximum a posteriori estimate of A.
¢) the Bayes estimate of A
Solution: This situation can be modeled as having data set D = {z;}{_,, where each x; = number of accidents in the

9
plant on day ¢, for 1 <4 < 9. We do not have the value of each z;, but we know that > x; = 79.
i=1

a) Maximum Likelihood: by definition:

Amr = arg m}e\mx{p(DM)}

X —A

where the probability of a single observation z; given A is p(z;|\) = , since we assume a poisson

;!
distribution for the number of accidents. From this it follows that the likelihood for a general the data
set D with n observations is:

n
p(DIA) = ] p(x;|A) by independence of x;
i=1
n A\Tig—A
= II ; by assumption of Poisson distribution
i=1 Li:
)\7‘,21 xie n
= ———— arithmetic
i=1
)\1,;1 i e*n)\
This shows that the likelihood function is /() = ——————. Instead of maximizing this function, let
[T 2!
i=1

us maximize the log-likelihood:

n
>

\i= n i = n n n

U\ = log ;76 = log ()\il e_"/\> —log <H xﬂ) = log(\) Z:m —nA— Zlog(wi!)
H .131' i i=

i=1

Mazimize:

N 0N

log(\) Z T; — N\ — Z log(x;!

i=1 =1
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.ol . i=1
Setting N = 0 we obtain \ =

n

We can check that indeed this is a global maximum by checking the second derivative:

I PR B P 0
N | x| T s

Since z; € N for all ¢ and A\? > 0. Here we ignore the degenerate case where x; = 0 for all 3.
Having check that we indeed have the global maximum, we can conclude:

Sa

i=1

AML = , where z; are i.i.d observations from a Poisson distribution
n
n 79 7
In our case: n =9 and Y z; =79, hence | A\pr, = 9P so an average rate of 85.
i=1

b) Maximum a posteriori: by definition:

Amap = arg m)f\ix{p('DP\)p()\)}

Ai=1 SN
where p(D|\) = — € as computed in part a, and p(\) = e~ by assumption. Thus,
I =:!
i=1
\i=1 —nA A=t Qe A(n+0)
(DINP(N) = T e = T

: n
[ ! IT !
i=1

This function is to be maximized to obtain the maximum a posteriori. However, let us instead maximize
the log of this function:

log(p(DIN)p(N)) = log

Mazimize:

% [log(p(DIN)p(N\)] = =< [log(A Zx, +log(8) — AM(n +6) Zlog ;! ] = i:;\ —(n+90)

n

Zﬂ?z‘

=1
n+6

0
Setting > [log(p(D|A)p(N))] = 0 we obtain A =
We can check that indeed this is a global maximum by checking the second derivative:

9?2 0 éxl éxl
a5z loaP(PNP()] = 75 | == = (1 +0)| = —5= <0




Since z; € N for all ¢ and A% > 0. Here we ignore the degenerate case where x; = 0 for all 3.
Having check that we indeed have the global maximum, we can conclude:

AMAP = : l o where x; are i.i.d observations from a Poisson distribution and A\ has an exponential prior
n
I 9, 3" 2 = 79, and 6 = 1/2 hence | A n__ 1% e of 82
n our case: n =9, x; =79, and 0 = ence = = —— |, so an average rate of 8—.
P MAP =973 1/2 = 19 & 19

¢) Bayes Estimate: by definition:

A = E\D] = /p()\|D))\d)\, i.e., the mean of the posterior distribution
0

DIN)p(A
where p(A|D) = ]7(10'(1))1))() Let us compute each piece separately:
/\igl i fe—An+0)
p(DIA)p(A) = ——————, wich we computed before

n
i=1

To compute p(D), we can marginalize over all values of \:

p(D) = [ p(DIN)p(\)dA marginalization

0
00 N\i=1 110 —A(n+90)

= [ n;d/\ computed before
0 I1 =!

i=1

0 \i=1  Pe—AMnt0)

= %d)\ computed before
0 I =!

This integral is computable but there is an easier way. Instead of doing this integral, let us find the
functional form of the posterior by a proportionality argument:

)\igl Iige—)\(”‘f‘e) i x;
p(DIA)p(\) = —————— x A\i=t e~ 29 " dropping all values that do not depend on A

n
i=1

This shows that the posterior follows a Gamma distribution. Recall (or see reference [1]), that if X has

a Gamma distribution with parameters «, 3 € (0,00) then X has a pdf proportional to 2*'e=#® and

its mean is E[X] = 2

B

n
Therefore, the posterior p(D|A\)p(A) has a Gamma distribution with parameters @« = Y z; + 1 and
i=1
B = n+ 0. Now using the fact that we know what the mean of a Gamma distribution is, we can
conclude:

x;+1
a =1
)\ == ———
5= 3 n+0
n 1 1
In our case: n =9, ;:1 x; =79, and § = 1/2 hence | A\p = 973_7_;_/2 = 1£90 , SO an average rate of 8%.




Problem 2: Let X;,...,X,, beiid. Gaussian random variables, each having an unknown mean 6 and known variance
ol. If 0 is itself selected from a normal population having a known mean p and a known variance o2

a) what is the maximum a posteriori estimate of 67
b) what is the Bayes estimate of 07

Solution: a) Maximum a posteriori: by definition:

Orvap = arg m;lx{p(DW)p(@)}

(s — 0)°
1 e 208
V/2mo3
we assume a normal distribution for X;. From this it follows that the likelihood for a general the data
set D with n observations is:

where the probability of a single observation z; given 6 and o2 is p(z;]0) = , since

p(D|0) =[] p(x;|0) by independence of x;
i=1

by assumption of Normal distribution

W@ arithmetic
L =
Also, p(0) = e 20°
p( ) mg
Therefore,
Opap = argm@ax{p(p‘e)p(e)}
> (z; — 0)?
=1 (9_/1/)2
1 203 1 e 202
= arg max '
g 5 (27T)n/20—6l V2ro
n e 0 9
1 J:Zl( : (O-w?
- 252 202
= AN et g '

As usual, let us take the log:

> (i — 0)? )
_ 1 _i=1 _ (0 —p)
Mazimize:
P B 1 D=0y | EE-0
~ [log(p(D|O)p(9))] = — |log e R e
a0 a0 (2m) (D200 202 202 ol o2



Setting % [log(p(D|6)p(F))] = 0 we obtain:

0 — i:l( )_(9—/‘)
N oL o?
0
x;) —nod
B,
o} o2

o?(>. @) — o®nb — 030 + o2

- 252
050

= by canceling o3o? > 0

0 = o?(>. @) — o®nb — 030 + o2
i=1
= —0(c*n+05) + (X @) +ogu
i=1
e
o?(3 @i) + opp
) = i=1

o?n + o}

We can check that indeed this is a global maximum by checking the second derivative:

n N 0
> R Y
o Leae(PORO] = 55 | =g ==~ | =~z <0

Since n > 0 and 03,02 > 0.
Having check that we indeed have the global maximum, we can conclude:

n
o2(3" @) + odu
=1

2 1 o2 where z; are i.i.d observations from a Normal distribution and 6 has a Normal prior
o?n+ o
0

Omap =

Note that an equivalent way of writing this, which is found more commonly in the literature (See [2]) is:

n
> T
1=1

N
o2 o3
Onvap = T N
o2 ot
b) Bayes Estimate: by definition:
0 = E[0|D] = / p(0|D)6do, i.e., the mean of the posterior distribution

If we try to compute all the integrals we will most likely have a hard time solving them explicitly.
Instead, as done in problem 1 part c), let us find the functional form of the posterior by a proportionality



argument, i.e., by dropping all terms that do not depend on 6 from p(D|0)p(0) we get:

> (zi—0)?
p(D|0)p(6) o eap{ =1 G ;;)2

This form is a Normal distribution but to show this clearly we will need to complete squares for 6 ([3]):

3 x; —0)? 3 x? — 2x,;0) + nb?
El( ) (0 — p)? z;( ' ) 0% — 20 + 1
o? + o2 - ol + o2
0 0
1 > > @7 2
_ 2 [ B =1 i=1 H
= 0 (2 + 2) — 20 3 + ) + ) + -
of o o o o o
! (6 )2 +C
= —_— —_ /’(‘1
ot
2 i 1 1
= n
where C' is a constant that does not depend on 6 and p; = Ll + =L and = = — + —. Thus,
o2 od o2 02 o2
0 1 0

p(DI)p(0) o exp{—%,%w —m)?)

which means that the posterior distribution is normal with mean p; and variance 0. The bayes estimate

is just the mean of this distribution, i.e., p1:

n
> T
1=1

+ 2

o)

05 = E6|D] = iy = =

Problem 3: Let Xq,...,X, beii.d. random variables with distribution

flala) = a"(1—a)'™"
where z € (0,1). Assuming that the unknown parameter o was selected from a (0,1) uniform distribution
find the Bayes estimator of «.

Solution: Bayes Estimate: by definition:

1
ap = Ela|D] = /p «o|D)ad, i.e., the mean of the posterior distribution
0

Let us find the functional form of the posterior distribution by a proportionality argument, i.e., by dropping

all terms that do not depend on « from p(D|a)p(a) we get:

n

p(Dla)p (HO‘ (1—a)'~ ””1>~1:oﬂzlm(1—a)

By looking at reference [4.], we see that the posterior belongs to the Beta distribution with parameters

e
Since the mean of a Beta distribution is given by atp’ we
!

n
n—y. x;
i=1

a—(le)—&—landﬁ—(n—ixi)—kl.

=1

conclude that:

o (iiﬂ—‘—l (ixi)+1
ap = Ela|D] = = =1 = l:;l —

a+67(ixi)+l+(n—zﬂ:xi)+l
i=1 i=1

Note that since 0 < a < a+ f and 0 < 3, we have 0 < ap < 1 as we are suppose to have.



Problem 4: Consider the following minimization problem:

Solution:

argmin ||Ax — bl

where A is a m-by-n, x is a n-by-1 vector and b is a m-by-1 vector (all vectors and matrices are real). Owing
to the fact that the row space and nullspace of A are orthogonal, any vector x € R™ can be decomposed
as X = Xy + Xp, where x;, lies in the row space of A and x, lies in the nullspace of A. Suppose now that
X = X, + Xy is one solution to the minimization problem above.

2)
b)

a)

Prove that X = X, + aXy,, where a € R, is also a solution to the minimization problem.

Prove that %X, from above is common to all solutions that minimize ||Ax—bl|. In other words, prove that
there is no other vector from the row space that can be combined with any vector from the nullspace to
minimize ||[Ax — b||

By hypothesis, X = X, + X, is one solution to the minimization problem above. Hence, we have that
the optimal value d € R can be written as:

d

[|[A%X — b]| since d is the optimal

= ||A(Xr +%n) —b|| by definition of X

= ||A%X; + A%, — b|| since A is a linear transformation (a matrix)
[|A%, + 0 — b since X, is in the nullspace of A

= ||A%, —b]| matrix and vector arithmetic

This shows that the optimal value d can be written as d = ||A%X, — b||. But consider:

[|A(Xr + a%n) —b|| = ||AX, + @AX, —Db|| since A is a linear transformation (a matrix)
= ||A%X, + a0 —Db|]| since Xy, is in the nullspace of A
||A%, — b|| matrix and vector arithmetic
= d by previous argument

Therefore, X = X, + aXy is also a solution since it yields the optimal value d.
Let p be the projection of b to C(A). Geometrically we know that this is a solution to arg min ||Ax—Dbl|.
X

In other words, the projection p is the closest vector to b formed by vectors from C(A). Since by
hypothesis X = X, + X, in one solution, we must have:

P=AR: +%n) = ARy + ARp = AR + 0= A%, = p= A%, ()

Suppose now that there is another vector x; from the row space, where x; # X,, that can be combined
with any vector from the nullspace x} to minimize ||Ax — b||. In symbols, we have that:

p = A(x; +x5) = Ax; + Ax;, = Ax; + 0 = Ax; = p = Ax; (%)
Subtracting equation () from (s#:x):
pP—pP=Ax; - A% = 0= A(x; — X,)

This means that we have found a vector x} — %, # 0 (since X} # X,.) that belongs to the nullspace of A.
However, by hypothesis, both x} and %X, belong to the rowspace of A. We know that any linear
combination of elements in the rowspace is again in the rowspace, so in particular the linear combination
given by x; — X, is in the rowspace. This contradicts the fact that this vector belongs to the nullspace.
Therefore, there is no such x}.



Problem 5:

Solution:

Expectation-Maximization. Let X be a random variable distributed according to px (z) and Y be a random
variable distributed according to py (y). Let Dx = {x;}7, be an i.i.d. sample from px(x) and Dy = {y;}},
be an i.i.d. sample from py (y). Let D = Dx U Dy. Furthermore, define px (z) and py (y) as follows:

px(x) = aN(p1,07) + (1 — a)N(uz, 03)

and
py(y) = BN(p1,07) + (1 = B)N(p2,03)

where o € (0,1),8 € (0,1), 1 € R, uz € R,01 € RT and 0y € RT are unknown parameters. N(u,0?) is a

univariate Gaussian distribution with mean y and variance o2.

a) Derive update rules of an EM algorithm for estimating g1, u2, 01 and o9 based only on data set Dy

b) Derive update rules of an EM algorithm for estimating «, 8, i1, i2, 01 and oo based on data set D

In both cases the algorithm should follow the principle of maximizing the expected likelihood of complete
data, i.e., if Z; are hidden variables that indicate to which distribution observation ¢ belongs, then we want
to maximize

Ezllog p(D, z|6)|0"]
by using the formula
0+ = argmax{ Ez[log p(D, z[60)|0"]}
The parameters 6 will be the mean and variance of the distributions as well as the mixing coefficients.

a) In this case let us derive update rules based only on data set Dy-.

I will use slightly different notation for now. In what follows, wy = 8 and we = (1 — ). After de-
riving values for w; and ws, I will convert back to .

In this case m = 2 (two distributions), we get:

n

> [tog(wnp(ilon)pz, (Ly:, ) + logwap(yil02) pz, (2ly:, 0©)

i=1

Bg[log p(D, 2|)|0"] = (+)

This is the equation we want to optimize, first with respect to wy and ws, and then with respect to
K1, p2,01 and os.

For wy and wy: In this case we note that this is a constrain optimization since wy + ws = 1.
by forming the Lagrangian with some constant ¢ we get the following function, call it f:

So,

F=> [lo.g(wlp(yi|91))p2i(llyiv 6" + log(wap(ys162))pz, (2ly:, 9(”)} +c(wy +ws) — 1

i=1

Now take partial derivatives and set to zero:

o (s (1y;, 0]
A el
ow, P w1 ]
af o = _pZi(2|yi76(t))_ _ _
ng_z_ ws +c=0= wy =

Also,

szi(”yi’o(t))
w1 + wo =1= =l

Z bz; (2|yl7 H(t))
=1

E bz, (”yi’ 9<t)>
=1

c

apzi (2|yi7 o(t))

c

c

pz,(Lyi, 0D) + pz, (2|y;, 9“))}

c

.

N
i




So we can get rid ¢ in wy and ws to get:

Z pZz(1|yZ79(t)) Z Pz; (2|y179(t))
wy = Z:l— and Wo = Z:l—

n n

But then switch back to 8 = wy (and 1 — 8 follows immediately) to get:

bz, (1|yi7 e(t))
=1

B:Z

n

For iy and po: We will take the derivative of (x) with respect to py for k =1, 2:

9(x) 9 [& . .
= I log(wip(yi|Ok))pz, (Kyi, 0( )) by definition of ()
Opuk Our =1
3 |2 ,
= > vz (kly;,0") Wlog(wkp(yiwk)) taking constants out
i=1 | Ok
;- ]2 :
= 2 pz/(kly:,0'") B {log(wr) + log(p(yilk)))}|  properties of log
i=1 L
n r )
= pz, (kly:, 00) 8log(p(yi0k))} () since log(wy) is a constant w.r.t g
i=1 LOMEk
{ —(yi — pu)? }
1 2
where p(y;|0k) = 20}, and thus,
oV 2T
{ —(yi — ,uk)z } ,
1 207 { 1 ] (yi — )
l i|0k)) = lo e k =lo -
0g(p(yil0k)) = log = U 207
; 9 9 1 (yi Mk)z} Yi — Pk
hich means —Io il0L)) = =— < lo — =
whi rrton(p(l0n)) = 5o {tog | =] - W -
Replacing into (xx) and setting to zero:
(%) u Yi — Pk - 9 :
= (kly;, 00) | 22 1 —1 ;|0 t
A izlpzl( |y ) [ p replacing o 0g(p(yi|6x)) into (xx)
L (®)
= — > pz:(klyi, 0)(yi — )
O i=1
1 (o n
= 2 [ b0 — . 5 (0
Ok Li=1 i=1
= 0 = (since o1, > 0)
Z pZi(k|yi7 a(t))yZ
= =
> pz,; (kly:, 01)
i=1
 pz (klys, 60)
2 1 n n z pZI( iy
Note that 0" () = *i > pZi(k‘yivg(t))yi — [k Y Dz, (k|yi79(t)) =-= 2 <0.

2 2
8,uk; 0% a,uk i=1 i=1 O



since the term in the numerator is the sum of probabilities and hence always positive and the term
in the numerator is always positive since it is a square.

For 01 and 09: We will take the derivative of (*) with respect to oy for k = 1,2: Some of the work
has already been done. Let us recap:

d(*) = 3 pg, (kly:, 0) ilog(p(yi|9k)) this is equation (xx), already computed
doy, =1 dok
P o 1] (=) 1 (yi — w)?
Where, ——I ilfk)) = 5— ! - T I
ere, 5oy 109w wildk)) = 5 { o9 [Jk Nord 202 o o}

Replacing this into the equation above and set

9(x)
doy §

ting to zero:

n
(K|y;, 00
=1p21( |ya )_aO'k

zog<p<yi|ek>>}

n r 1 e 2
T 3“’“)}
i=1 L Ok Ok

1 n
(klyi, 0) + —5 32 pz, (klys, 09) (v — ux)?

1 n
—— X bz
Ok i=1 Ei=1

0 —> multiplying by oy

pz, (klyi, 09) (v — i)

o

i=1

n 1 n
a Z: Pz, (Kly:, 0) + o2 >z, (klyi, ) (yi — ) =0 = o

i=1 T oi=1

2
k n
>z, (kly:, 0®)
i=1

An argument similar to the case for pj with the second derivative shows that this is a global maxi-
mum. (I will omit this argument here).

EM Algorithm: Following the class notes and the above derivation, the following is the EM Algorithm:

(0) (0

1. Initialize p\”, o\”) for k = 1,2 and B(©

2. Set t =0.

3. Repeat until convergence
_ BDp(yilpn, of)

a) p 4 lyaa(t)
() Pz, (e, 0 = o i 0?) + (1 = B)Op(ilia, o2

] and pz, (2|y;,01) =1 — pz, (1]y;,01)

> pz, (Lyi, 61)

(t+1) _ =1
(b) 8 :
) lezi(k’wi,e(t))yi
(C) /“Lk; = Z:n
Z bz; (klyzv g(t))

~.

1

n

> vz, (klyi, 09) (y; — pu)?

(@) (@)D ==

E bz, (k?|y“ e(t))
i=1



(e) t=t+1

4. Report ,u,(:), (02)® and B® for k = 1,2.

where p(y;|pk, o) is the pdf of a normal random variable with mean p and variance U,%

b) In this case let us derive update rules based on data set D. This data set contains data from both px
and py. I am going to use the notation:

n n m
wy n+m57 wa n+m( B), w3 o and w n+m( @)
And hence:
n n nB+n(l—0)+ma—+(1—m)a n+m
wyHwetwstwy = ——— B+ (1-5)+ a+ (1—a) = B+n(1=5) ( ) = =1
n—+m n—+m n+m n+m n—+m n+m

So that we have a mixture of 4 distributions (which in reality reduces to only 2 distributions, but the
calculations are the same) where each w is weighted by the number of points corresponding to the data
set from which it came (either Dx with m points or Dy with n points).

Now, the equation we want to optimize is:

n-+

Ezllog p(D,z|0)|0"] = X_Z[log(wm(yzlﬂ))pz (Lys,00) + log(wap(yi|02))pz, (2]y:, 0)
0D + log(wap(yi102))pz, (4ly:, 6)] (o)

When we optimize equation (o) to find values for w;, this essentially reduces to the computations done
in part a), but we will have to account for ws and ws. Form the Lagrangian, where ¢ is a constant:

+l09(w3p(yz | 62 ) )pzi (

n+m

=3 [log(wip(y:61))pz, (Lly:, 1) + log(wap(yi|02))pz, (2|y:, 0D)
=1
0D + log(wap(yi162))pz, (4lys, 6] + c(wr + wa + w3 + wy) — 1

i=
+log(wsp(yi|6h))pz,
Now take partial derivatives and set to zero:

n+m

Z pzi(1|yi,0(t))

o) T, (s, 0] -
.f — pZz( |y7 ) +c=0:>w1:—2_1
Oown P w1 ] c
5 bz 2y, 00)
9 nhmoe ) FION pz;(2]y;, 0
f _ pZz( |y7 ) +C:O:>U}2: i=1
Owq P Wo | c
5 bz Bl 00)
P n+m (3l H(t) B bz, yza
fo_ PGl 0] gy = 2L
Oows pt w3 | c
S bz (s, 00)
Of " [pz (Alyi, 00)] & Prve
fo_ G LA ] B S =
Owy wy ¢

©
I

-
L

Also,

n+m
[ > pz,(Uys, 09) + pz, (2lyi, 09 + pz, (3lys, 0 + pz, (4]y;, 0P )}

i=1 :]_:}

wi+wet+ws+ws =1 = c

—c=

>z Uy, 09) + pz, (2lyi, 09) + pz, Blyi, 0) + pz, 4y, 0) | =D pz, (ilyi, 0"

n+m ‘| 4 n+m
=1 j=1 =1




So we can get rid ¢ in wq, ws, w3 and wy to get (for short, wy for k =1,2,3,4):

n+m .
Zl Pz, (klyi, 6%))

Wy =

4 n+m .
> 3 2zl 00)
J=1 =

But then switch back to 8 from w; = HLmB’ so 3 = nt mw1 (and 1 — 8 follows immediately) to get:

n+m

; bz, (1|yl7 g(t))

4 n+m )
3. 2 pzily )
J=1 i=

And switch back to a from w3 = a (and 1 — « follows immediately) to get:

n+m

Z pz, (3ly:, 61)

4 + .
2 2 pzlily o))
Jj= 1=

For p; and po: We will take the derivative of (o) with respect to 4 first (the other case is symmetrical):

0 0 ..
352) o {Z log(wip(yi61))pz, (L]ys, 0)) + log(wsp(yil61))pz, (1|yz,9“))] by definition of (x)
n+m (9 n+m a .
= S e 80) | g toatunntsl60)| + " (3l 69) | toa(wnplus )| taking constants o
n+m

a n+m 6 .
= 3 pz(ly:,00) [wllog(p(yﬁl))} + 22 pz,(3lyi, 01) [am log(l)(mlﬁ))} (00)  log(wy) is a constan
i=1 i=1

(i_:uk)z}:yi_/ik

2 2
20% oj,

0 0 1
We already computed: ——Io |0 lo
v computed: 5 tog(pn10) = 5 f1og |- —] -

Thus, replacing into (oo) and setting to zero:

O(x n+m ;- n+m P — . 0 .
o) _ zmmu>ﬁfﬂwmmmwﬂyf}mm@mmmmmm>
Opi o1 i=1 01 O

1 n+m
= = [ > pz.(Uyi, 0D) (i — 1) + 2, (3lyi, 07) (yi —m)}
1

i=1

1 n+m
- o2 [ Z (yi - ‘ul) (pzi(1|yi,¢9(t)) +p21(3y“9(t))>:|
1

i=1

I
o

= (since o1 > 0)

(pz (L]y;, 00) + pz, (3lyi, 0)) y;

I M+

+m
> 1z, (Uyi, 00) + pz, (3yi, 0)
i=1

A very similar argument, which I will not write entirely to save space, shows that:

n+m
> (P2 (2lyi,0D) + pz, (4ly;, 01)) yi

i=1

n+m
> 0z (2lyi, 00) + pz, (4y;, 60)

i=1




For 01 and 09: We will take the derivative of (o) with respect to o1. Note that most of the work
has already been done, so I am not going to write every detail here.

o nt+m 0 0 .. .
aE:l) = Y pz(ly;,0W) [log(p(yilﬁ))] + pz, (3ly:, 61) [301 log(p(yil91))} this is equation (oo).
=1

60'1
0 1 (i) L (i m)?
Doy, {log [om} 27 ) o o

Ok O
Replacing this into the equation above and setting to zero:

0
Where, EZOQ(P(%WH) =

8(*) . n+m o 9 | » ) |
9o = 2 Pz t9) | 5 -log(p(uil6r))| +pz (3lyi07) | 5 -log(p(yil6r)
n+m ) . ,
S (0 o 00) [ 4 2]
= 01 o7
n+m o ,
I Z (pz: (L|y:,09) + pz, (3lys, (t)))[ (%;n)}
g1 = 01
= 0 = multiplying by o,
n+m
Z:l [pZ (Hyu )+pz (3|yz7 )] (yz _ /1'1)2
2 1=

01 = n+m
> pz(Uyi, 00) + pz, (3ly:, 00)
=1

Essentially the same argument shows that:

n+m

> [Pz (2lyi, 09) + pz, (4ly:, 6D)] (y; — p2)?

2 i=1
03

Zl pz, (2lyi, 0®)) + pz, (4]y;, 6®))

Finally, we have all the components we need for the EM algorithm:

EM Algorithm: Following the class notes and the above derivation, the following is the EM Algorithm:
1. Initialize ué ,O ) for k = 1,2 and 8O, o®

2. Set t = 0.

3. Repeat until convergence

w i 0
(a) pZi(k|yi79(t)) = kP (YilOk)
;wip(yiwz‘)

n+m

Z 2 (L]y;,00) sz(3|yu D)

(b) B+ — (” + m) and QD) — (n t m)

n 47+ ) m 4 + .
> Z 7, (jlyi, 6®) > > pz.(ilyi, 0®)
Jj=1 =1 j=1 i=1
n+m
> (02, (klys, 00) + pz, (k + 2]y;, 01)) yi
(t+1) =1
(C) Moy =

n+m
>z, (Klyi, 0®) + pz, (k +2|y;, 00)
=1



[Pz (Klyi, 69) + pz (k + 21ys, 60)] (9 — )
ntm

> pz.(klys, 00) + pz, (k + 2]y, 00)
i=1

7

n+m
1

(@) ()t = =

(e) t=t+1

4. Report ,uff), (02)® and B, a® for k = 1,2.

Problem 6: Consider the problem of linear regression in which the objective function is to minimize the sum of squared
distances to the fitting line, as shown in the figure below. In the figure, d(f(z), (zo,%0)) represents the
Euclidean distance from point (xg,yo) to the line f(z). Formulate the optimization problem and solve it as
far as you can make it. Assume you are given a data set D = {(x;,y;)}",, where z; € R, and y; € R.

Solution: To solve this problem we first define the function d(f(z), (xo,¥0)). As stated in [5.], given a point (zo,yo)
and a line az + by 4+ ¢ = 0 with coefficients a, b, ¢ € R, the perpendicular distance from the point to the line
is given by:

(axo + byo + ¢)?
d = [ 2T0 T PYo T )
(f($)7 (9007y0)) \/ a2 + b2
We can now define the problem of linear regression: suppose we are given data points D = {(x;,y;)}"_; where
Z;,y; € R. Let us hypothesize the fitting line to be f(z;) = wo + wiz; or equivalently wix; — f(x;) +wo = 0.
The distance from the point (z;,y;) to this line is:

— s = =
w? + (—1)2 “ w? + (—1)2 w? +1

R 2 s 2 s 2
ei=d<f<xi>,<xi,yi>>=\/ it vt ) = B vt yn) (ot v

Now we define the function E(wg,w;) to be the sum of squared distances to the fitting line:

n

n n 2
wW1T; — Yi + w 1
E(wo,wy) =Y el =) (wni — g Fwo)” _ > " (wiz; — yi + wo)?
i=1 i=1

wi + 1 wi +1 &
Minimization:
oF 0 1 n 9 2 n
YRl I W1T; — Yi + W = W T — Us - w
dwo  Owg w%+1;(11 Yi + wp) w%—i—l;(ll Yi + wo)
. OF ) )
Setting Do = 0 and noting that w{ +1 > 0, we get
n
- Z Yi — W1x;
i=1

n
Z(wlwi —yi+wy) =0= Z(wlxi —y;)+nwy=0=|wg =
i=1 =1




oF . 0 1 - 2| 2 2(w1xi—yi—i-wo)(xi—i-wl(yi—wo))
awl - awl w%+1 Z(wll‘z Yi +U)0) - Z (w%+1)2

i=1 i=1

oE
Setting o = 0 and noting that (w? +1)? > 0, we get
w1

n

D (wizi — yi + wo) (zi + wi(y; — wo)) =0

i=1

Here we can replace wy from the first partial derivative into the above equation and solve for w;. Next,
replace the value found for w; into the equation for wg to obtain the optimal values for wy and w; in terms
of the data only.

Even tough it is hard to get a close form solution for this problem, we could instead do an algorithm to
approximate the solution. For example, we could do gradient descent: The first thing we need for this is the
gradient VE, which we already computed:

n

VE — <8E GE) _ ( 1 Z(wlﬂfi*yi+w0)2,i 2(wr —yi+w0)(xi+w1(yi—wo))>

dwy’ Owq wi +1 4 — (w? +1)2

The algorithm would be:

Gradient Descent:

1. Initialize w(()o) and w%o) (I suggest using the OLS solution)
2. Set t = 0.

3. Repeat until convergence

(a) wy™ = w” —1 > (wiz; — y; + wl)?
=1

(b) wtV =l i 2w’z — yi + w0l (@i + wi” (g — wl”))

izl (wgt))2 +1)2

(c)t=t+1
4. Report wét),wﬁt)

where 7 is a parameter, usually a positive small number.
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