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f :R→R
% (*�0��)E"���+-2�+DCE�*���1+D)#���0,-( =  

*Ak-=#k ������)A2�)E2��v,&���1�*(�(*+DH0� � "����*� =  
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*Ak >Akj=#k 5])0� e0�*�1!#�*��(�+&�E2��*,�CE����)A2�)'2%�:o%+D����(*(�+DH#� =G;
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1qk  k 5])#��2�+-(*+D)0���*�82�� � ��CE+�p1)�`^�s)#,D2%�1�W��+D� =��
1qk�;�k � ,D!0)#��+j�WCE)�!#�����*���0,����0�����1�G�0,-+DF*�0��"�����o����1O "��*2��E,D+-���G�0,l+D����w%�0(��W� >.;
1qk 9Ak a
p1����(�+D(*+-)#�8���1)#��"����1�W)0� ��L1L >#9
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mı́nx∈Rn f(x) : f :Rn →R �   
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)Ak+*%k ������)A2�)0�/(*�0��+ � I/�0.8�W)0�  )
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f :Rn →R
%V(G�0�1)[C�"�,-��+D2�+-C[������+-)#���0,������0�c�W�sL1L ( ;\�

=G�%k-=0k ������)A2%)E2%�:,D�'���*!0+DH#�T2��v(�)#�%_P�0�%FG� ;\�
=G�%k-=0k-=#k � ,D!0)#��+j�WCE)�2��v,&���1�*!#+-H#�J2��v(*)#�A_P�0��F*� ;\�
=G�%k-=0k >Ak 5])#�\e#�*�1!#�*�%(*+&��2���,�C[�R�W)q2�)�2��v,&������!#+DH0�^2%�:(�)#�%_P�.��FG� ;\�
=G�%k >qk ������)A2%)E2%�*,�!#���02�+D���\�W�v(*)#�?p1"�!\�02�) 90�
=G�%k >qk-=#k XZ+D�1�*(*(�+D)#�%�*�8(*)0�<p1"�!\�02��0�8`T��"��/���1)#��+D��2��02���� 90�
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=G�%k >qk  k$�m�1)#��+-�*2��02%�*�t2���,%CE����)A2�)Z2���!#���02�+D���\�W�](�)#�<p1"�!#�02�)s���0���KUV"���(�+D)#�%�*�t(�"��02����.�W+-(G�0�|9  
=G�%k >qk�;�k 5])#�\e#�*�1!#�*�%(*+&� 2���,ZCE����)A2�)x2��b!#���02�+D���\�W�4(�)#�<p1"�!#�02�) ���0���gUV"���(�+D)#�%�*�

(*"��02��W�<�W+D(*�0� 9.;
=G�%k >qk 9Ak$�m�1�*(�)#��2�+-(*+D)0���0CE+D�*�\��) 9#9
=G�%k  k alp1�*��(�+D(�+D)#�8���1)#��"����1��)#� �]L," 9�*
=G�%k�;%k ������)A2%)E2%�*,�!#���02�+D���\�W�v(*)#�?p1"�!\�02�)����.�W��UV"���(�+D)#��������)�,D+D�%�G�0,-�*������!#�����*���0, 9 1
=G�%k�;%k-=#k 5])#�\e#�*�1!#�*�%(*+&��!#,-)#o��0,l2��*,�CE���W)q2�)'2��v!#���02�+-�*�\�W�s(�)#�<p1"�!\�.2�) 9 1
=G�%k 9qk ������)A2%)E2%�*,�!#���02�+D���\�W�v�*�1�l��(��W���0, 9�)
=G�%k 9qk-=#k$�m�1)#��+-�*2��02%�*��2��*,�CE����)A2%)'2��v!#�W�02%+D�*�\���:�����B�*(R�W�W�., 90�
=G�%k 9qk >Ak 5])#�\e#�*�1!#�*�%(*+&��2���,�C[�R�W)q2�)�2��v!#�W�02%+D�*�\���s�*���B�*(R�W���0, 90�
=G�%k 9qk  k �v,-)#o��0,-+DFG�.(*+DH0�[2���,�C[�R�W)q2�)�2��v!#�W�.2�+D��� ���s�*�1�l��(��W���0, 90�
=G�%k 9qk�;�k 5])#�\e#�*�1!#�*�%(*+&��2���,�C[�R�W)q2�)�2��v!#�W�02%+D�*�\���s�*���B�*(R�W���0,�!#,D)#o��0,D+-FG�02�) *#�

hi+Do�,-+D)#!#���.UV$&� *%=
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"��%+D2�+-C[������+-)#���0, =3)

>qk alp1�*CE��,-)'2��vo�����O "���2��[,-+D���*�0,
+-���Rw%�0(R�N� >A=
 k "��0,-)#��2��

η
���0�W�',D)0�8���0��)0�/XZ)#!#,-�*!'`JXZ)#"%o�,D�vXZ)0!#,D��! ; *
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3M� � * �:�	�54 *m�76 �98	� ���Z�T�2* � �	�;:���*=<J���

fq�K2������*��������)#,je#���i��,B�%��)#o�,-�*C[�s!#�*�����W�0,P2��/CE+D��+-C[+-FG�0(�+DH#����+D�E�����1����+D(�(*+-)#���*��2��/"����sUV"���(�+DH#�
�%)[,-+D���*�0,

f
(*)0� ��+D� "��0CE�*�\���:2%+-UV�����*�%(*+&�.o�,D��2%)#�8e#�*(��*�%>l���/2%�*(*+-�*@

mı́n
x∈Rn

f(x) ; f :Rn →R , f ∈ C2 %  kj=2(

aY�^,&�0�8�1�*(�(*+D)0���*�/O "����1+D!#"%�*�^(*)#���1+D2����W�0�1�*CE)#�82�)#�8��+D�B)#�82��v��)#,-"�(*+-)#�����8���0�W���*,��%��)#o�,-�*C[�  kj=?>
,-)#�8CE+D��+-C[+-FG�02�)0���*��,D)q(G�.,D�*�i`T�*,�CE+D��+-C[+-FG�02%)#�i!0,D)#o��.,�k

3M� ��� 6 ��% �����  "!A@.(CB�0 ( # !10ED ����%.� ���  "!A@�(CBGF 0 (CH !�0c�

IKJCL��NM �NO
�NPQM  kj=SRUT�VXWZY+[\V^]
_AV`_badce_faAg�h
x∗ ∈ Rn

V\i`_fakjml*nol*jml+prqts�uwvyx�ufz{qAx�WfV
f(x)[�_=|ZaeWfh

∃ε > 0 : f(x∗) ≤ f(x) ∀x ∈ Bx∗(ε) = {x : ‖x− x∗‖ ≤ ε}.
IKJCL��NM �NO
�NPQM  k >wRUi�V^WZY+[\V^]
_AV5_fa}ce_faAg*h

x∗ ∈Rn
V\i~V��'j�l*n/l*j�l+prqes�u=v��wx�uA�#qCx�WfV

f(x)[�_=|ZaeWfh

f(x∗) ≤ f(x) ∀x∗ ∈Rn

V���Y�WfV�aAg*V��^V�aAg*V\�'g*h
Wfh5�G�NaAYN�^h;�Z��hZ�\|Z�/V\i�g+|Z�5�
Y+��ad_fa}�G�NaAYN�^h���h�[�|Z���

aY��UV)0��C[�Z�0���.,D)#!\�����]��"��*2%�*��2���_���+D�n,D)#��CS�?w%+-C[+-FG�02%)#������,-)A(*�0,D����`�!#,-)#o��0,-�*��O "��8�0��,-+D(*�0��$D�0�
�.,Z���1)#o�,D��CS�g2��}�4�<wA+DCE+DF*�0�

f
k8fq+D� ��C�o��0�1!#)�y]2��02�) O "����1���<wA+DCE+DFG�.�

f � �*�T��O "�+-e.�0,-�*�\�W� �
�c��+D�%+DCE+DFG�.� −f � �.,K�W���0o��?p��.�[�1)#o���� ��,K�%��)#o�,-�*C[�g2�� ��+D��+-C[+-FG�0(�+DH#�{���1�N�.C[)#�	�0o��0�1(G�0��2%) ,&�
�1)#,D"%(*+DH0�^2%���.C�ol)0�*k
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��� �����)�T�?���������;:��T� �'� �:�
6 �2*m� �[�2�

� _��E2��/������)#,je#�*���*,��%��)#o�,-�*C[�  k-=/�*������(*�*���0��+-)�(*�0�W�.(��W����+-FG�0�m��"%�i�B)#��+-o�,D���m��)#,-"�(*+-)#���*��y\�l����)
�.� ���*�/���ReA+-�W�0�1�*CE)#���0,-!#"���)#�8(�)#��(��*�%��)#�*@

��� ��� � -/�.!�� (��

� (&% ����%���!1� -�% � -�@.��� -SB�-�% #"� !wH 0�-�� ���E2�+D(���Oq"%�S,&�	UV"��%(*+DH0�
f
�*�:(*)#�\��+D� "��0CE�*�\�W�E2�+jUV� �

���*�%(*+&�.o�,D�
n
e#��(*���K`T�1�:2%�*��)0�W�E(�)#CE)

f ∈ Cn
y�(*"��.��2�)E�RwA+D�c�W� ∇nf(x), ∀x ∈Rn

�2-	� !wB#B�(&0 0 (�@.-�� !rD�0�(CB
� ���G�
f : R →R, f ∈ Cn

k�aY�\�W)0��(*�����*,Y2%�*�W�.����)0,D,D)J2���3n�G`A,-)#�
2��v,&��UV"���(�+DH#�

f
�0,D�1�*2���2�)#�82%�*,���"��\��)

a
y�eq+D�����v2��02�)��B)#�*@

f(x) = f(a)+ f ′(a).(x− a)+
f ′′(a)

2!
.(x− a)2 + ...+

f (n)(a)

n!
.(x− a)n +

f (n+1)(c)

(n + 1)!
.(x− a)n+1

(*)#�
c ∈ (a, x)

�2-SB���� !A@�!�@.� B�-�#"#"� (&%.!10
� ,&�u2��*�1+-e.�02��u2�+-���*(�(*+-)#���0,82���,&� UV"���(�+DH#�
f : Rn → R

��� ,&�
2�+D�1�*(*(�+DH#�

h ∈Rn
% (�)#� ‖h‖ = 1

(]���v2��R_����:(*)#CE)�@

∂f(x)

∂h
= ĺım

t→0

f(x + h.t)− f(x)

t8XB�!A@ � -�% � -�� �*,�!#���02�+-�*�\�W��)s2%�*��+je.�02��Z2��8�%��+DCE�*�n)#��2%�*���*�
n
2�+-C[������+-)#�����r2��8,D�KUV"���(�+DH#�

f :Rn →R, x = (x1, x2, ..., xn)
eq+D�*�%�:2��02�)��l)0�*@

∇f(x) =




∂f(x)
∂x1

∂f(x)
∂x2

. . .
∂f(x)
∂xn




� -	��� � !1%.(�� �*,��/�*���1+&�0�%)�):2��*�1+-e.�02���2%�/�1�*!#"%��2�)�)0��2����[���
n
2�+-C[������+-)#���*�Y2%�/,D�ZUV"���(�+DH#�

f :Rn →R, x = (x1, x2, . . . , xn)
eq+-�*���/2��02�)��l)0�i,D�:C[�.�W�1+DF ∇2f(x) ∈Rnxn

�N�0,PO "��

[
∇2f(x))ij

]
=

[
∂2f(x)

∂xi∂xj

]
∀i, j = 1, . . . , n

� -fF&0 ! @.- 0�! # !A@�-�%.!�� ,&�[2%�*��+je.�02��[2%��"����EUV"���(*+-H#�
z = f(x(t), y(t))

(�)#�b�������B�*(R�W)J�

t
y�eA+-�*���v2��.2��E�B)#�8,D�����*!0,&��2��:,&��(*�02��*���E(�)#C[)��1�:�����B�*(�+-_�(*�[�'(*)0� ��+D� "��0(�+DH#�
@

dz
dt

= dz
dx

.dx
dt

+ dz
dy

.dy

dt
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��� �M� � ��B�(������ !1#"� (&%.-	� � �.%.#"��(&%�!10�-	�5@.-)�/B���� -SB5D � -SF � %�@�(�(CB�@�-�% -�%
Rn �

�����	�
�	�2�NO
�NPQM ;�kj=SR
�Q_=|ZaeWfh ��|}WfV���YN� |rWr|}WZY�� V\[\[�Y+h ae|Z� V�ay��|}WZY�� V\[\[�Y�� a
h, (‖h‖ = 1)

V\i�g��
WfV���aAY�Wr| �;V\i�WfV\[�Y�� �KV��?Y�i�g*VdV��.�1�N�GYNg*Vd[�_=|ZaeWfh

t → 0
V�a ��| WfV���aAY+[�Y�� a WfV ∂f(x)

∂h

� V�aAg*h a�[\V\i^i�V
[�_f� ce��V��

∂f(x)

∂h
= ĺım

t→0

f(x + h.t)− f(x)

t
= ∇f(x)th

�����/J
��� ;�kj=SR�T�V�|
c(t) = x + th

� WfV`�5|Za�V���| ]
_AV
c(0) = x

� TC_ri�g�YNg�_��rV�aeWfhmV\i�g�| i
V��%c�� V\i�Y+h a�V\i;V�a}��|XWfV���aAY+[�Y�� a WfV;WfV�� YN� |rWr|XWZY�� V\[\[�Y+h ae|Z��a�h�i ]
_CV�Wr|��

ĺım
t→0

f(c(t))− f(c(0))

t
=

df(c(t))

dt
|t=0 =

∂f(c(t)

∂c(t)1

dc(t)

dt
|t=0 + · · ·+ ∂f(c(t)

∂c(t)n

dc(t)

dt
|t=0 =

=
∑n

i=1
∂f(c(t)

∂xi

dc(t)
dt
|t=0 = ∇f(c(t))t dc(t)

dt
|t=0 = ∇f(x)th �

 �i;WfV\[�Y��;]
_AV;Wr|rWfh
ε > 0, ∃δ > 0 :

∣∣∣f(x+th)−f(x)
t

−∇f(x)th
∣∣∣ < ε, ∀ |t| < δ

�

�����	�
�	�2�NO
�NPQMz;�k6>wR"!;|rWfh�i
f :Rn → n , f ∈ C2 , p ∈Rn

i�V [�_f� ce��V;]
_AV��

=#k
f(x + p) = f(x) +∇f(x + tp)tp

� c=|#��|X|Z�"�#$fa
t ∈ (0, 1)

>Ak
f(x + p) = f(x) +∇f(x)tp + 1

2
pt∇2f(x + tp)p

� c=|#��|~|Z�"�#$ba
t ∈ (0, 1)

�����/J
��� ;�k6>wRUT�V�|Za
g(t) = x + tp , h : R →R , h = f(g(t))

�	%'&Ah(��| |�ce�1Y+[�|Z�^h�i ��|
) �(� �G_f��|XWfV+*C|#� ��h(� |^��| ) _fa�[�Y�� a

h
� h g*V�a�V��^h�i��

h(1) = h(0) + h′(c), c ∈ (0, 1)

Wfh aeWfV
h(1) = f(g(1)) = f(x + p) , h(0) = f(g(0)) = f(x) ,

h′(c) = d(f◦g)
dt
|t=0 = ∇f(g(t)) ◦ g′(t)|t=c = ∇f(g(c))tp =

= ∇f(x + cp)tp , con c ∈ (0, 1) �

!KV �5|Za�V���|7]
_AV ]
_AV�Wr| c�� hZ�\|rWr|7��| c�� YN�^V���|�|��,���5|f[�Y�� a5WfV ��| c�� h\cAh�i�Y+[�Y�� ae�.-�|#��| ��|�i�V+�Z_baeWr|
|��,� �5|f[�Y�� a�g�V�a�V��^h�i;]
_AV��

h′(1)− h′(0) =
∫ 1

0
h′′(t)dt

� %'&Ah(��| [�|Z��[�_f��V��^h�i
h′′(t) , h′(1) y h′(0)

�
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h′′(t) = d(∇f(g(t)).g′(t))
dt

=
∑n

i=1(
∂f(g(t))

∂xi
.g′

i(t)) = pt∇2f(g(t))p

h′(1) = dh(t)
dt
|t=1 = ∇f(g(t))t.g′(t)|t=1 = ∇f(x + p)tp

h′(0) = ∇f(x)tp

TC_ri�g�YNg�_.�SV�aeWfh~V\i�g+| i V��%c�� V\i�Y+h a�V\iKV�a}��| V\[�_=|f[�Y�� a YNaAg*V+�#��|Z� a�h�i;]
_AV�Wr|��

∇f(x + p)tp = ∇f(x)tp +

∫ 1

0

pt∇2f(x + tp)p dt ⇒

⇒ (∇f(x + p)t −∇f(x)t −
∫ 1

0

∇2f(x + tp)p dt)t p = 0 ⇒

⇒ ∇f(x + p)t = ∇f(x)t −
∫ 1

0

∇2f(x + tp)p dt
%V;�k-=3(

�����?v�zZl�z?l�u �E[\h � ce��V�g�V ��| WfV��^h�i�g ��|f[�Y�� a WfV;��|^i�V+�Z_faeWr|~|��,� �5|f[�Y�� a �\| i��ZaeWfh�i�VGV�a}��|�V\[�_w|��
[�Y�� a	�e��
 �`��| i�Y�WfV�| i7_bg�YN�1Y
��|rWr| i.c=|#��|~WfV��^h�i�g ��|#�7��| c�� YN�^V���|X|��,� �5|f[�Y�� ae�

��� 3M� � (&%/@.��#"��(&%�- �G@�-g��������� !10���@�!A@m�

�����	�
�	�2�NO
�NPQM ;�k  R��7u=n'sAl�z?l��=n n��#z����ZqAvZl q s����/vZl*j��?v u=v{s��Zn �;TCY
x∗ ∈ Rn

V\i _ba
�GYNaAYN�GY
��|rWfh(� ��h�[�|Z� WfV��=c�� hZ�
��V��5|��S��
 �.V�aAg*h a�[\V\i ∇f(x∗) = 0

�

�����/J
���z;�k  R % i�_f�5|Z�^h�i;]
_CV ∇f(x∗) 6= 0
��V�aAg*h a�[\V\i��

∃p = −∇f(x∗) : pt.∇f(∗) = −‖∇f(x∗)‖2 < 0
� %�WfV�� � i [\h �^h ∇f

V\iG[\h aAg��NaA_=| �

∃T > 0 : pt∇f(x∗ + tp) < 0 , ∀t ∈ (0, T ]

- V�� h
f(x∗ + t̂p) = f(x∗) + t̂∇f(x∗ + tp)tp , ∀t ∈ (0, t̂)

�1_AV+�fh��
f(x∗ + t̂p)− f(x∗) < 0, ∀t̂ ∈ (0, T ]
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�mhZ�
g�V�a�V��^h�i^_bae| [\h aAg ��|rWZY+[\[�Y�� adce_AV\i
x∗ V\i^_ba �GYNaAYN�GY
��|rWfh(�`��h�[�|Z��� ! V^�5|Za�V���|�]
_AVX��|

&fY c � g*V\i�Y�i ∇f(x∗) 6= 0
V\i ) |Z� i
|r�

�

�����	�
�	�2�NO
�NPQMz;�k ;CR �7uwnQsCl�zZl�u=n���� n��#z����?qAvZl q �}s�� � � ��� nQs�u uwv
s �Zn �oTCY
x∗ ∈Rn

V\i _ba
�GYNaAYN�GY
��|rWfh(� ��h�[�|Z� WfV��=c�� hZ�
��V��5|��S��
 �.V�aAg*h a�[\V\i

∇f(x∗) = 0 y ωt∇2f(x∗)ω ≥ 0 , ∀ω ∈Rn

�����/J
��� ;�k ;CR % i�_f�5|Z�^h�i ]
_CV ∃p ∈Rn : pt∇2f(x∗)p < 0
V�aAg�h a�[\V\i cAh(�5[\h aAg�YNaA_fY�Wr|rW

i�VG[�_f� ce��V;]
_AV
pt∇2f(x∗ + tp)p < 0 , ∀t ∈ (0, T ]

�

- V�� h
f(x∗+tp) = f(x∗)+ t̂pt∇f(x∗)+ 1

2
t̂2pt∇2f(x∗+tp)p , ∀t ∈ (0, t̂) , ∀t̂ ∈ (0, T ]

� ∇f(x∗) = 0WfV �5|Za�V���|`]
_CV ��| V��%c�� V\i�Y�� a}]
_AV�Wr|#��� [\h �^h#�

f(x∗ + t̂p)− f(x∗) =
1

2
t̂2pt∇2f(x∗ + tp)p < 0

��hX]
_AV �N��V�� |~|X_bae| [\h aAg ��|rWZY+[\[�Y�� a ]
_CV;aAY+V+�r|^��| &fY c � g*V\i�Y�iK]
_CV | i�_f�GYN�^h�i;|ZaAg*V\i\��[\h � ce��V�g�|ZaeWfh
| i��o��| c���_AV
�\|r�

�

�����	�
�	�2�NO
�NPQMz;�k69wR �7uwnQsCl�zZl��=n s � �����KzZl��ZnEzZl q���T�V�|
x∗ ∈Rn : ∇f(x∗) = 0

�

ωt∇2f(x∗)ω > 0 ∀ω ∈Rn
� V�aAg�h a�[\V\i

x∗ V\i�_ba}�GYNaAYN�GY
��|rWfh(� ��h�[�|Z� WfV��bc�� hZ�
��V��5|	�S��
r�

�����/J
���z;�k69wR � h �^h ∇2f(x)
V\i [\h aAg�YNaA_=| �.V�aAg�h a�[\V\i��

∃r > 0 : ωt∇2f(z)ω > 0 , ∀ω ∈Rn , ∀z ∈ Bx∗(r);

|(&Ah(��| g*h �^V��^h�i
p ∈Rn : z = (x∗ + p) ∈ Bx∗(r)

� |Z�t_fg�YN�1Y
��|#����|�|�c�� h �?YN�5|f[�Y�� a ) _ba�[�Y+h ae|Z�
WfV7i�V+�Z_faeWfhXh(��WfV�ada�h�i;]
_AV�Wr|

f(x∗ + p) = f(x∗) +∇f(x∗)tp +
1

2
pt∇2f(z)p , t ∈ (0, 1)⇒ f(x∗ + p)− f(x∗) > 0

�1_AV+�fh
x∗ V\i _fa}�GYNaAYN�GY
��|rWfh(� ��h�[�|Z���

�

���0�'(�)#��2�+-(*+-)#���*�'�%�*(*���W�0�1+&�0�'` �1"%_�(�+D�*�\���*�S2%�^�1�*!#"%��2�)})#��2����|���1�W�0�~�.��)q(*+&�.2��0��� (*+-�*�1�W�0�
�%��)#��+-�*2��.2��*��2��v,&��C[�.����+DF Q �*�1��+&�.���%k � (*)#�\��+D� "��0(�+DH#�J2�����(*�1+Do�+-C[)0���*�c�N�0�/����)0��+D��2��02����*k

��� ��� � $&� (���@�-4%&����� # !wB � %�! � ! ��B��  : -���� �W� ( � � ��� ��! �
-�� % ��@�!	� :
� ��
��
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IKJCL��NM �NO
�NPQM ;%k-=SR�� ae|��5|Zg � Y
� i�YN�^��g � Y+[�|
A ∈ Rnxn

V\i~T�V��GY���- h�i�YNg�YN� | ! V���aAY�Wr|������
	��

[�_=|ZaeWfh
ωtAω ≥ 0 ∀ω ∈Rn

���Q_=|ZaeWfh���|XWfV\i�Y��Z_=|Z��Wr|rWGi�V [�_f� ce��V V�a ) h(� �5|~V\i�g � Y+[�g�| ��V\i WfV\[�Y��
]
_AV

ωtAω > 0 ∀ω ∈Rn
V�aAg*h a�[\V\i i�VKWZY+[\V;]
_AV ��|`�5|Zg � Y
�

A
V\i - h�i�YNg�YN� | ! V���aAY�Wr|
�
	C�

fq+�o�+D���^,D�'2���_��%+D(*+-H#�J�l����CE+-����+D2����\�W+-_�(G�0�8C[�.�W�1+D(��*�/f'�mX�yP�*�c�N�0�/C[�.�W�1+D(*���8�l)0���*�����W�0C�o�+-�*�
�.,D!#"����0�8(G�0���0(����*�1$D�1��+D(*�0�8���0�c�W+D(�"�,&�.���*�]Oq"%�����4�0,-!#"���)0�8(G�0�1)#�8U �0(*+-,D+-�W�0�	,D���N�0�1�G�%k�aY�c�N�0�/��)#�
@

fq�G�8,&�8C[�.�W�1+DF
A
2��m2�+-C[������+-)#�����

(nxn)
y?"�����C[�.����+DFr��+DCE������+-(G�%y��*��2��*(�+D��y

At = A
y���� ��)#��(��*�*@

atwA+-�1�W��,D�SCS�<�W��+-F
C

)#�1��)#!#)#���., %V�*�v2��*(�+D��y
CtC = I

(K�W�0,rO "��
CtAC = D

yl2�)#��2��
D

�*�/"����'CS�<�W��+-F�2�+D�0!#)#���.,
O "��:(*)#�\�W+-�*���v,-)#���0"%��)?e.�0,-)#�����82��
A
k

��)0�K�."%�W)�e.�0,D)0���*�82%�
A

�1)#���1�G�0,-�*��k

� Q )#���^�1�G�
A

�02%�*C[�0�v2��[�1+DCE������+D(*�	"����^CS�.����+-F�f%X ��yn����2���(*+-�*y
ωtAω ≥ 0 , ∀ω ∈Rn

y
���\�W)#��(��*��@

=#k ��)0�/��,D��C[��� ��)#��2��v,&��C[�.�W�1+DF�2%+&�0!#)0���0,
D

�1)#�^��)A2%)#�8��)E���*!\�<�W+-e0)#�
>Ak ��)0�/2%���W����CE+D���.� ���*��2��s�W)q2��0�8,D�0�8��"%o�CS�<�W��+-(*���/2%�

A
�1)#�^��)[�%�*!\�.��+-e0)#�

XK�'CS�0�%�*�W�	O "��'�1+t���'��+D�*�%��"����TC[�.�W�1+DF��1+DCE������+D(*�S(*)0C[)	��, �K�����1+&�0��)J2��'"%���	UV"���(*+-H#� 2��

Rn →R
y����:�W�.o��W��O "����������
�J��+��1��(�"�CE��,D�v(*"��0,DO "�+-�*�W�'2��v,D�0��(*)#��2%+D(*+-)#�����:=vHS>AkPaY�4��,�(G�0�1)

���SO "��/(*"��.,DO "�+D���W�s2��/,&�0�Y2%)#�i(�)#��2�+-(*+-)#���*�m�1�K(�"�C[�%,D+D���W��(�)#C[):2�����+D!0"��0,D2��02��*�1����+-(��N�Ay\�*�\�W)#�%(*�*�
�B)q2��*CE)#���0�1�*!#"����0��O "��v,&�'CS�<�W��+-F

A
�*� ��)#��+j�W+-e.��XZ�R_���+D2������
��� k

XK�S+D!0"��0,YC[�0���*���%y���+m��� ,&�0�:�._���C[�0(*+-)#���*�:�0�\���*��+-)#����� Q �0o�,&�.C[)#�v2��EO "��S,-)#�v�*,-�*CE�*�\�W)#�:2��[,&�
C[�.����+DFn2�+&�.!#)#���0,

D
`�,D)0�M2������*�1C[+-���0�\�W����2��m,&�0�M�1"�o�C[�.�W�1+D(��*��2��

A
�1)#� � ��)��B)#��+j�W+-e0)#� � �B)A2%���*CE)#�

�.���*!0"��W�0��Oq"%�T,&��C[�.����+DF
A

����fA�*CE+���IK��!\�.�W+je.��XZ�R_���+-2�������������`g��+i��)#�������*!#�.�W+je#)#� � y�Oq"%�T,&�
C[�.����+DF

A
���/IK�*!#�.�W+je0�'XK��_���+-2���������� k

���%J� �"!.�};�kj=SR$#�|Z�N��|#� V��=�GYNaAYN�GY
��|rWfh(�
x∗ WfV���| ) _ba�[�Y�� a

f(x1, x2) = x2
1−x1x2 +x2

2−3x2

�

% �&!���O
�NPQMu;�k-=rR(' _ri�[�|Z�^h�i'c���YN�^V�� h;��|`[\h aeWZY+[�Y�� a~a�V\[\V\i
|#� Y�|5WfV�c�� YN�^V��7h(��WfV�a�|Z�tWfV�g*V����GY��
ae|#����h�i.ce_faAg*h�iGV\i�g�|f[�Y+h ae|#� Y+h�i\� V\iKWfV\[�Y�� ����h�i ce_baAg*h�iKWfh aeWfV V��C�#��|rWZY+V�aAg*V V\iG[\V�� h��

∇f(x1, x2) =

(
2x1 − x2

−x1 + 2x2 − 3

)
=

(
0

0

)
⇔

(
x1

x2

)
=

(
1

2

)
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|(&Ah(��| �
_Si�[�|Z�^h�i;��|d[\h aeWZY+[�Y�� ama�V\[\V\i
|#� Y�| WfV;i�V+�Z_faeWfh h(��WfV�a=� �^V�WZY�|ZaAg*V ��| WfV�g�V�� �GYNae|f[�Y�� a
WfV���#;V\i\i�Y�|Za�h^WfV

f

∇2f(x1, x2) =

(
2 −1

−1 2

)
⇒ Det(∇2f(x1, x2)) = 3 > 0

 � � V\i�_b�1g+|rWfh |ZaAg*V�� Y+h(�Xa�h�i^YNaeWZY+[�|m]
_AV ∇2f(x1, x2)
V\i !KV���aAY�Wr| - h�i�YNg�YN� | � cAh(�`��h}g+|ZaAg�h��

cAh
WfV��^h�i�YNaA�Zh�[�|#����|X[\h aeWZY+[�Y�� a�WfVUi�_��.[�Y+V�a�[�Y�| �5| i�V+�Z_���|#� ]
_CV V��fce_faAg�h &=|Z�N��|rWfh
x∗ = (1, 2)t

V\i _fa}�GYNaAYN�GY
��|rWfh(� ��h�[�|Z���

���%J� �"!.�~;�k6>wR�#7|Z�N��|#�KV�� �GYNaAYN�GY
��|rWfh(�
x∗ c=|#��|^��| ) _fa�[�Y�� a

f(x1, x2) = x3
1 − x2

1x2 + 2x2
2

�

% �&!���O
�NPQM ;%k >wR _ri
|ZaeWfh}V��'�GY�i��^hGc�� h�[\V�WZYN�GY+V�aAg�h ]
_CV V�a V�� V��{V�� ce��h |ZaAg�V�� Y+h(�Gi�V7ce_CV�WfV
WfV�g*V�� �GYNae|#� ]
_CV

∇f(0, 0) = ∇f(6, 9) =

(
0

0

)

∇2f(0, 0) =

(
0 0

0 4

)
, ∇2f(6, 9) =

(
18 −12

−12 4

)

Det(∇2f(0, 0)) = 0 , Det(∇2f(6, 9)) = −72 < 0

!KV �5|Za�V���|^]
_AV cAh
WfV��^h�i7| i�V+�Z_.��|#�7]
_CV aAYNaf�Z_ba�h�WfV7��h�i ce_faAg*h�iKV\i7_fad�GYNaAYN�GY
��|rWfh(� WfV
f

�
!KV��%|Z�^h�i;[\h �^h`V��{V��\[�Y+[�Y+h�c=|#��| V�����V\[�g*h(�KV�� WfV�g*V����GYNae|#�Ui�Y [\h am[\h a���h�i;Wr|Zg�h�i;hZ�
g�V�aAY�Wfh�i�|#� ��Y��\|
V\iGhGa�h7cAh�i�Y��
��V WfV���aAY�� ]
_A� g�Y cAh^WfV�ce_faAg�h^V\i�g�|f[�Y+h ae|#� Y+hXV\i

(6, 9)t
�

7�o��1�*�ce#��O "���,&�0��(�)#��2�+-(*+-)#���*�Z2���)#�%�W+-CS�.,D+D2��02�2%�*�W�.����)0,D,&�.2��0�Z�1H#,D)J�.��,D+-(G�0�b���0�W�	CE$D��+-C[)0�
)TC[�<wA+DCE)#�/,D)q(G�0,-�*��yl,-)	O "��'2�� p��T�.o�+D���1�N�[,&�S���1�*!#"%� �W�%@ �G���s�l)#�1+Do�,-��2��R_���+-��(*)#�%2�+D(�+D)#��������)0o����
"%����"%� ��)

x∗ `T"�����UV"��%(*+DH0�
f
O "��:2������*�1C[+-���*�JO "��:�*�1�:�%"��\�W)E�*�/C[$-��+DCE)�!#,-)#o��0,l2��

f � k

�����	�
�	�2�NO
�NPQM ;�k *AR;TCY
x∗ V\i}_ba �GYNaAYN�GY
��|rWfh(�X�Z��hZ�\|Z�7WfV

f
�XV�aAg*h a�[\V\i ∇f(x∗) = 0

�

∇2f(x)
V\i�T -,! ∀x ∈ Rn

� TCY ∇f(x∗) = 0
� ∇2f(x)

V\i -,! ∀x ∈ Rn
��V�aAg�h a�[\V\i

x∗ V\i`_ba
�GYNaAYN�GY
��|rWfh(���Z��hZ�\|Z� WfV

f
�

�����/J
���z;�k *AR�T�VKhZ�
g�Y+V�a�V;WZY�� V\[�g+|Z�^V�aAg�V WfV ��| i.c�� h\cAh�i�Y+[�Y+h a�V\i �e� � � �e���r�
�
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��� �M� 
��.% #"� (&%.-	�S� ( % � -�� ! �0�

IKJCL��NM �NO
�NPQM{;�k >=R�� � nEzZl�u=n����mz#uwn�� ���tq � �
f :Rn → R

V\iG[\h aA�ZV��S|Gi�Y �

f(x1λ + (1− λ)x2) ≤ λf(x1) + (1− λ)f(x2) , ∀x1, x2 ∈Rn , ∀λ ∈ [0, 1]
% ;�k6> (

�����	�
�	�2�NO
�NPQMz;�k+1wR.T�V�|
f ∈ C1 ��V�aAg�h a�[\V\i��

f
V\i [\h aA�ZV��S| ⇔ f(y) ≥ f(x) +∇f(x)t(y − x) , ∀x, y ∈Rn

�

�����/J
��� ;%k 1wR - � hZ��V��^h�iEc���YN�^V�� h;��|5YN� ce�1Y+[�|f[�Y�� a &=|f[�Y�|G��|5WfV��\V\[ &=| �QWfV �5|Za�V���|�]
_AV |f[\V*c �
g+|Z�^h�i;]
_AV

f
V\i [\h aA�ZV��S| ��cAh(�7��h^]
_CV7i�V [�_f� ce��V���| V\[�_=|f[�Y�� a �e��� �7cAh
WfV��^h�i V\i�[�� Y��
Y�� �

f(λ(y − x) + x) ≤ λ(f(y)− f(x)) + f(x) ⇒ f(x+λ(y−x))−f(x)
λ

≤ f(y)− f(x), ∀λ ∈ [0, 1]

�5g*h �5|ZaeWfhXV�� �1�N�GYNg�VK[�_w|ZaeWfh
λ ↓ 0

i�VG[\h � ce��V�g+|5��| c�� _AV
�\|

ĺım
λ↓0

f(x + λ(y − x))− f(x)

λ
≤ f(y)− f(x) ⇒ ∇f(x)t(y − x) ≤ f(y)− f(x)

- � hZ��V��^h�iG|(&Ah(��| ��|�YN� ce�1Y+[�|f[�Y�� a &=|f[�Y�| ��| Y
��]
_fY+V���Wr|r� *eh �5|ZaeWfh�[\h �^h�[�Y+V���g+| ��|}V\[�_w|f[�Y�� a
|^��|^WfV��\V\[ &=|^WfV ��|XWfhZ�
��V�YN� ce�1Y+[�|f[�Y�� a=��cAh
WfV��^h�i;V\i�[�� Y��
Y��K]
_AV.c=|#��|

x1, x2 ∈Rn
�'i�VG[�_f� ce��V��

λf(x1) ≥ λ(f(x) +∇f(x)t(x1 − x))

(1− λ)f(x2) ≥ (1− λ)(f(x) +∇f(x)t(x2 − x))

�^|Z��i�_f�5|#� |Z�5�\| i V\[�_w|f[�Y+h a�V\i7a�h�i;]
_CV�Wr|��

λf(x1) + (1− λ)f(x2) ≥ f(x) +∇f(x)t(λx1 + (1− λ)x2 − x)
% ;�k  (

	'YNae|Z�1�^V�aAg�V�cAh
WfV��^h�i,&=|f[\V��
x = λx1+(1−λ)x2

i�YNa cAV���WfV����fV�a�V���|Z�1Y�Wr|rW ��� |Z�fi�_ri�g�YNg�_fY�� V\i�g�|
V��%c�� V\i�Y�� a�V�a ��|dV\[�_=|f[�Y�� a �e� ��� i�V�[\h � ce��V�g+| ��|;c�� _AV
�\|�WfVK��|XYN� ce�1Y+[�|f[�Y�� a &=|f[�Y�|X��|~Y
��]
_bY+V���Wr|r�

�

�����	�
�	�2�NO
�NPQMz;�k )AR.T�V�|
f ∈ C2 ��V�aAg�h a�[\V\i

f
V\i [\h �ZV��S| ⇔ ∇2f(x)

V\i�T�V��GY���- h�i�YNg�YN� | ! V���aAY�Wr|�
+T - !��Z�

�����/J
��� ;%k+)AR c=|#��|
&=|f[\V�� ��|�c�� _AV
�\| &=|f[�Y�| ��|5WfV��\V\[ &=| a�h�i � |Z��V��^h�i WfV���WfV\i
|#� � h �N��h ) _ba�[�Y+h �
ae|Z� WfV7i�V+�Z_baeWfhXh(��WfV�a

f(y) = f(x) +∇f(x)t(y − x) +
1

2
(y − x)t∇2f(x + t(y − x))(y − x) , t ∈ (0, 1)

% ;%k�; (
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cAV�� h^Wr|rWfh`]
_AV
f

V\iK[\h aA�ZV��S| �Qi�V [�_f� ce��VK]
_CV ∀x, y ∈Rn

f(y)− f(x)−∇f(x)t(y − x) ≥ 0 y por lo tanto
% ;�k69 (

(y − x)t∇2f(x + t(y − x))(y − x) ≥ 0 ∀(y − x) ∈Rn % ;�k * (

��h ]
_AV [\h � ce��V�g�| ��|5c�� _AV
�\| &=|f[�Y�| ��|}WfV�� V\[ &=|r� -�|#��| ��|`c�� _CV
�\| &=|f[�Y�| ��| Y
��]
_fY+V���Wr|}�\| i�g�|m[\h a
hZ��i�V�� � |#��]
_AV ��|`V��%c�� V\i�Y�� a �e���7i�V����^[�Y+V�� g+|�cAh(� &fY c � g*V\i�Y�i\�oWfV��5|Za�V���|�]
_AV i�Y���|;i�_ri�g�YNg�_fYN�^h�i V�a
��|dV��%c�� V\i�Y�� a �e� � WZY�� V\[�g�|Z�^V�aAg*V^hZ�
g*V�a�V��^h�i;��|}V��%c�� V\i�Y�� a �e����]
_CV a�h�i�WZY+[\V�]
_CV ��| ) _fa�[�Y�� a V\i
[\h aA�ZV��S| ��i�V [\h � ce��V�g+|`��| c�� _AV
�\|r�

�

�����	�
�	�2�NO
�NPQM|;�k��AR T�V�|
x∗ ∈Rn : ∇f(x∗) = 0

[\h a
f ∈ C1 [\h aA�ZV��S|�� V�aAg�h a�[\V\i

x∗ V\i;_ba
�G�NaAYN�^h �Z��hZ�\|Z� WfV

f
�

�����/J
��� ;%k6�AR � h �^h
f

V\i [\h aA�ZV��S| i�V [�_f� ce��V^]
_CV
f(x) ≥ f(x∗) + ∇f(x∗)t(x − x∗)cAV�� h~[\h �^h ∇f(x∗) = 0

� ]
_AV�Wr|
f(x) ≥ f(x∗), ∀x ∈Rn

��i�VG[\h � ce��V�g+|`��|�c�� _AV
�\|r�
�

�����	�
�	�2�NO
�NPQM ;�kj=��AR TCY
f : Rn → R

V\i~_fae| ) _fa�[�Y�� a [\h aA�ZV��S| �;V�aAg*h a�[\V\iXg*h
Wfh}�G�NaAYN�^h
��h�[�|Z��V\i g�|Z�5�
Y+��ad�G�NaAYN�^h��Z��hZ�\|Z���

�����/J
��� ;�kj=��AR"% i�_f�5|Z�^h�i5]
_AV
x∗ V\iG_fa��GYNaAYN�GY
��|rWfh(�;��h�[�|Z�ecAV�� h~a�h`�Z��hZ�\|Z� � g�h �^V��^h�i

_fa�ce_faAg�h [�_w|Z��]
_fY+V���|}V�a V��/i�V+�Z�^V�aAg*h
λx∗ + (1 − λ)x , λ ∈ [0, 1]

]
_AV�_fa�V`|
x∗ [\h a�_ba

x ∈Rn : f(x) < f(x∗)
� V�aAg*h a�[\V\i i�V;WfV
��VG[�_f� ce�1Y�� ]
_CV��

f(λx∗ + (1− λ)x) ≤ λf(x∗) + (1− λ)f(x) < λf(x∗) + (1− λ)f(x∗) = f(x∗)

cAV�� h cAh
WfV��^h�i �ZV��K[���|#��|Z�^V�aAg�V�]
_CV i�Yog*h �5|Z�^h�i
λ

WfV �5|Za�V���|`]
_CV
λx∗ + (1− λ)x

V\i�g��;V�a�V��
V�aAg*h(� a�h Wfh aeWfV

x∗ V\i V��b�GYNaAYN�GY
��|rWfh(� ��h�[�|Z� �ohZ�
g*V�aeW#� V��^h�i._fae|�[\h aAg ��|rWZY+[\[�Y�� a�c=|#��| ��| &fY c � g�V\i�Y�i
WfV ��|^]
_CV7i�V.c=|#� g�Y���� WfV��5|Za�V���|X]
_AV

x∗ WfV
��V i�V���_ba}�GYNaAYN�GY
��|rWfh(���Z��hZ�\|Z���
�

���%J� �"!.� ;�k  R  ayV��EV��{V�� ce��h �e��
�WfV�g*V�� �GYNa�V;i�Y�V��o�GYNaAYN�GY
��|rWfh(� ��h�[�|Z� &=|Z�N��|rWfh
(1, 2)t

V\i
g+|Z�5�
Y+��ad_fa}�GYNaAYN�GY
��|rWfh(� �Z��hZ�\|Z���

% �&!���O
�NPQMu;�k  R��UV\[\h(��Wr|Z�^h�i ]
_AV
Det(∇2f(x1, x2)) > 0∀x ∈R2 �EV\i�WfV\[�Y�� ]
_AV;V���#;V\i\i�Y�|��

a�h WfVE��| ) _fa�[�Y�� a`V\i,- h�i�YNg�YN�Zh ! V���aAY�Wfh��CWfV �5|Za�V���| ]
_CV.|�ce�1Y+[�|ZaeWfhUWZY�� V\[�g+|Z�^V�aAg�VE��|Ec�� h\cAh�i�Y+[�Y�� a
�e���7cAh
WfV��^h�i�| i�V+�Z_���|#�;]
_AV

x∗ = (1, 2)t
V\i _fa}�GYNaAYN�GY
��|rWfh(� �Z��hZ�\|Z���'*C|Z�5�
Y+��a i�V�ce_CV�WfV7�N��V+�r|#�

|GV\i�g�V � V\i�_f�1g�|rWfh |�ce�1Y+[�|ZaeWfh ��| iQc�� h\cAh�i�Y+[�Y+h a�V\i��e�	� ]
_AV a�h�iQcAV�� �GYNg*VU| i�V+�Z_.��|#�U]
_AV ��| ) _fa�[�Y�� a V\i
[\h aA�ZV��S| �G��|7c�� h\cAh�i�Y+[�Y�� a �e��
�
�]
_AV7a�h�i7WZY+[\V ]
_AV7g*h
WfhG�G�NaAYN�^hK��h�[�|Z��WfV7_fae| ) _fa�[�Y�� a [\h aA�ZV��S|
V\i g+|Z�5�
Y+��ad_fa}�G�NaAYN�^h �Z��hZ�\|Z���
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�����M� ����-fB�#"��#"��( � ��B�( � ��-	��� ( � �:�<�

�����	� !fJ" �|;�kj=SR [\h a=i�Y�WfV��\VKV��bc�� hZ�
��V��5|
mı́n{x2

1 − x1x2 + 2x2
2 − 2x1 + ex1+x2}

! � V\i�[�� Y��\|;��| i [\h aeWZY+[�Y+h a�V\i.a�V\[\V\i
|#��Y�| i WfV7h\ceg�YN�5|Z�1Y�Wr|rW;WfVQc�� YN�^V�� h(��WfV�ae���  �i7V\i�g�|�[\h a �
WZY+[�Y�� adg�|Z�5�
Y+��a i�_��.[�Y+V�aAg*V	� ���{cAh(�;]
_C�	� �

H � �wV\i
x = (0, 0)t

_bae|`i�h �1_A[�Y�� a
���Qi�Y�a�h��EY�WfV�aAg�Y � ]
_AV _fae| WZY�� V\[\[�Y�� a
d

|X��h5��|#���fh^WfV;��|
[�_w|Z� ��| ) _fa�[�Y�� a WfV\[�� V\[\V
�

# � �GYNaAYN�GY
� V���| ) _fa�[�Y�� a | c=|#� g�Y��;WfV
(0, 0)t

V�a}��|~WZY�� V\[\[�Y�� a
d

hZ�
g�V�aAY�Wr|~V�a}��| c��\V+�Z_faAg+|
|ZaAg�V�� Y+h(�%�

�����	� !fJ" �|;�k6>wR [\h a=i�Y�WfV��\VKV��bc�� hZ�
��V��5|
min{‖Ax− b‖22} , A ∈Rmxn , b ∈Rm

! � WfV�_fae|^YNaAg�V���c�� V�g+|f[�Y�� a �fV\h �^��g � Y+[�|XWfV��fc��\hZ�
��V��5|r�
H � V\i�[�� Y��\| _fae|�[\h aeWZY+[�Y�� aya�V\[\V\i
|#��Y�|5c=|#��|�h\ceg�YN�5|Z�1Y�Wr|rWr���  Ei V\i�g+|�[\h aeWZY+[�Y�� a�g�|Z�5�
Y+��a

i�_��.[�Y+V�aAg*V
�
# � �wV��?Y�i�g*V�_bae| $faAY+[�|5i�h �1_A[�Y�� a
�����{cAh(�;]
_C�	� �
@ � �{ce_AV�WfV V��%c�� V\i
|#� ��| i�h �1_C[�Y�� aXV�a ) h(���5| WfVUV\[�_w|f[�Y�� aX[\V�� ��|rWr|
� �  �i*cAV\[�Y � ]
_AVU[�_=|Z��]
_fY+V��

i�_#cAh�i�Y+[�Y�� a ]
_AV�ce_AV�Wr|`a�V\[\V\i�YNg�|#�%�

-�� �\V\i�_AV��1� | V��bc�� hZ�
��V��5|�c�� h\ce_AV\i�g�h7c=|#��|��
A =




1 −1 0

0 2 −1

0 1 0

1 0 1


 , b =




2

1

1

0




�����	� !fJ" � ;�k  R'c=|#��|�|�c�� h �?YN�5|#��_fae| ) _fa�[�Y�� a
g

V�a�V���YNaAg�V�� � |Z��h�� 
�� 
 �`�^V�WZY�|ZaAg�V _fa~cAh �
�1YNa�h �GY+h

p
WfVG�#��|rWfh ≤ n

�Ui�V^�GYNaAYN�GY
��|}V�� [�� YNg*V���Y+h#�
f(a) =

∫ 1

0
(g(x) − p(x))2 dx

� Wfh aeWfV

p(x) = anxn + an−1x
n−1 + · · ·+ a0

# �Z�N��V�a=i�V���| iGV\[�_=|f[�Y+h a�V\i i
|Zg�Y�i ) V\[ &=| i.cAh(�7��h�iG[\h�V��.[�Y+V�aAg*V\i
�\ceg�YN�^h�i
a = (a1, a2, . . . , an)

�����	� !fJ" � ;�k�;AR c=|#��|G��| ) _fa�[�Y�� a
f(x, y, z) = 2x2 +xy + y2 + yz + z2− 6x− 7y− 8z +9

! � _fg�YN�1Y+[\V���| iK[\h aeWZY+[�Y+h a�V\i a�V\[\V\i
|#� Y�| i7WfV.c�� YN�^V��;h(��WfV�a`c=|#��| &=|Z�N��|#�7_fa`ce_baAg*h��GYNaAYN�GY��
��|rWfh(�KWfV7��| ) _ba�[�Y�� ae�

H � �ZV�� Y � ]
_AV ]
_CV V��{ce_faAg�h &=|Z�N��|rWfh7V\i _ba��G�NaAYN�^h'� V���|Zg�YN�Zh [\h � c�� hZ�\|ZaeWfh�]
_AV�i�V [�_b� ce��V�a
��| iG[\h aeWZY+[�Y+h a�V\i i�_ �.[�Y+V�aAg�V\i;WfV i�V+�Z_baeWfhXh(��WfV�ae�

# � WfV��G_AV\i�g � VK]
_AV V��=ce_baAg*h~V\i�_fa}�G�NaAYN�^h;�Z��hZ�\|Z���
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�����	� !fJ" � ;%k 9wR�!;|rWfh

f(x1, x2) = 2x1 + 6x2 − 2x2
1 − 3x2

2 + 4x1x2

WfV��G_AV\i�g � VG]
_CV −fV\iG[\h aA�ZV��S|r�

�����	� !fJ" �};�k *AR����Q_ �Z��V\iUWfV ��| i.i�Y��Z_fY+V�aAg�V\i ) _ba�[�Y+h a�V\i.i�h a [\h aA�ZV��S| i\�/[�_ �Z��V\i [ � a�[�|Z� | i 
�V\i
WfV\[�Y�� � ]
_AV −f

V\iG[\h aA�ZV��S| � �~[�_ �Z��V\i7i�h adaAY [ � a�[�|Z� | i�aAY [\h aA�ZV��S| i	�

! �
f(x1, x2) = x2

1 + 2x1x2 − 10x1 + 5x2H �
f(x1, x2) = x1e

−(x1+x2)

# �
f(x1, x2) = −x2

1 − 5x2
2 + 2x1x2 + 10x1 − 10x2

! �
f(x1, x2, x3) = 2x2

1 + x1x2 + x2
2 + 2x2

3 − 6x1x3
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�
�M� 6 � �����4�X:{�����Z�T� ��� <^�X:

�M� ��� �%@.-/!mF -4%�-SB�!10c� aY,�����O "��*C[��!#�*�����W�0,�2%�*,�,D)0�8C[�R�W)q2�)#�8+-���*���.�W+je#)#�����K(�)#CE)'��+D!0"��0@
fq�T���0�1���T2��J"��{��"��\�W)u+-��+D(�+&�0,

x0 ∈ Rn
` Q �.,D,&�.C[)#�

xk+1
(*)0C[)

xk+1 = xk + αkdk

yt2%)#��2��

αk ∈R
�*����,M�N�0C[�0��)')�,D)0��!#+-��"�2T2���,����0��)�`

dk ∈Rn
����,&�'2�+D�1�*(�(*+DH0�T"���+-�W�0��+D��2��vo����1Oq"%�*2��%k

�M� �M� � ! � ��@.-/ @�- # (&% �&-SB F -�%.#"��!M� fq�G�|,D�z�1"�(*����+-H#� {xk} ⊆ Rn , k ≥ 1
�W�0,vOq"%�

ĺımk↑∞ xk = x̂ ∈Rn
k

IKJCL��NM �NO
�NPQM|9Ak-=rR.T�VKWZY+[\V ]
_CV {xk}
[\h aA�ZV����fV V�a ) h(� �5|����������
	��
�G|

x̂
i�Y �

∃C ∈ [0, 1) : ‖xk+1 − x̂‖ ≤ C ‖xk − x̂‖

T�V WZY+[\V;]
_CV {xk}
[\h aA�ZV����fVKV�a ) h(� �5|����������
	��
�G|

x̂
i�Y �

‖xk+1 − x̂‖ ≤ Ck ‖xk − x̂‖ , donde {Ck} ∈R y ĺım
k↑∞

Ck = 0

T�V WZY+[\V;]
_CV {xk}
[\h aA�ZV����fV |

x̂
V�a ) h(� �5|�����������	����
����	��������mi�Y �

‖xk+1 − x̂‖ ≤ C ‖xk − x̂‖p ∀ k ≥ k̂ ; C ≥ 0 ; p > 1

���%J� �"!.� 9Akj=SR !;|rWfh
xk = 1 + 2−k

�.i�V;i
|r��V5]
_AV {xk}k↑∞ = 1
� ! V�g�V�� �GYNa�VG]
_CVGg�Y cAh WfV

��|�ceY�WfV�� WfVG[\h aA�ZV����fV�a�[�Y�| � V+�ZY�i�g ��| V\i�g+|5i�_C[\V\i�Y�� ae�

% �&!���O
�NPQMz9Akj=SR

|xk+1 − 1| =
∣∣1 + 2−(k+1) − 1

∣∣ = 2−(k+1) luego |xk+1 − 1| = 1

2
|xk − 1|

��h^]
_AV�YNaeWZY+[�|`_fae| [\h aA�ZV����fV�a�[�Y�|����������
	��
�5[\h a
C = 1/2

�

���%J� �"!.� 9qk >wR�!;|rWfh
xk = 1 + 2−2k �Ei�V i
|r��V ]
_AV {xk}k↑∞ = 1

� ! V�g�V�� �GYNa�V ]
_AVKg�Y cAh~WfV
��|�ceY�WfV�� WfVG[\h aA�ZV����fV�a�[�Y�| � V+�ZY�i�g ��| V\i�g+|5i�_C[\V\i�Y�� ae�

% �&!���O
�NPQMz9Ak6>wR

|xk+1 − 1| =
∣∣∣1 + 2−2k+1 − 1

∣∣∣ = 2−2k+1

= (2−2k

)2 luego |xk+1 − 1| = |xk − 1|2

��h^]
_AV�YNaeWZY+[�|`_fae| [\h aA�ZV����fV�a�[�Y�|���������� �!��"�#$� ���d[\h a
C = 1

�
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f :R→R
� # !�� ( �.%.��@.� � -4% � � (&%.!10 


�M� ��� 6��"� ( @�( @.- 0 ! � -�#"#"��$&% � � B�-/!M� fq�G�
g : R →R

"����JUV"���(�+DH#�}"���+-C[)q2��0,Y���x�*,
+-�\�W�*�ce.�0,D)

[a, b]
% �*�Z2��*(�+D��O "�����+D������"�� �1H#,D)[C[$-��+DCE)��*� �*�1�'+D�\�W���1e.�0,-) (RyP���0���S,&�[Oq"%�����'2������*�

Q �0,D,D�0�
minγ∈[a,b]g(γ)

k���)#�����0�1)#��2��*,�CE����)A2�)'2%�:,D�'���*(�(*+-H#� � "����*�[�.��,D+-(G�02�)��'���1�W�:���1)#o�,D��CS�
�1�*�1$&�0�J(*)0C[)���+-!#"��.@

fA�[2%+-eq+D2�����,�+-�\�W�*�ce.�0,D)T���g�W�1�*�:"%�W+-,D+-FG�0��2%)T,D)#�v��"��\��)#�
a0 , λ0 , µ0 , b0

2%�EC[�0�����W�
Oq"%�

a = a0 < λ0 < µ0 < b0 = b
k

fA�v��e.�0, ����,&��UV"��%(*+DH0�T�*�J,D)#�](*"��.����)'��"%� ��)#��2��sC[�0���*����O "��s���v���1)A2�"%(*+D����"���)'2��s,-)#�
2�)#��(G�0�1)[�1+D!#"%+D�*�\���*�*@
=#k fA+

g(λ0) > g(µ0)
y Q �0!#)

a1 = λ0 , b1 = b0 , λ1 = µ0 , µ1 = a1+(1−α)(b1−a1)>Ak fA+
g(λ0) ≤ g(µ0)

y Q �0!#)
b1 = µ0 , a1 = a0 , µ1 = λ0 , λ1 = a1+(1−α)(b1−a1)�/���l�R�W+D�:�*�c�W)#�����0�1)#� Q �0�1�W��O "��S�1�	�0,-(G�0�%(*�E,&�J(*)#��2%+D(*+-H#�}2��[���0�W�02��%y���+D��C[�%�����*�1(*) �

!#+D����2�)E,D)#��� "���e0)#�Z�%"��\�W)#�/2��:CS�0�%�*�W�'O "������:CS�0�\���*��!\�'O "��
µi = ai + α(bi − ai)

`
Oq"%�

λi = ai + (1− α)(bi − ai)
y�2�)#�%2��

α =
√

5−1
2

k

aY,����1�*"�2%)A(�HA2�+-!#)�2��*,�CE����)A2%)E�1�*�1$&�'(*)#CE)'��+-!#"��.@

���
a0 = a , b0 = b , α =

√
5−1
2

, ε > 0 , k = 0
��� ��� |bk − ak| < ε

�������

3��
λk = ak + (1− α)(bk − ak) µk = ak + α(bk − ak)

��� �
	��
�����
g(λk) , g(µk)

��� ���
g(λk) > g(µk)

y������
�
ak+1 = λk , bk+1 = bk , λk+1 = µk

�WfqL8I�7 (Ry
�����
�
ak+1 = ak , bk+1 = µk , µk+1 = λk

��� �����
�
k = k + 1

`T����!#�������:�0,����0�1)��

�M� �M� 6��"� ( @�( @.-^H ��� -�#"#"��$&%m� fA�*�
g :R→R

"�����UV"%��(*+-H#�E�W�0,PO "��Z,-)#�m��+D!0��)#�m2��
g(a)

`

g(b)
��)#��2�+-�1��+D�\�W)#�n`��1�/2%�*���*� Q �0,D,D�0���*,���"%� ��)

x̂
2%)#��2��

g(x̂) = 0
k#am,AC[�R�W)q2�)s2��8o�+-����(*(*+-H#�'(*)0�4�

�1+D�c�W�:�*�4�Re.�0,D"��.�8,&��UV"���(�+DH#�^�*���*,���"��\�W)[C[��2�+D)�2���,�+D�\�W���1e.�0,D)
g(a+b

2
)
(*)#�%���*�ce.�0��2�)[��)#,D�0C[���\�W�

��,�+D�\�W���1e.�0,D)�(�"%`#)#�Z�Rwq�W�1�*CE)#�/e0�*�1+-_�(*�0�4O "���,&�'UV"���(*+-H#�J�W+D�����:��+D!0��)#��2�+-UV������� ���*��k
aY�1�������1)A(��*2�+ �
CE+D���\�W)'���:������+-��� Q �0�c�N��Oq"%�:��,�+D�\�W���1e.�0,-)'���*�1"�,-�W�0�\�W�v���*�ECE�*�%)#�8O "���"%�

ε
���1�*2��R�W�*�1C[+-���02�)%k

� Q )#���Jo%+D�*�
y
�W�.o�+D����2�)JO "���,&�	(*)0��2�+D(�+DH#� �%�*(*���W�0�1+&�T2��'���1+DCE�*��)0��2����}�%)#�s2�+D(��'O "������0�W�TO "��

x∗ ���*�E"%��CE+D��+-C[+-FG�02%)#�m2��
g
y%���v����Oq"%+D�*�1�vOq"%�

g′(x∗) = 0
y�o��0�1�W�0�W�'(�)#�^�0��,D+-(G�0�]�*,�CE���W)q2�)'2��
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o%+D����(*(�+DH#�^�

g′ ���0�W�'"�o�+-(G�0�8,-)#�8�B)#��+-o�,D���8C[+-��+DCE+DF*�02�)#�1�*��2��
g
k

�Z���f��
r� � h aA�ZV����fV�a�[�Y�|~WfV��/�^��g*h
WfhXWfV��
Y�i�V\[\[�Y�� ae��dK���[2���,D�0�Z(*�0�W�0(R�W����$D�c�W+-(G�0�/2��*,nC[�R�W)q2�)
2%�io�+-����(*(*+-H#�����n�1"����0��+D2%�*F�2��i(�)#�\e#����!#����(*+D�Z,D+-���G�0,0(*)#�

C = 1/2
�%"��*� |bk+1−ak+1| = 1

2
|bk−ak|`

ĺımk↑∞ ak = ĺımk↑∞ bk = x∗ k

�M� 3M� 6��"� ( @�( @�- �)-���� (&%�� aY,nC[�R�W)q2�)	2���IK�0.8��)#�u(*)#CE)S��,r2���o�+D�1�*(*(�+DH#�4��+D�ce#�����0�W�
Q �0,D,D�0�v��"��\�W)#��2�)#��2%�	,&�TUV"���(�+DH#� �1�	�0� "�,D�%y�2��	C[�0�����W��O "��S��+����S2%�*���*�b"%�W+-,D+-FG�0�s���.�W� Q �.,D,&�.�
�%"��\�W)#�^�*�c�N�0(�+D)#���.��+D)0�	2��u,&� UV"���(�+DH#�
y�2��*oB�*���z"A�W+D,-+DF*�0���1�b��)#o%���u,&� 2�����+-e.�02��{2%�}���W� UV"���(�+DH#�
�%"��*��(�)#CE)E`#�S�W�0oB�*CE)#�K,&��(*)#��2%+D(*+-H#�4�%�*(*���W�0�1+&�E2������1+DCE�*��)#�12��*�b�%)#�Z+-��2�+D(*�EO "���,&������+-C[���W�
2%�*��+je.�02��'2��v"����'UV"���(�+DH#�J2���ol�:�0� "�,D�0���1�s�*�^,D)#�8��"%� ��)#�/C[+-��+DCE+DF*�02�)#�1�*�*k

� ��� � � ���=R��^���W)q2�)E2��:IK�/.8�W)#�
aY�[,&�s_�!#"����E=K���/C�"��*�c�W����(*)0C[):���K,D,D�Re.�:�:(G�0oB):,&�vo�����O "���2���2���,l�%"��\�W)�2%)#��2��/,&�sUV"���(�+DH#�

g
�1� Q �0(*�'(��*�1)�k
�r�.�1�W+-�*��2%)T2���"��u��"��\��)

x0
�1� Q �0,-,&�[��,re.�0,D)0�K2��',D�[UV"���(�+DH#� �����'��"%� ��)

g(x0)`��*,n2����1" 2��*�1+-e.�02��
g′(x0)

`�����(*)#���c�W�1"%`#��,&�E����(��N�S�W�0��!#���\�W�'�
g(x)

O "������.�W�	�B)#�Z��,r��"��\��)

(x0, g(x0))
kndK���4e#�*FS2���_��%+D2��b���W�b����(��W�%yr�1� Q �0,-,&�J��" ��"��\��) 2��	(*)0�1�W�S(*)#� ��,i��p1� Q )#�1+DF*)0� �W�0,

x1

`}�^���0�1��+D�s2��E�*�c�W�E���E���*�%+-�W�E�*,Y�%��)q(*�*�1)�y��*�:2��*(�+D��y��1� Q �0,D,D�	�*,Ye.�0,D)#�KUV"���(*+-)#���0,
g(x1)

`u�*,
e.�0,-)#�Z2%��,&�S2%�*��+je.�02��	�*� ��������"��\��)

g′(x1)
y
,&�[���*(R�N�S�W�0��!#��� �����

g(x)
O "��'���0�W�	�B)#����,r��"��\��)

(x1, g(x1))
`{�*,�(*)0�1�W�^2��^�*�c�N�g�1�*(R�N�g(�)#�~��,�� p1�

x2

kmaY,����1)A(��*��)g�������*�%+-�W� Q �.�1�N�}O "��
g(xk)���1���'��"%_�(�+D��� ���*CE�*�\�W��(��*��(*�0��)^�	(*����)J) Q �0�c�N�	O "������'(�"�CE��,&�	�.,D! ���4)0�W�1)T(*��+j�W����+D)[2��'���0���02��

2%��_���+-2�)E�l)#�8��,�"���"��0��+-)�k
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XK�E,D�0�s�*(�"��0(�+D)#������O "��[�0���.���*(��*�g�*�}���*(�"��02��1)#�:�*�},&�	_�!#"����}=����:U �0(�+D,re0�*�:O "��[��,Y� "���e0)

�%"��\�W)E��"��*2%���1�*��2���_���+D2�)E�*�^o��0�1�:�0,��0�\�W����+-)#�8(*)#CE)�@

xk+1 = xk −
g(xk)

g′(xk)
XK�/C[�0�����W��O "������0���v�0��,D+-(G�0�n�*,�CE����)A2�)s���[,D��o����1Oq"%�*2��:2��8C[+-��+DCE+DF*�02�)#�1�*����������O "�+D������O "���,&�
UV"%��(*+-H#���1�G�S2%)#�/e0�*(��*��2�����+je0�.o�,D�v��"����Z(�)#C[)E�*���*,�CE���W)q2�)E2��:o�+D�1�*(*(�+DH#�
yB���4,-"�!\�0�82���o�"��1(G�0�
,D�0�8�W�.$D(*���82��

g(x)
���vo�"%��(G�.�W�0�^,&�0�82%�

g′(x)
k

�Z� �S��
r� � h aA�ZV����fV�a�[�Y�|^WfV����^��g*h
Wfh^WfV�� V��'g�h ae�
�����	�
�	�2�NO
�NPQM *%kj=SR.T�V�|

g :R →R
]
_AV7i
|Zg�Y�i ) |f[\V

g ∈ C2 ; ∃x̂ : g(x̂) = 0 ; g′(x̂) 6= 0
�

V�aAg*h a�[\V\i\�wc=|#��|K_fa
x0

i�_ �.[�Y+V�aAg*V��^V�aAg�V [\V�� [�|Za�h;|
x̂

i�V7[�_f� ce��V ]
_AVU��| i�_C[\V\i�Y�� a {xk}
[\h aA�ZV��+�fV

|
x̂

V�a ) h(���5|�� ��[�_w|rW#���Zg�Y+[�|r�
�����/J
��� *%kj=SR�!KV���| V��%c�� V\i�Y�� a}]
_AVKWfV���a�V���h�i�g*�����GYNa�h�i WfV7i�_C[\V\i�Y�� a {xk}

g*V�a�V��^h�i;]
_AV��

|xk+1 − x̂| =

∣∣∣∣xk −
g(xk)

g′(xk)
− x̂

∣∣∣∣ =

∣∣∣∣
(xk − x̂)g′(xk)− g(xk)

g′(xk)

∣∣∣∣

pero, g(x̂) = g(xk) + g′(xk)(x̂− xk) +
1

2
g′′(ηk)(x̂− xk)

2 = 0 ; η ∈ (xk, x̂)

�/_AV+�fh i�YAi�_ri�g�YNg�_fYN�^h�i�V��S� |Z��h(� WfV
g(xk)

WfV ��|�i�V+�Z_faeWr|;V\[�_w|f[�Y�� aXV�a���| c���YN�^V���| a�h�i.]
_AV�Wr|#� �

|xk+1 − x̂| ≤ 1

2

∣∣∣∣
g′′(ηk)

g′(xk)

∣∣∣∣ |xk − x̂|2

�^i�Y
xk

V\i�g �dV�akV��'V�aAg�h(� a�h WfV
x̂

� V�aAg*h a�[\V\i ∃k1, k2 > 0 : |g′′(ηk)| < k2 y |g′(xk)| > k1
�

	'YNae|Z�1�^V�aAg�V\�/i�Y k2

2k1
|xk − x̂| < 1

�\i�g*h5YN� ce�1Y+[�|#� ��|^]
_AV V��?Y�i�g*V [\h aA�ZV����fV�a�[�Y�| �`]
_CV ��|5�GY�i��5|
V\i�� ��[�_=|rW#���Zg�Y+[�|r�

�

�M� ��� 6��"� ( @�( @�-�0�! ��-4# !�% � -P� 5])#CE)s�*���*,�CE����)A2%)�2���IK�/.8�W)#�
y\���8o�"��1(G���W���0o��?p��.�t(*)#�
"%���	�0���1)Gw%+-CS�.(*+DH0��,-+D���*�0,�2���,D��UV"��%(*+DH0�b�*�b"%� ��"��\�W)�yB�B�*��)S�*�b,-"�!\�0�/2���"A�W+D,-+DF*�0��,&��2��*�1+-e.�02��
2%��,&�sUV"���(�+DH#�Myq�*�c�N���1�s�0���1)Gw%+-CS�v(*)0���1����"%`0�*��2�)�,D������(G�0�\���sOq"%�����0�����l)0�i2�)0�]��"��\��)#����"A_�(*+-�*�4�
���*CE�*�\�W�Z(*�*�1(G�0�%)#�
>A�*��2���(*+-�*yq2���_��%)

x0, x−
0

C�"%`[(*�*�1(G�0�%)#��"���)�2��*,l)0�W�1)�y Q �0,D,-)
g(x0), g(x−

0 )
`

(*�0,D(�"�,D)',-)#�8��"��\��)#�K2%� {xk}
(*)#CE)�@

xk+1 = xk − g(xk)

(
xk − xk−1

g(xk)− g(xk−1)

)
con x0−1 = x−

0

�Z� �e��
r� � h aA�ZV����fV�a�[�Y�|^WfV����^��g*h
Wfh^WfV���|5i�V\[�|ZaAg*V
�
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�����	�
�	�2�NO
�NPQM *%k6>wR.T�V�|

g :R →R
]
_AV7i
|Zg�Y�i ) |f[\V

g ∈ C2 ; ∃x̂ : g(x̂) = 0 ; g′(x̂) 6= 0
�

V�aAg*h a�[\V\i\�wc=|#��|K_fa
x0

i�_ �.[�Y+V�aAg*V��^V�aAg�V [\V�� [�|Za�h;|
x̂

i�V7[�_f� ce��V ]
_AVU��| i�_C[\V\i�Y�� a {xk}
[\h aA�ZV��+�fV

|
x̂

[\h a�h(��WfV�a
p = 1−

√
5

2

�

�����/J
��� *%k6>wR �/��|Z�^V��^h�i
g[a, b] = g(b)−g(a)

b−a

�
g[a, b, c] = g[a,b]−g[b,c]

a−c

� � g�YN�1Y
��|ZaeWfh;V��=g*V\h(�\V��5|
WfV�ce_faAg*h��^V�WZY+h �^��|^|�c��\h �?YN�5|f[�Y�� adWfV i�V+�Z_faeWfhXh(��WfV�amWfV���| ) _ba�[�Y�� a=� hZ�
g�V�a�V��^h�i�]
_CV

g(xk)− g(xk−1) = g′(ηk)(xk − xk−1) para ηk ∈ (xk−1, xk) y
%�*%kj=2(

g[xk−1, xk, x̂] =
1

2
g′′(ξk) para ξk ∈ segmento que une a xk−1, xk, x̂

%�*%k6> (

!KV���| V��%c�� V\i�Y�� a}]
_AVKWfV���a�V���h�i�g*�����GYNa�h�iKWfV i�_C[\V\i�Y�� a {xk}
g*V�a�V��^h�i;]
_CV��

xk+1 − x̂ = xk − x̂− g(xk)

(
xk − xk−1

g(xk)− g(xk−1)

)
= xk − x̂− g(xk)

(
1

g[xk−1, xk]

)

xk+1 − x̂ =
(xk − x̂)g[xk−1, xk]− (g(xk)− g(x̂))

g[xk−1, xk]
pues g(x̂) = 0

xk+1 − x̂ = (xk − x̂)

(
g[xk−1, xk]− g[xk, x̂]

g[xk−1, xk]

)
= (xk − x̂)(xk−1 − x̂)

(
g[xk−1, xk, x̂]

g[xk−1, xk]

)

TCY |(&Ah(��| &=|f[\V��^h�i _Si�h WfV}��| i V\[�_=|f[�Y+h a�V\i �Z��
 � �Z��� � |rWfV�� � i g�h �5|Z�^h�i Wfh�i�[\h a=i�g+|ZaAg�V\i

k1 , k2 : 1
2
g′′(ξk) < k1 y g′(ηk) > k2 ∀xk

i�_��.[�Y+V�aAg*V��^V�aAg�V [\V��\[�| WfV
x̂
�GV�aAg�h a�[\V\i~��|

V��%c�� V\i�Y�� a |ZaAg*V�� Y+h(� ]
_CV�Wr|#��� [\h �^h#�

xk+1 − x̂ =
g′′(ξk)

2g′(ηk)
(xk − x̂)(xk−1 − x̂) ≤ k1

2k2
(xk − x̂)(xk−1 − x̂)

!KVK�5|Za�V���| ]
_AV�cAh
WfV��^h�iKWfV\[�Y��K]
_CVUc=|#��|
k

i�_��.[�Y+V�aAg*V��^V�aAg�V �#��|ZaeWfV\��V��?Y�i�g�Y�� �~_fae| [\h a=i�g+|ZaAg*V

M
g+|Z��]
_AV��

|xk+1 − x̂| ≈ M |xk − x̂| |xk−1 − x̂|
TCY |(&Ah(��|k�N��|Z�5|Z�^h�i

ek = |xk − x̂| � g ��| i�i�_Si�g�YNg�_bY�� ��h V�a ��| V��%c�� V\i�Y�� a |ZaAg*V�� Y+h(�dg�h �5|Z�^h�i
��h��r|#� YNg��^h�i\��a�h�i;]
_AV�Wr|#�����

log Mek+1 ≈ log Mek + log Mek−1 o visto de otra forma
%�*Ak  (

yk+1 ≈ yk + yk−1 (Fibonacci)

%'&Ah(��|��
Y+V�a=�oc=|#��| ��|Xi�_C[\V\i�Y�� a�WfV 	�Y���h ae|f[\[�Y'i�VKi
|r��V�]
_CV
ĺımk↑∞

yk+1

yk
= 1−

√
5

2
= τ

� hX��h�]
_AV
V\i ��hK�GY�i��^h���]
_AV c=|#��|

k
i�_��.[�Y+V�aAg*V��^V�aAg�V.�#��|ZaeWfVUi�V;[�_f� ce��V�]
_AV yk+1

yk
= τ

� % ce�1Y+[�|ZaeWfh`�\i�g*hG|
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��| V\[�_=|f[�Y�� a �Z� �^a�h5]
_CV�Wr|~]
_AV�c=|#��|

k
i�_ �.[�Y+V�aAg�V��^V�aAg*V��#��|ZaeWfV\�

log(Mek+1) = τ log(Mek) ≈ 0

Mek + 1 = M τeτ
k ⇒ ek+1 ≈ Ceτ

k �

�M� �M� 6��"� ( @�( @.-d@ ��� -SB�-4%.#"� !�� � %.� � ! �0� aY��CE����)A2�)�2��:2�+jUV�*������(*+D�0�8_���+j�N�0���*�/"����'e.���
�1+&�0�\����2��*,YCE����)A2%)	2��EIK�/.8�W)#�u�*�u,D�	Oq"%�E�1�'��"��c�W+j�W"%`0�E,D�	2��*�1+-e.�02��	�B)#���1"g2%+-UV�*�1�*��(�+&�[_���+-�W�%y
2%�:C[�0�����W�'O "��v,D)#�����*�1C[+-��)#�82��v,&���1"�(*����+-H#� {xk}

O "���2��0��� Q )#���'�RwA�������W�02%)#�Z(�)#C[)%@

xk+1 = xk − g(xk)

(
hk

g(xk + h)− g(xk)

)

�Z���r��
r� � h aA�ZV����fV�a�[�Y�|^WfV����^��g*h
Wfh^WfV;WZY ) V�� V�a�[�Y�| i	��aAYNg+| i
�

�����	�
�	�2�NO
�NPQM *Ak  R T�V�|
g : R →R

]
_CV;i
|Zg�Y�i ) |f[\V
g ∈ C2 ; ∃x̂ : g(x̂) = 0 ; g′(x̂) 6=

0
�X[\h a

x0

i�_ �.[�Y+V�aAg*V��^V�aAg�V�[\V��\[�|Za�hk|
x̂

�
hk

i
|Zg�Y�i ) |f[�Y+V�aeWfhy_fae| WfV ��| idg � V\iy[\h aeWZY+[�Y+h a�V\i
i�Y��Z_fY+V�aAg*V\i\�

=#k |hk| ≤ η
c=|#��|X|Z�"�#$fa

η
i�_��.[�Y+V�aAg*V��^V�aAg�V cAV�]
_CV � hZ�

>Ak
ĺımk↑∞ hk = 0

�
 k |hk| ≤ C|xk − x̂| c=|#��|X|Z�"�#$ba

C > 0
� h�� |hk| ≤ Ĉ|g(xk)|

c=|#��|~|Z�"�#$fa
Ĉ > 0

�

	�� #����
� 	��yV��?Y�i�g�V`[\h aA�ZV��+�fV�a�[�Y�|~�1YNa�V�|Z�'[�_w|ZaeWfh
hk

[�_f� ce��V^[\h a���| [\h aeWZY+[�Y�� a��S� [\h aA�ZV����fV�a�[�Y�|
i�_�cAV�� �1YNa�V�|Z��[�_=|ZaeWfh

hk

[�_f� ce��Vd[\h a ��| [\h aeWZY+[�Y�� a�� �y[\h aA�ZV����fV�a�[�Y�|y[�_=|rW#���Zg�Y+[�| [�_=|ZaeWfh
hk[�_f� ce��V [\h a}��| [\h aeWZY+[�Y�� a��t�

�����/J
��� *%k  R �����?v�zZl�z?l�u���WfV��%|Z�^h�i�|Z�w��V\[�g*h(� ��|�V���|r��h(��|f[�Y�� a WfV ��|Uc�� _AV
�\| WfV7V\i�g�|Uc�� h\cAh�i�Y��
[�Y�� a7c=|#��|���|K[�_=|Z�A�\| i�g+|#� � ]
_AV |�ce�1Y�]
_AV.��h _fg�YN�1Y
��|rWfh V�a^��| i�c�� _CV
�\| i�WfV�[\h aA�ZV����fV�a�[�Y�|7|ZaAg*V�� Y+h(�\V\i
�

�M���M� 	 � (}@�-2-	��� ( � � �"� ( @�( � -�%�0�! H
	 ��� �.-f@�!}@.- ��
 %.��� ( �7@.-
g :R→R

� IKH0���*�1�
O "��T���0�W����)A2%)#��,-)#��CE����)A2�)0�����1�*�����\�N�02�)0� Q �0�1�W�b� Q )#���%y��RwA(*���%�W)u���0���b,&�^���*(�(*+-H#�{�0"��1�G�%yn,D)
O "��s�1� Q �0,-,&�����8"��T��"��\��)'2�)#��2��s,D��UV"���(�+DH#�S��� Q �0(��s(*����)w>A2��sCS�.���*����O "��s���0����"%�W+-,D+-FG�0�1,D)#�m�*�
,D�Eo ����O "���2��	2���CE$D�%+DCE)#�82���,D��UV"%��(*+-H#�4���Z����(*�*���0��+-)[���W�0o���p��0�K(�)#�b,D�E2�����+je0�.2��[2���,&��C[+-��C[�
�:_��T2���(�)#������!#"�+-�],D)0�]��"��\��)#���*�c�N�0(�+D)#���0��+-)#�*y �*�]2��*(�+D�*yA,D)#����"��\��)#��2�)#�%2���,&������+-C[���W�v2��*�1+-e.�02��
2%�:,D��UV"���(*+-H#�J���:�0� "�,D�%k
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��)#�ECE���W)q2�)#��C[�0�E"%�W+-,D+DF*�02�)#�'��� ,&�uo����1O "��*2��g2��4H#�A�W+DCE)#����"%�*,D���~�1�*�S��,K2%�4I/�0.8�W)0�~`

�1"��Ze.�0�1+&�0�\�W��� %V�*,�2���,D�[�1�*(G�.� ����`^�*,�2���,D�0�/2�+-UV�����*�%(*+&�.�/_��%+-�N�.� (RyP���1+D��(�+D���.,DCE�*�\�W�v2���o�+D2�)	�[��"
���0��+-2��*Fs2��v(�)#�\e#�*�1!#�*�%(*+&�E��"����Ko���p1)E(�+D���1�N�.�/(�)#��2�+-(*+-)#���*�8�%"��*2��:,D,-�*!\�.���'�����K(�"��02����.�W+-(G�%k

��J
�	� J" � *%kj=SR T�V�|
x̂ = mı́nx∈R g(x)

[\h a
g ∈ C2 ; g′′(x̂) 6= 0

� V�aAg�h a�[\V\i5V��/�^��g*h
WfhXWfV
� V��'g*h a ��i�_ri � |#� Y�|ZaAg�V\i [\h aA�ZV����fV�a |

x̂
V�a ) h(� �5| � ��[�_w|rW#���Zg�Y+[�| �.[�_w|ZaeWfh

x0

V\i�g���i�_ �.[�Y+V�aAg�V �
�^V�aAg*V [\V�� [�|~WfV

x̂
�

�����/J
��� *%k-=rR�T�VGhZ�
g�Y+V�a�V;WZY�� V\[�g�|Z�^V�aAg*VKWfV ��| i�c�� _CV
�\| i WfV ��|�ceY�WfV��GWfVG[\h aA�ZV����fV�a�[�Y�| c=|#��|
[�|rWr|5_ba�h^WfV���h�i �^��g*h
Wfh�i
�

�

aY� (�"��0�\�W)b��,&�.�:e0�*�\�N�?p��.��`}2��*�ce#�*�\�W�?p��0�'C[�0��+-C[�B)#�c�N�0�\�W����O "��[����������� �W�b(G�02��4C[�R�W)q2�)
���1��"�2�+&�.2�)�y���,�(*"��.2���) =uC�"����1�W��� "�� ���*�1"�CE�*� (*)#CE���0���.�W+je#) o��.�W�02�){���1+D��(�+D���.,DCE�*�\�W���*� ,&�
���0��+-2��*F�`T�1�*��(�+D,-,D�*Fs2%�:(*�02���"���)�k

6��/� ( @.( < -4%&� ! � !�� �2-	� �&-�% � ! � ! �
hi+D����(*(�+DH#� ���*�%(*+D,-,D)�yA��)����*(��*�1+-�N��2�����+-e.�02��0� ,-�*�\�W)%y�����Oq"%+D�*�1�v+D�\�W���1e.�0,D)'+-��+D(�+&�0,
fA�*(.k � "��1�G� ���*�%(*+D,-,D)�yAC[+-��+DCE+DF*�:2%+D����(��W�0C[���\�W� ,-�*�\�W)%y�����Oq"%+D�*�1�v+D�\�W���1e.�0,D)'+-��+D(�+&�0,
fA��(G�0�\��� �W�0�%+D2�)�yA��)E���*(��*��+j�N��2��*�1+-e.�02��.� (*)#�\e0�*��!0�*��(�+&��,D)q(G�0,

XZ+jU k%_���+j�N�0� �W�0�%+D2�)�yA��)E���*(��*��+j�N��2��*�1+-e.�02��.� (*)#�\e0�*��!0�*��(�+&��,D)q(G�0,
IK�/.8�W)#� �W�0��+-2�) ���*(��*�1+-�N��2�����+-e.�02��%y�(*)0� e0�*�1!#�*��(�+&�E,D)q(G�0,
� � ��� � � �=R�"m�*�\�N�?p��.�]`S2%�*�1e0�*�\�N��p��0�82���,-)#�iCE����)A2%)#�]���1�W"%2�+&�02%)#�]���.�W����,l(*�0��)
"���+D2%+DCE�*���1+D)#���.,
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5])0C[)u����C[����(*+-)#��H}�0�\�W���*y�,&� +D2%�G�u!#�*�����W�0,�2��^,D)0�ECE����)A2%)#��+-�W���W�.��+-e0)#�'eA+-�*���^2��02��}�B)#�
,D�[UVH#�1C�"�,&�E2����0(R�W"��0,-+DF*�0(*+-H#�

xk+1 = xk + αkdk

kMaY�u�*�c�N�	����(*(�+DH#�u�*�c�W"�2%+&�0�1�*CE)#��(*)0��2�+D(�+D)#�%�*�
O "��:��)#���B�*�1C[+j�N�0�^�0�1�*!#"����0��O "���,D��2�+D�1�*(�(*+DH0�

dk

`T��,��W�0C[�0��)'2��:���0�1)
αk

��UV��(��W+je.�0C[���\�W�v��)#�
�.(*�*�1(G�0���0����"%����"%� ��)[(�)#�^,&�0�8(*�0�W�0(R�W����$D�c�W+-(G�0�82������*�02��0��k

� � ��� �
� B�-�#"#"� (&%.-	� @�-}@�- � # -4% � (��

IKJCL��NM �NO
�NPQM 1Ak-=rRUT�V�|
f : Rn →R

��WfV\[�YN�^h�i�]
_CV
d ∈Rn

V\iG_fae|dWZY�� V\[\[�Y�� ayWfV`WfV\i�[\V�a=i�h
c=|#��|

f
V�a V�� ce_faAg�h

x ∈ Rn
����� ���
��� ��� ∇f(x)td < 0

�.TCY
d

V\i~WfV WfV\i�[\V�a=i�h���V�aAg*h a�[\V\i

∃α̂ : f(x + αd) < f(x) ∀ α ∈ (0, α̂]
�

� � �M� 4 	 ������-f@.! 0���%.-/!10 � fA�E,D,D�0C[�So����1Oq"%�*2��^,D+D�%�G�0,Y�J,&�To��%��O "��*2���2��E"��u�N�0C[�0��)J2��
���0��)	O "����l����CE+-�W�[�0,�CE����)A2�)E+-���*���.�W+je#)[�0(*����(G�.�������[,&����)0,D"�(�+DH#�^2���C[�0�����W�E��UV�*(R�W+je0�E�*�b(*�02��
+j�W���W�0(�+DH#�Mk?XK�*�B�*��2�+-�*��2%)s2��],D�/UV)#�1CS���*��O "��]�����1�G�0,-+D(*�m���1�N��o ����O "���2��%y0�1� Q �0o%,&��2�� H
	 ��� �.-f@�!
0���%.-/!10 - � !1# � ! )E2%� H
	 ������-b@�!�0���%.-/!10,� %�-�� !1# � ! k

IKJCL��NM �NO
�NPQM 1Ak6>wR.TCY��N��|Z�5|Z�^h�i
α∗ |Z� � |Z��h(� WfV

α
c=|#��|�V��'[�_=|Z��i�V � V+�ZY�i�g ��| V�� �5|#�rh(� WfV\i �

[\V�a=i�h5WfV
f

|^��h���|#���fh^WfV���|~WZY�� V\[\[�Y�� a
d
��V�aAg*h a�[\V\i��

α∗ = arg{mı́n
α>0

f(x + αd)} %�1Ak-=3(

�Q_=|ZaeWfh;��|`��$ri
]
_AV�Wr|`WfV��eg�|Z�5| � h WfVEc=| i�h�i�V � V�|Z�1Y
��| � V\i�h �1��Y+V�aeWfhK��|^V\[�_=|f[�Y�� a��#��
^V�aAg*h a�[\V\iUi�V
&=|r�
��|^WfV _bae|X�
	 ��� ���{seqkx l*n ��qAx ���tq�z�
�qt�

�n�0�W�	(�)#��)q(*����(*H#CE)T���'�1�G�0,-+DF*�[,&�[o�����O "���2��J,D+D�%�G�0,�+D����w%�0(��W�	����+-C[����)	+-� ����)q2�"�(�+D����C[)0�Z�0, �
!0"���)#��(*)0��(*���%�W)#��k

� � 3M� � (&%/@.��#"��(&%�- � @�- �XB���� ��( D 82(&0�@ ��� -���%�� am� !#�����*���0,�,-)#�	CE���W)q2�)#�S+-�W���W�.��+-e0)#�
%V(*)#�S�RwA(*���l(�+DH#�	2%��,D)#����)�C[)#�%H0�W)#�%)#� (Yo�"��1(G�0�T(�)#������!#"�+-�i���T(G�02��:+-���*�W�.(*+DH0�["�����2�+D�1�*(�(*+DH0�S2��
2%�*��(��*���1)T`�"%�4�N�0C[�0��)E2������0��)SOq"%��,D���Z�B�*�1C[+j�N���0(*����(*�0���1����"%_�(*+D���\�W�*CE�*�\���'�0,�C[+-��+DCE+DF*�02�)#�
2%�:,D��UV"���(*+-H#��>��1+D�J�*C�o��0��!#)%y�,&�'�RwA+-�1�W����(*+D�E2%�:���1�W�[2�+-���*(�(*+-H#�J�l)#�8�1+���)#,D���%)E!#�0�W�0�\��+DFG�'O "��:���
(�)#�\e#����!#���W�S�',D���1)#,D"%(*+DH0�To�"���(*�02��%kl5])#�%��+D2%�*�������:�*,��1+D!#"�+-�*�\�W�s��p1�*CE��,D)%k
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fq�G�
f(x) = x2 ; x0 = 2 ; dk = (−1)k+1 ; αk = 2 + 3(2−k+1)

y
2�)0��2��
dk

`
αk

��)#�
,D�	2�+D�1�*(�(*+DH0�}2%�E2%�*��(��*���1)�` ��,t�N�0C[�0��)T2%�*,Y���0�1)J���*�1�l��(���+-e.�0CE�*�\�W���*�}�*�}(G�.2��T+-�W���W�0(�+DH#��>MXZ�
C[�0�����W�EOq"%�

xk = (−1)k(1 + 2−k)
kBaY�KU �.(*+D,�e0�*�ZO "����[�B�*���0�Z2��:O "���,D�E2�+-����(*(*+-H#�^���*�1"�,-�W�[2��

2%�*��(��*���1)���� (G�02��	+-�W���W�0(�+DH#�
k
yl,&�S�1"�(*����+DH0� {xk}

��)T��H0,D)	��)T(�)#�\e#����!#���0,nC[$-��+DCE+DF*�02�)#�]2��',&�
UV"%��(*+-H#�

x̂ = 0
�1+D��)�O "��v�W����2��W�'2�)0�/�%"��\�W)#�/2��:�0(*"%C�"�,&�.(*+DH0�My −1

`
1
k

5])0����+-2��*�1�*���4�*,/C[+-��CE)g���1)#o�,-�*C[�}2�)0��2��b� Q )#�W�
dk = −1

`
αk = 1

2k

ym2��bC[�0���*���gO "��

xk = 2−
∑k−1

i=1
1
2i

k aY�E�*�1���K(*�0��)%y\��+�o�+-�*��,&�s��"%(*�*�1+DH#�E��+-�*CE�����8�1�K���1�W���0(��*�1(G�0��2%)��s,&�s�1)#,D"�(�+DH#�
y
� "��Re.�0C[���\�W�:��)�(*)#�\e#����!#�����*�1�W�E�1+D��)E�

x = 1
k

XK��,-)#��� p1�*CE��,-)#�E�0�\�W�*�1+D)#�1�*�E������"�,j�N�u��eq+D2����\�W�4,D� ���*(��*��+-2��02 2%��+-��(*,-"�+D�'(�)#��2�+-(*+D)0���*�E�02�+ �
(�+D)#���0,D���:���0�W�^�0����!#"����0��O "��[�*,mCE)?eq+-C[+-�*�\�W)J���*�0,D+-FG�02%)^���x(*�02���+j�W���W�0(�+DH#�u��UV��(���+-e.�0CE�*�\�W�E��)#�
�.(*�*�1O "��J2��TCS�.���*���b��"%_�(�+D��� ���^�u,D�4��)0,D"�(�+DH#�MkraY�z).�W�W�.�����0,D�0o��W�.�*yr2%�*oB�*CE)#�'�*�c�N�0o�,-�*(��*��"����
(�)0�N����"%�l����+D)0��`J"%���[+-�%UV�*�1+D)#�����0�W��(G�02��[���0�1)�yB��_��42����0����!#"����0��Oq"%��,&�'�1"�(*����+DH0�4(*)0� e0�*�1!#�*���
��"�������)0,D"�(�+DH#�[2��*,l����)#o%,D�*C[�=> �*�c�N�0�](*)0�W�0����)0�	�������B�*(���+-e.�0CE�*�\�W�Z,&�0�i(*)#��2%+D(*+-)#�����]2�� � ��CE+�p1)v`
2%���s)#,-2��1���*+D�
k

� (&%�@ ��#"��$&% @.- �XB���� � (��
f(xk+1) ≤ f(xk) + η∇f(xk)

tαkdk ; η ∈ (0, 1)
k

� (&%�@ ��#"��$&% @.-�8 (&0�@ ��� -���% � ∇f(xk+1)
tdk ≥ β∇f(xk)

tdk ; β ∈ (0, 1)
k

aY� ,D�}_�!0"��W� >u���bC�"��*�c�W�W�g(*)#CE)x,D�}(�)#��2�+-(*+DH0�~2�� � ��CE+�p1)}�*�c�N�0o%,D�*(��4,D�g(*).�N�x�1"��l����+-)#�[2%�*,
�W�0C[�0��)'2��v���0�1)[2%�*�B�*��2�+-�*��2%)[2���,Me.�0,D)#�]Oq"%���1�:,-�s2��:�

η
k

� ��� � � ���CRs5])#��2�+-(*+DH0�T2�� � ��CE+�p1)
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aY�^(*"��.� ��)	��,&�'(*)0��2�+D(�+DH#�J2����s)#,D2��c�W��+D�My��%H0�W�����:Oq"%���1+�,-,&�0C[�0CE)#�

θk

�0,��.��!#"�,-)E��wA+D�1���*�\�W�
���\�W��� ∇f(xk)

t ` dk

` ,-,&�0C[�0CE)#�
θk+1

�.,m�0��!#"�,-)J�RwA+D�c�W�*�\���[��� ����� ∇f(xk+1)
t ` dk

y��*�\�W)#�%(*�*�
�%"��*2��:��������� � �*�1(*��+j�N�'(*)0C[)�@

‖∇f(xk+1)‖ ‖dk‖ cos(θk+1) ≥ β ‖∇f(xk)‖ ‖dk‖ cos(θk) ⇒
⇒ ‖∇f(xk+1)‖ cos(θk+1) ≥ −β ‖∇f(xk)‖ |cos(θk)| pues cos(θk) < 0

����2���(*+-�*y�Oq"%�S���0���4�0(��*�%�W�0����,i� "��Re#) ��"%� ��)
xk+1

y�,&�J(*)0��2�+D(�+DH#�g�RwA+D!0�["����42�+D�1C[+-� "�(*+-H#�u��"4�
_�(*+D���\�W� %Vo��0�W�.2��b�*� ��,ie.�0,-)#��2%�

β
(:o�+-�*� �1�G�b2���,]CEHA2�"%,D)^2��*,i!#�W�02%+D�*�\���	�*� ��,]� "��Re#)u��"��\�W)

‖∇f(xk+1)‖
yq2���,
CEHA2�"%,D):2��*,
�0��!#"�,-) |θk+1|

O "������1���ZUV)#��C[��(�)#�T,&�:2�+D�1�*(�(*+DH0�S2���2%�*��(��*���1)
dk

y
)�2��:�0C�ol)#��k

���%J� �"!.� 1Ak-=rRUT�V�|
f(x1, x2) = x4

1 + x2
1 + x2

2

[\h a
xk = (1, 1)t

�
dk = (−3,−1)t

�'� i�V
WfV\i�V�| &=|Z�N��|#��_fa g+|Z�5| � h WfV7c=| i�hd]
_CV [�_f� ce��|m[\h ay��| i [\h aeWZY+[�Y+h a�V\i`WfV % ���GY �{h ����h ��W i�g�V�YNa
c=|#��|

η = 0, 1
�

β = 0, 5
�

% �&!���O
�NPQM 1Akj=SR -"� YN�^V�� h5�ZV�� Y �.[�|Z�^h�i ]
_AV
dk

V\i�_fae|~WZY�� V\[\[�Y�� a WfV;WfV\i�[\V�a=i�h#�

∇f(1, 1)tdk = (6, 2)(−3,−1)t = −20 < 0 ⇒ dk es de descenso

%'&Ah(��| g*h �5|Z�^h�i
x(α) = xk + αdk

��c�� hZ�\|Z�^h�i c=|#��| � |#� Y+h�i � |Z��h(� V\i�WfV
α

� g+|r�
_b��|Z�^h�i ��h�i
� V\i�_f�1g�|rWfh�iK|~[\h � c=|#��|#�KV�amV��o[�_w|rW#� h �f�

α x(α) f(x(α)) f(xk) + ηα∇f(xk)
tdk ∇f(x(α)) ∇f(x(α))tdk β∇f(xk)

tdk

1 (−2, 0)t 20 1 (−36, 0)t 107 −10
0,5 (−0,5 , 1,5)t 2,5625 2 (−1,5 , 3)t 7,5 −10
0,1 (−0,7 , 1,1)t 1,9401 2,8 (−2,772 , 2,2)t 10,516 −10

� � ��� � ���eRZalp1�*CE��,-)E2%�:o ����O "���2��[,-+D���*�0,
+-���Rw%�0(R�N�

� h�i��\V\i�_f�1g+|rWfh�i �G_CV\i�g ��|Za~]
_AV ��|�[\h aeWZY+[�Y�� a^WfV���h ��W i�g*V�YNa5i�V [�_f� ce��Voc=|#��|;g*h
Wfh�i���h�i � |Z��h(� V\i
WfV

α
V\i�[\h��ZY�Wfh�iocAV�� h ��| WfV"% � �GY �{h i � ��h i�V [�_b� ce��V'c=|#��|

α = 0,1
�/WfVU�5|Za�V���| ]
_AV.i�Y��
Y+V�aXg*h
Wfh�i

��h�iEg+|Z�5| � h�i WfV c=| i�h [�_f� ce��V�a^[\h a ��| [\h g+| YNa ) V�� Y+h(�\�=i � ��h7V���$b�1g�YN�^h7[�_b� ce��V�[\h aK��| [\h g�|Ui�_�cAV�� Y+h(�
c=|#��| V��

η
V\i�g+|r�
��V\[�Y�WfhZ�

aY,n� p1�*CE��,-)	�0�\�W����+-)#����)#�Z,D,D�Re.�S�	��,D�.�W�*�0����)0�Z,&�[������!#"��\�N�%@�� -	� � ( � � H 0 - -	��� !wH 0 -�# -SB)�.!4�
B��1� -/�{B�( � � �.- %�( � � -SB���� � !1%���!10 0 !wB � � -�� �/B�- �.%

α
���.- � ! � � � � !wF ! 0�!�� # ( %�@.� #"� (&%.-	�

@�- �XB���� � (}D 8 (&0�@ ��� -���%�	 k
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�����	�
�	�2�NO
�NPQM 1Ak-=rR T�V�|
f : Rn → R ; xk, dk ∈ Rn : ∇f(xk)

tdk < 0
��i�_#cAh af�r|Z�^h�i

]
_AV {f(xk + αdk) : α > 0} V\i�g�� |f[\h g+|rWr|~YNa ) V���Y+h(� �^V�aAg*V
�  aAg*h a�[\V\i i�Y
0 < η < β < 1 ⇒

∃ λu, λl > 0
g�|Z� ]
_AV

xk+1 = xk + λdk

i
|Zg�Y�i ) |f[\V ��| id[\h aeWZY+[�Y+h a�V\i~WfV % � �GY �{h � ��h ��W i�g�V�YNa

∀λ ∈ (λl, λu)
�

�����/J
��� 1Ak-=rR�Tt|r��V��^h�i.cAh(�GV�� g*V\h(�\V��5|~WfV�� � |Z��h(���^V�WZY+h ��cAh(� ��| WfV���aAY+[�Y�� a WfVKWfV�� YN� |rWr|
WZY�� V\[\[�Y+h ae|Z��]
_CV��

f(xk + λdk) = f(xk) + λ∇f(xk + λ̂dk)
t
dk con λ̂ ∈ (0, λ)

%�1Ak6> (

∇f(xk)
tdk = ĺım

λ↓0

f(xk + λdk)− f(xk)

λ
WfV �5|Za�V���|`]
_CV�c=|#��|

λ
i�_��.[�Y+V�aAg*V��^V�aAg*V.cAV�]
_CV � hKi�VG[�_b� ce�1Y����X]
_AV

λ∇f(xk)
tdk = f(xk + λdk)− f(xk)

|rWfV�� � i\� [\h �^h
η < 1

i�VG[�_f� ce��V;]
_CV

ηλ∇f(xk)
tdk > λ∇f(xk)

tdk ∀λ
es; decir, que f(xk + λdk)− f(xk) < ηλ∇f(xk)

tdk

��cAh(� [\h a=i�Y��Z_fY+V�aAg*V\� &AV�V�a�[\h aAg ��|rWfh ]
_AVUV ) V\[�g�YN� |Z�^V�aAg*V.V��?Y�i�g�V
λ̂

g�|Z�b]
_AV ��|K[\h aeWZY+[�Y�� aGWfV % ���GY �{h
i�VG[�_f� ce��V ∀λ ∈ (0, λ̂)

�

%'&Ah(��|X�
Y+V�a=�EWr|rWfh`]
_CVGV�a ��| iG[\h aeWZY+[�Y+h a�V\iKV\i�g+|r�
��V\[�YN�^h�i ]
_AV
f(xk + λdk)

V\i�g+|r�\|X|f[\h g�|rWr|
YNa ) V�� Y+h(� �^V�aAg*V\��V�aAg*h a�[\V\i5WfV
��V`V��?Y�i�g�Y�� _fa

λ̃
c=|#��|}V���[�_w|Z�Q��|dV��%c�� V\i�Y�� ay|ZaAg*V���Y+h(� i�V^[\h aA��Y+V�� g�V

V�a Y��Z_w|Z��Wr|rWr�"! VX�5|Za�V���|m]
_AV [\h �5�
YNae|ZaeWfh V\i�g�| Y��Z_w|Z��Wr|rW�[\h a ��|�V��%c�� V\i�Y�� a �#��� hZ�
g�V�a�V��^h�i
]
_AV��

ηλ̃∇f(xk)
tdk = f(xk + λdk)− f(xk) = λ̃∇f(xk + λdk)

tdk

y como β > η queda ∇f(xk + λ̃dk)
t
dk > ∇f(xk)

tdk ∀λ̃ ∈ (0, λ̂)

| i��Q]
_CV &AV��^h�i;V�a�[\h aAg ��|rWfh5]
_AV���|~[\h aeWZY+[�Y�� a WfV ��h ��W i�g*V�YNa g+|Z�5�
Y+��a i�V;[�_b� ce��V\� [\h � ce��V�g�|ZaeWfh
| i��o��|~WfV��^h�i�g ��|f[�Y�� ae�

�

IKJCL��NM �NO
�NPQM 1Ak  R �Q_=|ZaeWfh5��|~��$Si
]
_AV�Wr|~WfV�� g+|Z�5| � h^WfV�c=| i�hGi�V �\V�|Z�1Y
��|5�^V�WZY�|ZaAg�V g+|ZaAg�V\h��
g ��|Zg�|ZaeWfh�WfV�]
_AVKV��e�GY�i��^h5[�_b� ce��|G��| iK[\h aeWZY+[�Y+h a�V\i WfV % ���GY �{h
� ��h ��W i�g*V�YNa=� V�aAg*h a�[\V\i;V\i _bae|
�
	 ��� ���{seq x l*n��{qAx l*n � �tq�z�
�q=�E|G�ZV\[\V\i g+|Z�5�
Y+��a �N��|Z�5|rWr| v�� �=v�����l��=n h��#q�z � 
�v{q � l*n �C� �Q_w|ZaeWfh
i�V~[�_f� ce��V�ay��| iX[\h aeWZY+[�Y+h a�V\i�YNaA�Zh�[�|rWr| i`V�ay��|5c�� h\cAi�Y+[�Y�� a �#��
 ��i�Y+V�� c�� V i�V����5cAh�i�Y��
��V � V�|Z�1Y
��|#�
_fae|~��$ri
]
_CV�Wr|`�1YNa�V�|Z��YNa�V��S|f[�g�| V��?Y�i�g*h�i
|r�



���������
	���
���	�������������������� ��!"���#��$%!"�'&�(%) ���'��	*���+�",��.-��/
��"�%�*��
10 ���

� Q )#�����%)#��+D�\�W�����*���E���1�W�0o�,D��(*���K"������1�*,D�0(*+-H#�J�*�\�W�1�:���1��)#�/�W�0C[�0��)#�82��v���.��)
αk

`T��, Q �*( Q )
2%�KO "��K�0,�"%��+D,D+-FG�0�1,D)#�n�*,P!#���02�+D���\�W��2��/,&��UV"���(�+DH#� ∇f(xk)

��"%�*2����0(*����(G�.�����Z�
0
k aY,��W�*)0���*C[� 1Ak-=

O "����0���0�1�*(���CS�.�K�.o��?p1)�yB��)#�/����������� �W�	�*�c�N�S�1�*,&�.(*+DH0���B�*�1C[+j�W+D����2�)E�0�1�*!#"����0�ZO "�����+��*,n�0��!#"%,D)
���\�W�����.,A!#���02�+-�*�\�W�����'(G�02��Z��"��\�W)v2��],&�K�1"�(*����+-H#� ∇f(xk)

`�,&�/2�+D�1�*(�(*+DH0��2���2�����(��*���1)�"%��+D,-+DFG�.2��

dk

�1�:C[�0�\�W+-�*���s,-� p1)#�82%� π
2

��� ��)#��(��*�/�*,�!#���02�+D���\�W���W����2����W�E�E(��*��)%k

� �\�W�*�i��+-�[��C�o��0�1!#)�y +D�\�W�1)A2%"�(*+-C[)#�Y"%����2��R_���+-(*+DH0�[O "��K��)#���l����CE+-�W+-�W���1�*,&��p��0�m,&�v(*)#��2%+D(*+-H#�
2%�[O "��

f
���G�^(*)#�\��+D� "��0CE�*�\�W�E2�����+je0�.o�,D�'2�)0�ve0�*(��*��`u�B)#�s,-)J�W�0�\�W)�y�+-��(*,-"�+D�Z�*�x��,Y�*�c�W"�2�+-)�"%�

���0��!#)�C[�0���0CE��,D+-)�2��sUV"���(�+D)#�%�*�*k

IKJCL��NM �NO
�NPQM 1Ak�;AR;T�V�|
f : R → R : f ∈ C1 � ! V\[�YN�^h�i}]
_CV ∇f

V\i _fae| ) _fa�[�Y�� a
�.l ���rz���l 
�p�z#u=n 
�l*n ��q z u=n z#u=n�� 
�qAn 
 �

γ
V�amV��/[\h a � _baAg*h5|r�
Y+V�� g*h

D ⊂Rn
��i�V;WfV�a�h g+| [\h �^h

∇f ∈ Lipγ(D)
�Qi�Y �

‖∇f(x)−∇f(y)‖ ≤ γ ‖x− y‖ ∀ x, y ∈ D

 ��Y�WfV�aAg*V��^V�aAg�V
f ∈ C2 ⇒ f

V\i��/Y cAi�[ &fYNg ���

��J
�	� J" � 1Akj=SR.T�V�|
f :R→R : f ∈ C1 , ∇f ∈ Lipγ(R

n) , f(x) ≥ ϕ ∈R ∀x ∈Rn
�

[\h a=i�Y�WfV�� V��^h�i.| {xk}
WfV���aAY�Wr| cAh(�.��| V��%c��\V\i�Y�� a

xk+1 = xk+αkdk

� Wfh aeWfV
dk

V\i�_fae|KWZY�� V\[\[�Y�� a
_faAYNg+|#��Y�|}WfV5WfV\i�[\V�a=i�h �

αk

i
|Zg�Y�i ) |f[\VG��| iX[\h aeWZY+[�Y+h a�V\i5WfV % � �GY �{h+� ��h ��W i�g*V�YNae�, aAg�h a�[\V\i\�.i�Y
�N��|Z�5|Z�^h�i

θk

|Z� �Zaf�Z_f��h�V�aAg � V ∇f(xk)
�

dk

� i�V5[�_b� ce��V�]
_CV ∑
cos2 θk ‖∇f(xk)‖2

� [\h aA�ZV����fV
�7cAh(����h�g+|ZaAg�h#�

ĺım
k↑∞

cos2(θk) ‖∇f(xk)‖2 = 0

cos(θk) ≥ cos(θ) > cos(
π

2
) ⇒ ĺım

k↑∞
‖∇f(xk)‖2 = 0

�����/J
��� 1Akj=SR�TCY
σk = ∇f(xk)

tdk

��V�aAg*h a�[\V\i [\h �^h���| [\h aeWZY+[�Y�� a}WfV'% ���GY �{hKi�VG[�_b� ce��V\�

f(x1) ≤ ηα0σ0

f(x2) ≤ f(x1) + ηα1σ1 ≤ f(x0) + ηα0σ0 + ηα1σ1

luego f(xj)− f(x0) ≤ η
∑

k≥0

αkσk ⇒ ĺım
j↑∞

(f(xj)− f(x0)) ≤ η

∞∑

k=0

αkσk

pero αkσk < 0 y f(x) ≥ ϕ por lo tanto
∑

k≥0

αkσk = −M con M > 0
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cAh(� h g � h5��|rWfh��.[\h �^h���| [\h aeWZY+[�Y�� adWfV ��h ��W i�g�V�YNadg+|Z�5�
Y+��a�i�VG[�_f� ce��V\�

∇f(xk+1)
tdk ≥ β∇f(xk)

tdk = βσk ⇒
∇f(xk+1)

tdk −∇f(xk)
tdk ≥ β∇f(xk)

tdk −∇f(xk)
tdk ⇒

(∇f(xk+1)
t −∇f(xk)

t)dk ≥ (β − 1)∇f(xk)
tdk

_fg�YN�1Y
��|ZaeWfh ��| WfV\i�Y��Z_=|Z��Wr|rW WfV ��|Z_A[ &.� ��T�[ & �E|#��� 

atb ≤ ‖a‖ ‖b‖ � � V�� &AV\[ &Ah WfV�]
_AV

f
V\i

�/Y cAi�[ &fYNg ���,�~[\h �5�
YNa��ZaeWfh ��h^[\h ad��| V\[�_=|f[�Y�� a |ZaAg*V���Y+h(� �.hZ�
g*V�a�V��^h�i��

αkγ ‖xk+1 − xk‖ ≥ αk ‖∇f(xk+1)−∇f(xk)‖ ‖dk‖ ≥ αk(β − 1)∇f(xk)
tdk

pero ‖xk+1 − xk‖ ≤ αk−1 luego

αk ≥ (β − 1)αkσk ⇒ αk ≥
(

β − 1)

γ

)
σk ⇒ σkαk ≤

(
β − 1)

γ

)
σ2

k ⇒

∑

k≥0

σkαk ≤
(

β − 1)

γ

)∑

k≥0

σ2
k lo que completa la prueba �

� � ��� �20 F (eB�� ��� ( F -�%.-SB�!10 �.!wB�! B�-/!10 �  "!wB � %�! H
	 � ���.-f@�!�0�� %�-/!10 ��%.-�� !�# � !M� � Q )#�W�
�1�����1�N�.o�,D��(*�:"��4CE����)A2�)E!#�����*���0,�Oq"%����"���2����1�*�/"%�W+-,D+-FG�02�)����4,&�'o��%��O "��*2��	,D+D�%�G�0,M+-���Rw%�0(R�N�%yP)
o��0(�� � �W���0(�� +D��!%kPam,�CE����)A2%)'�*�/(*)#CE)'��+-!#"��0@

=#k X��02�)#�
η ∈ (0, 1

2
) ; 0 < l < u < 1 ; αk = 1

>Ak ��+D��� ���W�0�
f(xk + αkdk) > f(xk) + ηαk∇f(xk)

tdk

y��1�*��+j�N�'�*,����.��) 3
 k �Z�0!\�

αk ← ρkαk ; ρk ∈ (l, u)
;�k �Z�0!\�

xk+1 = xk + αkdk

aY� )0���W�0�Z���0,&�.o��W�0��yl�1�'�*�1(*)#!#�'+-��+D(�+&�0,-C[���\�W�v"�� ���0�1)T"���+j�N�0�1+D)[`�����e.�S�1�*2�"%(*+D����2�) Q �0�c�N�	O "��
�1��(�"�CE��,&��,D��(�)#��2�+-(*+-H#�T2�� � �1C[+ p1)�k����'2����v)#,-2��1���*+-�T���*���[�."%�W)#C[�.��+D(G�.C[��� ����(*"%C[��,-+D2�����"��*�
���0oB�*CE)#��Oq"%�:o��0�1�W�E(�)#������(�)#!#�*�

β : η < β < 1
k
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� � �M� ����-fB�#"��#"��( � ��B�( � ��-	��� ( � �:���<�

�����	� !fJ" � 1Akj=SR [\h a=i�Y�WfV��\V7��| V��%c�� V\i�Y�� a
xk = 1 + 1

k!
∀k ≥ 0

� � V\i*cAh aeWr|r�

! � � {xk}
[\h aA�ZV����fV;|

1
V�a ) h(� �5| � �*�1YNa�V�|Z� � �

H � � {xk}
[\h aA�ZV����fV^| [�_=|Z��]
_fY+V�� [\h a=i�g+|ZaAg�V

c > 0
V�a ) h(� �5| � �*�1YNa�V�|Z� � � � �._A�Xg�Y cAhdWfV

[\h aA�ZV��+�fV�a�[�Y�|XV\iG�\i�g�|
� �
# � � {xk}

[\h aA�ZV��+�fV�|
1

[\h a � ��h(��WfV�a
l

c=|#��| [�_=|Z��]
_bY+V�� [\h a=i�g+|ZaAg�V
l > 1

�

�����	� !fJ" � 1Ak6>wR���� ce��V��^V�aAg*V�V�a�� |Zg���|r����h�i~�^��g*h
Wfh�i WfV �
Y�i�V\[\[�Y�� a=��WfV��;V��'g*h a=�;WfV~��|
i�V\[�|ZaAg*V �~V���WfVKWZY ) V�� V�a�[�Y�| i	��aAYNg+| i\�,�`_fg�YN�1�+[\V���h�i�c=|#��| &=|Z�N��|#�

x∗ : f(x∗) = 0
�.[\h a��

! �
f(x) = x2 − 1

H �
f(x) = x2 − 2x + 1

� h a=i�Y�WfV�� V`|
x0 = 2

[\h �^h ce_faAg�h YNaAY+[�Y�|Z��c=|#��|���h�i5�^��g*h
Wfh�i`WfV � V��'g�h a=� WfV���| i�V\[�|ZaAg*V � WfV
WZY ) V�� V�a�[�Y�| i ��aAYNg+| i ��|

[a0, b0] = [−1, 3]
[\h �^hKYNaAg�V�� � |Z��h;YNaAY+[�Y�|Z�rc=|#��|^V��e�^��g�h
Wfh WfV7�
Y�i�V\[\[�Y�� ae�

� h � c=|#� VUa $f�^V�� h�WfV YNg�V���|f[�Y+h a�V\i � ��|�ceY�WfV���WfV;[\h aA�ZV����fV�a�[�Y�|GWfV ��h�i �^��g*h
Wfh�i
� #�|��r| c�� _CV �
�\| i |rWZY+[�Y+h ae|Z��V\i;c=|#� g�Y+V�aeWfhmWfV h g � h�i ce_faAg�h�i YNaAY+[�Y�|Z��V\i ��hZ��i�V����ZV ]
_CV^i�_C[\V�WfV
�� amc=|#��g�Y+[�_f��|#�
[\h �^V�aAg*V.cAh(�;]
_A� V�� �^��g�h
Wfh5WfV �;V��'g*h adg�Y+V�a�VGV\i�V [\h � cAh(� g�|Z�GY+V�aAg*h c=|#��|`��| ) _fa�[�Y�� a�V�a �f�

�����	� !fJ" � 1Ak  R � h a=i�Y�WfV��\V�|(&Ah(��| V��bc�� hZ�
��V��5|
mı́n f(x) ; f(x) = −x4

4
+ x3

3
+ x2

! � � V\i�_C���1� |Z��h�_fg�YN�1Y
��|ZaeWfhU��h�i �^��g*h
Wfh�i WfV � V��'g*h a ��WfV ��|�i�V\[�|ZaAg*V\�fc=|#� g�Y+V�aeWfh WfV
x0 = 1

�
� h �^V�aAg�V i�_ri � V\i�_b�1g+|rWfh�i
�

H � � V*ceYNg+|`��h^|ZaAg*V���Y+h(� c=|#��|
f(x) = sin x− cos 2x

�

�����	� !fJ" � 1Ak ;CR i�V�|
f :R→R : f(x̂) = 0

�

! � c�� hZ�\|#��]
_AV i�Y
f ′(x̂) = 0 ; f ′′(x̂) 6= 0

� V�aAg*h a�[\V\i^V��Q�^��g*h
Wfh WfV � V��'g*h a [\h aA�ZV����fV
V�a ) h(���5|�� �*�1YNa�V�|Z� |

x̂
[\h a

ĺımk↑∞
ek+1

ek
= 1

2

�
H � �fV�a�V���|Z�1Y
��|#� c=|#��| V��/[�| i�h

f ′(x̂) = f ′′(x̂) = · · · = f (n)(x̂) = 0 ; f (n+1)(x̂) 6= 0
�

� ��� �Zv �?n�z?l q ��_Si
|#����| i;|�c�� h �?YN�5|f[�Y+h a�V\i�WfV *C|#� ��h(� c=|#��|`��| ) _ba�[�Y�� a ��i�_riKWfV�� YN� |rWr| i
�
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�M� 6 � �����4�X: � 	J�2���4�
f :Rn →R

� # !�� ( � �.0 ����@.��� -�% � � (&%.!�0 � � !wB � -�� 


�M� ��� 6��"� ( @�( @.- � !rD&(CB @�-	� # -�% ��( �\: � -/-/� -	��� @�-	� # -�% � 
?� aY,sCE���W)q2�){2��uC[��`0)#�
2%�*��(��*���1)�y8�N�0C�o�+D��� (*)#��)q(*+-2�) (*)0C[){CE���W)q2�) 2%�x5��."�( Q ` )z2%�*,�!#���02�+-�*�\�W� %�e#�*�J(�)#C[���\�N�0�1+D)
)Ak-=bC[�0�[�0o��?p1) (Ry�(*)#���1+D�c�W�b��� "%�W+-,D+-FG�0�',D�g2�+-���*(�(*+-H#� 2���2��*�1(*�*�%��){O "��b������"���,-e0� �*,/����)#o%,D�*C[�

mı́ndk
∇f(xk)

tdk , con ‖dk‖ = 1
�*�4(G�02��E+-���*�W�.(*+DH0��>�`J,&����)#,-"�(*+-H#�^2������1�W������)0o�,D��CS�'eq+D�*�%�

2��02�)E�l)#��@

mı́n
dk

∇f(xk)
tdk = mı́ncos(θk) ‖∇f(xk)‖ ‖dk‖ cos(θk)

= −‖∇f(xk)‖ pues ‖dk‖ = 1

⇒ dk = − ∇f(xk)
‖∇f(xk)‖

d/���4e#��FT(*)#�%)A(�+D2��4,D�42�+-���*(�(*+-H#� �b"%��+D,D+-FG�0�v��� (G�02��b+j�W���W�0(�+DH#�My����0���0CE)#���b���q"%C[���W�0��,-)#�
���0��)#��2���,��0,D!0)#��+j�WCE)�k

� !�� (�� � 2��02�)�"��^��"��\�W)E+D�%+D(*+D�0,
x0 ∈Rn

� !�� ( ��� ���0�W�
k = 0, 1, . . .

Q �0�c�N��)#o%�W�����*��(�)#�\e#�*�1!#�*�%(*+&�Ay��
�����

dk = − ∇f(xk)
‖∇f(xk)‖

αk = arg mı́nα≥0 [f(xk + αdk)]

xk+1 = xk + αkdk

� �& 7JCM���� � ��� )%kj=SR �Q_w|ZaeWfhd��|�WZY�� V\[\[�Y�� a WfV WfV\i�[\V�a=i�hd_bg�YN�1Y
��|rWr|yV\i
dk = −∇f(xk)

V�a
�1_Z�r|#�;WfV

dk = − ∇f(xk)
‖∇f(xk)‖

�.V�aAg*h a�[\V\i i�V ��V i�_AV���V �N��|Z�5|#���N�^��g�h
Wfh`WfV��A�#��|rWZY+V�aAg*V
	 �

� Q )#���'e0�G�0CE)#��,&�'�.��,D+-(G�0(�+DH#�	2%�*,��0,-!#)#��+j�WCE)�����"��^� p1��C[�%,D)'������(*+-,D,-)�k

���%J� �"!.� )Ak-=SR�� V�|Z�1Y
��|#��_baGc=| i�h�WfV��e�^��g*h
Wfh�WfV �5|#�Sh(� WfV\i�[\V�a=i�h c=|#��|G�GYNaAYN�GY
��|#�
f

�E[\h a

f(x1, x2) = 1
2
x2

1 + 9
2
x2

2

�
xk = (9, 1)t

�

% �&!���O
�NPQM )%kj=SR ∇f =

(
x1

9x2

)
⇒ ∇f(9, 1) =

(
9

9

)
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‖∇f(9, 1)‖ =
√

162 = 9
√

2 ; dk = − 1√
2

(
1

1

)

xk + αdk = (9, 1)t − 1√
2
α(1, 1)t =

(
9− α√

2
, 1− α√

2

)t

αk = arg mı́n
α≥0

[
f

(
9− α√

2
, 1− α√

2

)]

αk = arg mı́n
α≥0

[
1

2

(
9− α√

2

)2

+
9

2

(
1− α√

2

)2
]

df(xk + αdk)

dα
= −1

2

(
9
√

2− α
)
− 9

2

(√
2− α

)
= 0 ⇔ α = 9

√
2

d2f(xk + αdk)

dα2
=

1

2
+

9

2
= 5 > 0 ⇒ αk = 9

√
2

xk+1 = xk + αkdk = (9, 1)t + 9(1, 1)t = (18, 10)t

XK�*, � p1��C[��,-)��0�\�W����+D)0���1�i�%"��*2���)#o��1�*�ce0�.��O "�����"���2��],-,D��!\�0����������C�"%`v2�+-UV$-(*+-,.,D��o ����O "���2��Z2��

α
y�2�� Q ��( Q )�y�,D��,D+-���*���.�W"���������!#+D�c�W����Oq"%�:���^�0,D!#"%��)#��(*�0��)#���1�*��"%,-�N��+-C[�B)#�1+Do�,-�0k � (*)#�\��+D� "��0(�+DH#�

�.���0,D+-FG�0�1�*CE)#����,/"%��)x2%�*,/C[�R�W)q2�)u2���C[�G`#)#��2�����(��*���1) �*�~"%�|�W+-�l)u2��JUV"���(�+DH#�|O "������[C�"%`
"A�W+D,-+DF*�02�������,D�����W�0(R�W+-(G�%k

IKJCL��NM �NO
�NPQM )%kj=SR �Q_=|ZaeWfh
f :Rn →R

V\i�g�|Z��]
_AV
f(x) = 1

2
xtQx− bt + c

[\h a
Q ∈Rnxn

�

b, c ∈ Rn
�^V�aAg*h a�[\V\i i�V WZY+[\V}]
_CV

f
V\i�[�_=|rW#���Zg�Y+[�|r�'%�WfV�� � i i�Y

Q
V\i i�YN�^��g ��Y+[�| � cAh�i�YNg�YN� |

WfV���aAY�Wr| 
 - !����.V�aAg�h a�[\V\i i�V;WZY+[\V;]
_AV
f

V\i [�_=|rW#���Zg�Y+[�| cAh�i�YNg�YN� |XWfV���aAY�Wr|r�

�n�0�W�'"����'UV"%��(*+-H#�
f
(*"��02%�W�.��+D(*���l)#�1+-��+-e.��2��R_���+D2��%y����s(�"�CE��,D�sO "�� ∇2f(x) = Q→ (PD)

`^�B)#��,D)��N�0�\��)
f
�*�Z(�)#�\e#��w��Ak � 2���CS�.� ∇f(x∗) = Qx∗ − b = 0 ⇔ x∗ = Q−1b

y �1+D����2�)
x∗

"%��CE+D��+-C[+-FG�02%)#�m!#,D)#o��0,M2��
f
k

�����	�
�	�2�NO
�NPQM )%kj=SR  � g�|Z�5| � h5WfV.c=| i�h c=|#��| V����^��g*h
Wfh`WfV��5|#�rh(�;WfV\i�[\V�a=i�h
αk

|�ce�1Y+[�|rWfh
|�_bae| ) _fa�[�Y�� a

f :Rn →R
�E[�_w|rW#���Zg�Y+[�| cAh�i�YNg�YN� |5WfV���aAY�Wr| �'Wfh aeWfV

f = 1
2
xtQx− btx + c

�'��Y+V�a�V
Wr|rWfh cAh(� ��|~V��%c��\V\i�Y�� ae�

αk =
∇f(xk)

t∇f(xk) ‖∇f(xk)‖
∇f(xk)

tQ∇f(xk)
con dk = − ∇f(xk)

‖∇f(xk)‖
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�����/J
��� )%kj=SR�!KV��%|Z�^h�i7��| c�� _CV
�\|^WfVGV\i�g�|�c�� h\cAh�i�Y+[�Y�� a [\h �^hXV��{V�� [�Y+[�Y+h c=|#��| V�����V\[�g�h(�%�

� �& 7JCM���� � ��� )%k6>wR ! V�|f[�_AV���Wfh | ��| c�� h\cAh�i�Y+[�Y�� a �S��
yi
|r��V��^h�im]
_AV ��h�iXce_faAg�h�i WfV ��|
i�_A[\V\i�Y�� a � V\i�_f�1g�|ZaAg*VmWfVm|�ce�1Y+[�|#�mV�� �^��g*h
WfhkWfVd�5|#�Sh(�mWfV\i�[\V�a=i�hy|k_fae| ) _fa�[�Y�� a [�_=|rW#���Zg�Y+[�|
WfV���aAY�Wr|7cAh�i�YNg�YN� |`��Y+V�a�V Wr|rWfh cAh(� �

xk+1 = xk −
∇f(xk)

t∇f(xk)

∇f(xk)
tQ∇f(xk)

∇f(xk)
%�)%kj=2(

�S��
r��
r� � h aA�ZV����fV�a�[�Y�|XWfV�� �^��g�h
Wfh^WfV �5|#�rh(�;WfV\i�[\V�a=i�hZ�K5]"��0��2�)[(*)#�\e#����!#�.yl��,�C[�R�W)q2�)�,D)
Q �0(*�����SUV)#�1CS��� � ,D+-���G�0,�(�)#�	"�����(*)#�%�1�N�.� ����O "��s2����l����2���2��Z,D)#�i�0"%��)?e.�0,-)#�����i2%�*,��/�*�1��+&�.��)�2��

f
`SOq"%�veq+-�*���s2��.2��'�l)#�

c =
(
1− a

A

) >�2�)0��2��
a
���8�*,MCE$D�%+DCE)��0"%��)�e0�.,D)#�i2�� ∇2f(x∗)

y
A

���8�*,
C[�<wA+DCE)[�0"%�W)�e.�0,-)#�K2%� ∇2f(x∗)

klaY� �*,��W�Rwq��)	O "��'��+-!#"������ "���(*+D�0CE)#�Z"����W�*)0���*C[�SO "��'�.��,D+-(G�
�.,�(G�0�1)E2%�vUV"%��(*+-)#���*��(�"��02����.�W+-(G�0���B)#��+j�W+-e.�0�]2���_��%+D2��0��y��l����)E�0�\�W���K+-�\�W��)q2�"�(�+D�1�*CE)#��2�)#��,-�*C[�0�
O "��:��)#�8U �0(�+D,-+-�N�.�W�0�[��"^2��*CE)#�1���W�0(�+DH#�
k

�QJ" � )Ak-=SR ��|5i�_A[\V\i�Y�� a WfV���aAY�Wr|�cAh(�7��| V\[�_=|f[�Y�� a �S��
�i
|Zg�Y�i ) |f[\V���| � V���|f[�Y�� a��

E(xk+1) =

(
1− (∇f(x)t∇f(x))2

(∇f(x)tQ∇f(x))((∇f(x)tQ−1∇f(x))

)
E(xk)

%�)%k6> (

�����/J
��� )%kj=SR - h
WfV��^h�i | i�_b�GY��`i�YNamcA����WZY�Wr|�WfV5�fV�a�V���|Z�1Y�Wr|rW ]
_AV
xtQx∗ = btx − c

� WfV
�5|Za�V���| ]
_AV cAh
WfV��^h�i~V\i�[�� Y��
Y��^]
_CV

E(x) = f(x) + 1
2
x∗tQx∗ � �/_AV+�fh����\| i�g+|#����[\h ayi�_ri�g�YNg�_fY��

V\i�g+| $f�1g�YN�5| V��%c�� V\i�Y�� a �5��| V\[�_=|f[�Y�� a �S��
 V�a}��| V\[�_=|f[�Y�� a �S���Z��c=|#��| hZ�
g*V�a�V��7��| c���_AV
�\|r�
�

�

�QJ" � )%k6>wR.T�V�|
B ∈Rnxn

_fae| �5|Zg � Y
�Ki�YN�^��g � Y+[�| �X�N��|Z�^V��^h�i
λmax

�
λmin

|Z� � � �?YN�^h �
�G�NaAYN�^h5|Z_bg*h � |Z��h(� WfV

B
� V\i*cAV\[�g�YN� |Z�^V�aAg*V � V�aAg�h a�[\V\i��

λmin ≤
xtBx

xtx
≤ λmax ∀x ∈Rn

y
xtx

xtBx
≤ 1

λmin

∀x ∈Rn

�����/J
��� )%k6>wR ��|~WfV��%|Z�^h�i;[\h �^hXV��{V�� [�Y+[�Y+h c=|#��| V�� ��V\[�g�h(�%�

� �& 7JCM���� � ��� )%k  R TCY
B

V\i cAh�i�YNg�YN� | WfV���aAY�Wr|5i�VG[�_f� ce��V ]
_CV�[�_=|ZaeWfh
λ

V\i |Z_bg*h � |Z��h(�KWfV

B
V�aAg*h a�[\V\i

λ−1 i�V����^|Z_fg*h � |Z��h(��WfV
B−1 �EWfV7�5|Za�V���|5]
_CV i�Y'|�ce�1Y+[�|Z�^h�i�V\i�g�|X[�_w|Z�1Y�Wr|rW`|Z�t��V��5|

�S��� hZ�
g�V�a�V��^h�i;]
_AVG[�_=|ZaeWfh ' V\i�cAh�i�YNg�YN� |XWfV���aAY�Wr|�i�V [�_f� ce��V;]
_AV��
(

xtx

xtBx

)(
xtx

xtB−1x

)
≥ λmin

λmax

%�)%k  (



���������
	���
���	�������������������� ��!"���#��$%!"�'&�(%) ���'��	*���+�",��.-��/
��"�%�*��
10 � �

� Q )#���J��� "���(*+D�0CE)#�v�*,t�W��)#����CS�T2���(�)#�\e#�*�1!#�*�%(*+&�^���0���J��,Y(G�0�1)42��'UV"��%(*+D)0���*�v(*"��02��W�<�W+D(*�0�
�B)#�1+-�W+je.�0��2��R_���+D2��0�*k

��J
�	� J" � )Ak-=SR !;|rWr|
f

[�_=|rW#���Zg�Y+[�| cAh�i�YNg�YN� |kWfV���aAY�Wr| ��V����^��g�h
WfhyWfVd�5|#�rh(�}WfV\i�[\V�a=i�h
[\h aA�ZV����fV;|Z���GYNaAYN�GY
��|rWfh(� �Z��hZ�\|Z�

x∗ �
%UWfV�� � i\�

E(xk+1) ≤
(
1− a

A

)
E(xk)

��Wfh aeWfV
E(x) = 1

2
(x − x∗)tQ(x − x∗)

��V\iGWfV\[�Y�� � ]
_AV;i�V
g*V�aeW#��� ��|�ceY�WfV�� WfV [\h aA�ZV����fV�a�[�Y�|�� �*�1YNa�V�|Z�/[\h am[\h a=i�g�|ZaAg*V

c =
(
1− a

A

) �

�����/J
��� )%kj=SR�!KV;|f[�_CV���WfhX[\h a}��|~V\[�_w|f[�Y�� a �S� � �

1− (∇f(x)t∇f(x))2

(∇f(x)tQ∇f(x))((∇f(x)tQ−1∇f(x))
≥ 1− a

A

%�)%k ; (

i�_ri�g�YNg�_.�SV�aeWfh~V\i�g+|~WfV\i�Y��Z_=|Z��Wr|rW~V�a}��| V��%c�� V\i�Y�� a �S����hZ�
g*V�a�V��^h�i;WZY�� V\[�g+|Z�^V�aAg�V;]
_AV��

E(xk+1) ≤
(
1− a

A

)
E(xk)

[\h � ce��V�g+|ZaeWfh5| i��'��|7c���_AV
�\|r�
�

� �& 7JCM���� � ��� )%k�;AR � � g*V\i�V ]
_AV i�Y i�V7_fg�YN�1Y
��|G��|5a�h(� �5| ‖x‖Q = 1
2
xtQx

� V�aAg�h a�[\V\i ��|5WfV\i�Y��
�Z_=|Z��Wr|rWKV��%c��\V\i
|rWr|;V�a~V��bg*V\h(� V��5| �S��
 i�V�ce_CV�WfV"� V ��V\i�[���Y��
Y�� [\h �^h#� ‖xk+1 − x∗‖ ≤ c ‖xk − x∗‖ �

���%J� �"!.� )%k6>wR� a V��/V��{V�� ce��h �S��
 &=|Z�N��V���| [\h a=i�g+|ZaAg�V
c

WfV [\h aA�ZV����fV�a�[�Y�|�� �*�1YNa�V�|Z���

% �&!���O
�NPQM )%k6>wR � h �^h ∇2f(x) =

(
1 0

0 9

)
⇒ c = 1− 1

9
= 8

9

� h�]
_CV YNaeWZY+[�|^]
_AV c=|#��|~V\i�g*VKV��{V�� ce��h��EV����^��g*h
WfhGg*V�aeWfV����^|~[\h aA�ZV����fV�� WfV ) h(� �5|^�\| i�g+|ZaAg�V
��V�aAg+|r�

�M� �M� 6��"� ( @�( @�- �)-���� (&%�� � �\�W�*�:2���2�����(*�1+Do�+-�s�*,YCE����)A2�)T2%�[I/�0.8��)#�My����ReA+-�W�0�1�*CE)#�
�.,D!#"��%)#�8������"�,j�N�02�)0�8������,D+DCE+D���0������O "��v��)#�/�G`A"%2��0�W�.�4�'�*�\���*��2����Z�1"^UV"��%(*+D)0���0CE+D�*�\��)�k

=#k fA�G�
g :Rn →R

(*)#�\�W+-� "��0CE�*�\�W�:2�+-UV��������(*+D�0o�,D�.y��*�\��)#��(*���Z�1��,D,D�0C[���#�0(*)0o�+&�0�%)E2%�
g
�

,&�'CS�<�W��+-F
(J(x))ij = ∂gi(x)

∂xj

k
>Ak fA�G�

g : Rn → R
(�)#�\�W+-�q"��0C[���\�W�42%+-UV�*�1�*��(�+&�0o%,D�J�*�|"�� �0o�+-�*�c�W)}(*)#�\e#��wA)

D ⊆ Rn
y

�*�\�W)#�%(*�*�
g(x + p)− g(x) =

∫ 1

0
J(x + tp)dt ∀x, x + p ∈ D

k
 k fA�G�

g :Rn →R
(*)#�\�W+-� "��0CE�*�\�W��2%+-UV�*�1�*��(�+&�0o%,D�:�*� "��u�0o%+D�*�c�W)	(�)#�\e#��w%)

D ⊆Rn
O "��

�02��*C[�0�K(*"�CE��,D�:O "�� ‖J(x)− J(y)‖ ≤ γ ‖x− y‖ ���0���S�0,-! ���
γ ∈ (0, 1) , ∀x, y ∈

D
kPaY� ��)#��(��*� ‖g(x + p)− g(x)− J(x)p‖ ≤ γ

2
‖p‖2 ∀p ∈Rn

k
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;�k | ( fA+
E ∈ Rnxn : ‖E‖ ≤ 1

���\�W)#��(��*�
(I − E)−1 ��w%+-�1���g` ���g(*"�CE��,-�gO "��

‖(I − E)−1‖ ≤ 1
1−‖E‖

k
� ( fA+

A
�*����)~�1+D��!0"�,&�0�T` ‖A−1(A− B)‖ < 1

y���� ��)#��(��*�
B

�*�b��)|��+-��!#"�,D�0�T`

‖B−1‖ ≤ ‖A−1‖
1−‖A−1(A−B)‖

k

� Q )#��� ���0�W�.C[)#�J� 2%�*��(���+-o�+D�T��,s�0,D!0)#��+j�WCE)x2��uI/�0.8�W)0�Mk/fA�G�
g : Rn → Rn

` ���u2������G�
����(*)0� ���W�0��,D���1)#,D"%(*+DH0�J�0,M��+-�1���*C[�

g(x) = 0
y%�*�\�W)#�%(*�*�K�*,�CE����)A2�)'���K(�)#CE)'��+D!0"��0@

� !�� (�� � 2���_����E"��^��"��\��)[+-��+D(�+&�0,
x0� !�� ( ��� �r�0���

k = 0, 1 . . .
Q �0�1�W�E(�)#�\e#�*�1!#�*�%(*+&�Ay �������

xk+1 = xk + dk , donde J(xk)dk = −g(xk)

"m�*�0CE)#�8,&�'�0�%,D+D(*�0(*+-H#�	2���,��0,D!0)#��+j�WCE)��*�^"��^� p1��C[��,-)�k

���%J� �"!.� )%k  R � V�|Z�1Y+[\V _fae|�YNg*V���|f[�Y�� aXWfV��S�^��g*h
Wfh�WfV �;V��'g*h a~V�a`��| � V\i�h �1_C[�Y�� a^WfV��?i�Y�i�g�V��5|

g(x) =

(
x1 + x2 − 3

x2
1 + x2

2 − 9

)
= 0 con xk = (1, 5)t.

% �&!���O
�NPQM )%k  R
J(x) =

(
∂g1(x)

∂x1

∂g1(x)
∂x2

∂g2(x)
∂x1

∂g2(x)
∂x2

)
=

(
1 1

2x1 2x2

)

J(xk) =

(
1 1

2 10

)
; g(xk) =

(
1

17

)
⇒ dk = −1

8

(
13

11

)

xk+1 = xk + dk =

(
1

5

)
− 1

8

(
13

11

)
= 1

8

(
−5

29

)

�S���f��
r� � h aA�ZV����fV�a�[�Y�|^WfV����^��g*h
Wfh^WfV�� V��'g�h ae�

��J
�	� J" � )%k >=R T�V�|
g : Rn → Rn

[\h aAg�YNaA_=|Z�^V�aAg�VXWZY ) V�� V�a�[�Y�|r�
��V V�a
D ⊆ Rn

|r�
Y+V�� g�h �
[\h aA�ZV��bh�� ��i�_�cAh af�r|Z�^h�i ]
_AV��

=#k ∃x∗ ∈ D : g(x∗) = 0

�V��?Y�i�g�V7��|5i�h �1_C[�Y�� a

x∗ �Z�
>Ak ∃J−1

(x∗)
[\h a ∥∥∥J−1

(x∗)
∥∥∥ ≤ β


�V����w|f[\hZ�
Y�|Za�h V�� |Z�1_=|rWfh�V�a
x∗ V\i5WZY ) V�� V�aAg*V�WfV`[\V��\h��

�1_CV+�fh
β

V\i�g�� � V���|f[�Y+h ae|rWr|~[\h a i�_}[\V��\[�|ZaA��|`| [\V�� h �Z�
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 k ∃γ ∈ (0, 1) : ‖J(x)− J(y)‖ ≤ γ ‖x− y‖ , ∀x, y ∈ Bδ(x

∗)

�V�� �=|f[\hZ�
Y�|Za�h�V\i

�oY cAi�[ &fYNg � WfV�aAg � h`WfV7_fae| &fY cAV�� ��V\i ) V���|^WfVK[\V�aAg � h
x∗ � ��|rWZY+h

δ
� Wfh aeWfV

γ
Wr|�_bae|5Y�WfV�|

WfV ��|`�1YNa�V�|Z�1Y�Wr|rWXWfV
g
�Z�

 aAg*h a�[\V\i\��V��?Y�i�g�V
ε > 0 : ‖x0 − x∗‖ ≤ ε

YN� ce�1Y+[�|~]
_CVK��|`i�_C[\V\i�Y�� a {xk}
�fV�a�V���|rWr|;cAh(�GV��

�^��g*h
Wfh WfV � V��'g*h a~[\h aA�ZV����fV V�a ) h(� �5| � ��[�_=|rW#���Zg�Y+[�|�|
x∗ [\h a ‖xk+1 − x∗‖ ≤ γβ ‖xk − x∗‖2 �

�����/J
��� )%k6>wR�Tt|r��V��^h�i�]
_CV
x1 = x0 − J

−1

(x0)g(x0)
WfV �5|Za�V���|^]
_CV��

x1 − x∗ = x0 − x∗ − J
−1

(x0)g(x0)

x1 − x∗ = J
−1

(x0) [−J(x0)(x
∗ − x0)− g(x0) + g(x∗)]

‖x1 − x∗‖ ≤
∥∥∥J−1

(x0)
∥∥∥ ‖−J(x0)(x

∗ − x0)− g(x0) + g(x∗)‖

‖x1 − x∗‖ ≤
∥∥∥J−1

(x0)
∥∥∥ γ

2
‖x∗ − x0‖2

%�)%k69 (

cAh(� h g � h5��|rWfh���g�|Z�5�
Y+��a i
|r��V��^h�i ]
_AV��
∥∥∥J−1

(x∗)(J(x0)− J(x∗)
∥∥∥ ≤

∥∥∥J−1

(x∗)
∥∥∥ ‖J(x0)− J(x∗)‖

∥∥∥J−1

(x∗)(J(x0)− J(x∗))
∥∥∥ ≤ β ‖J(x0)− J(x∗)‖

∥∥∥J−1

(x∗)(J(x0)− J(x∗))
∥∥∥ ≤ βγ ‖x0 − x∗‖

∥∥∥J−1

(x∗)(J(x0)− J(x∗))
∥∥∥ ≤ βγε

� &=|f[�Y+V�aeWfh
ε = mı́n{δ, 1

2γβ
} � V�aAg*h a�[\V\i;]
_CV�Wr|#���X]
_AV��

∥∥∥J−1

(x∗)(J(x0)− J(x∗)
∥∥∥ ≤ 1

2

�1_AV+�fh�� WfV;|f[�_AV���Wfh`|^��h5��Y�i�g�h^V�a}��h�i � V\i�_b�1g+|rWfh�i.c�� V��1YN�GYNae|#� V\i � V\i�_b�1g+| [�Y+V�� g�h`]
_AV��
∥∥∥J−1

(x0)
∥∥∥ ≤

‚

‚

‚J
−1

(x∗)
‚

‚

‚

1−‖J−1 (x∗)[J(x0)−J(x∗)]‖
∥∥∥J−1

(x0)
∥∥∥ ≤

‚

‚

‚
J
−1

(x∗)
‚

‚

‚

1− 1

2∥∥∥J−1

(x0)
∥∥∥ ≤ 2

∥∥∥J−1

(x∗)
∥∥∥ ≤ 2β

%�)%k * (

��ae|Z�1�^V�aAg*V\� i�_ri�g�YNg�_��rV�aeWfhK��|^V\[�_=|f[�Y�� a �S����V�a ��|^V\[�_=|f[�Y�� a �S���K�N��V+�r|Z�^h�i |���| � V���|f[�Y�� a ]
_AV a�h�i
WZY+[\V ]
_CV ‖x1 − x∗‖ ≤ γβ ‖x0 − x∗‖2 � ��h^]
_CVG[\h � ce��V�g+|5��| c�� _AV
�\|r�

�
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aY,��W�*)0���*C[� )%k6>S��)#���0����!#"��W�TO "��'(�"��0��2�)T��,r��"%� ��)J+D��+-(*+&�.,
x0 ∈Rn

�*�1�W�T��"%_�(�+D��� ���*CE�*�\�W�
(��*�1(G� 2��T,&�b�1)#,D"%(*+DH0�

x∗ : g(x∗) = 0
yr���\�W)#��(��*���*,]C[�R�W)q2�) 2��JIK�/.8�W)#�{(�)#�\e#�*�1!#�J2��	UV)#�1CS�

� � (*"��02%�W�.��+D(G�Ak am�S�*,B� p1�*CE��,-)�O "��K��+D!0"��K�1�ZC�"%�*�1���W��(�)#CE)�,D�vUV���0����� ��"A_�(*+-�*�\�W��C[��� ���Z(��*��(*� � �*�
2%�veq+j�N�0,M+-C[�B)#�c�N�0��(�+&�����0�W�',&��(�)#�\e#����!#����(*+D�[2���,�C[�R�W)q2�)�k

���%J� �"!.� )%k ;CR � V���Y�i�V�V��E[\h � cAh(� g+|Z�GY+V�aAg�hXWfV����^��g�h
Wfh~WfV �;V��'g*h ay|Z��_bg�YN�1Y
��|#� ��hKc=|#��| �\V �

i�h �1�ZV��
g(x1, x2) =

(
ex1 − 1

ex2 − 1

)
= 0

[�_=|ZaeWfh`i�V�|#� ��|Za�[�|�WfV\i
WfV`V��Cce_baAg*h
x

0
=

(
−10

−10

)
�

% �&!���O
�NPQM )%k ;CR
J(x) =

(
ex1 0

0 ex2

)
⇒ J(x0) =

(
e−10 0

0 e−10

)

d0 =

(
e10 − 1

e10 − 1

)
→ x

1
= X

0
+ d0 =

(
e10 − 11

e10 − 11

)
≈

(
22000

22000

)

�m[\h �^h i
|r��V��^h�i^]
_AV^��| i�h �1_A[�Y�� a V\i
x∗ =

(
0

0

)
cAh
WfV��^h�i^| i�V+�Z_���|#�X]
_CV`a�h�i V\i�g�|Z�^h�i

|Z��V��%|ZaeWfhdWfV��5| i�Y�|rWfhdWfV^��|di�h �1_A[�Y�� a=� WfVX�5|Za�V���|m]
_CV V�a V\i�g*V [�| i�h
ε = 10

√
2

� |m|
� V\i�_f�1g�|#�;WfV��5| i�Y�|rWfh��#��|ZaeWfV c=|#��|~]
_AV V�� �^��g*h
WfhX[\h aA�ZV����%|r�

�S���f���f� - �\h\ceY+V�Wr|rWfV\i WfV����^��g�h
Wfh5WfV �;V��'g*h ae�

=#k am�/,D)q(G�.,DCE�*�\�W�K(*)#�\e#����!#���\�W�0k
>Ak fA+

g(x) = Ax − b
(�)#�

A ∈Rnxn
+D�\e#���1�W+-o�,D�.y�`

x, b ∈Rn
kBaY�\�W)#�%(*�*�Z�*,�C[�R�W)q2�) Q �0,D,D�

,&�'��)#,-"�(*+-H#�T�*�^"��^��H#,-)����0��)���)E+DCE�B)#�1�W��(*"��.,����G���*,��%"��\�W)E+D��+-(*+&�.,
x0

y���"%�*�

J(x) = A⇒ Ad0 = −Ax0 + b⇒ d0 = −x0 + A−1b
`T�l)0�/,-)��N�0�\��)

x1 = x0 + d0 = x0 − x0 + A−1b
k�aY�}).�W�W�.�:���0,&�0o%�W�0��y
��+

g
���:,-+D���*�0,n`b�RwA+D�c�W��,&�

��)#,-"�(*+-H#�My���,�C[�R�W)q2�)'2��:IK�/.8�W)#��,&� Q �0,-,&������"%���1H#,D)����0�1)�k
 k �r�0���g�*,�(*�0��)g2��

g
,D+D�%�G�0,�yt�*,�(G�.,D(*"%,D)u2��

d0

����Oq"%+D�*�1��,D� ���*�1)#,D"%(*+DH0�|2��^"��|��+D�c�W��CS�
,D+D�%�G�0,�,-)�O "��Z���	!#�����*���0,l�1�*�1"�,-�W��(*)0�1�W)0��)�k � 2��*C[�0��yA�1+

J(x)
�*��(��*��(*�0��)'�:�����]��+-��!#"�,D�0�

�*,�CE���W)q2�)��B)#�8,D)'!#�����*���0,���)E(*)#�\e0�*��!0�*�W�Ak
;�k am�^,D)0�8(G�0�1)#�KO "��v(�)#�\e#�*�1!#�0yP��,�C[�R�W)q2�)'�W+D�����so�"��������W�0��+-2��*Fv2��v(�)#�\e#�*�1!#�*�%(*+&�
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�S���f� �S� ��� � �^h�_fg�YN�1Y
��|#� V����^��g*h
Wfh7c=|#��| � V\i�h �1�ZV��
mı́nx∈Rn f(x) : f :Rn →R

�

��J
�	� J" � )%k  R T�V�|
f :Rn →R

[\h aAg�YNaA_=|Z�^V�aAg�V;WZY ) V�� V�a�[�Y�|r�
��V ��i�_�cAh af�r|Z�^h�i;]
_AV��

=#k  	�?Y�i�g*V
x∗ : ∇f(x∗) = 0

� ∇2f(x∗)
V\i�cAh�i�YNg�YN� |XWfV���aAY�Wr|r�

>Ak ‖∇2f(x)−∇2f(y)‖ ≤ γ ‖x− y‖ ; ∀γ ∈ (0, 1) ; ∀x, y ∈ Bδ(x
∗)

�

 aAg*h a�[\V\i\� ��| i�_A[\V\i�Y�� a��fV�a�V���|rWr| cAh(� V��A�^��g�h
Wfh WfV �;V��'g*h a |Z�=i�V��U|�ce�1Y+[�|rWr| | ∇f(x)
[\h aA�ZV��+�fV

��h�[�|Z�1�^V�aAg*V;|
x∗ WfV ) h(� �5| � ��[�_=|rW#���Zg�Y+[�|r�

�����/J
��� )%k  R �Q��|#��|Z�^V�aAg*V7��|�c�� _AV
�\|~WfV V\i�g*V g�V\h(� V��5| V\i;� � i�Y+[�|Z�^V�aAg*V7��|^�GY�i��5|^WfV���g�V\h �
� V��5| �S���f�

�

XK�bCS�.���*���xO "�� ���0���x������)#,je#�*�T��,Z���1)#o�,-�*C[�g2��bCE+D�%+DCE+DFG�.�
f
y]�1� �0��,-+D(*�g�*,KC[�R�W)q2�) 2��

I/�0.8��)#� � ∇f(x)
,-)[(�"��0,�o��?p1)[(*)#�%2�+D(�+D)#�����/�0����)0��+&�02��0����)#�/,D,D�Re.�0�W���["%�4��"��\��)SO "���(�"�CE��,D�

,D��(*)#�%2�+D(�+DH#�J����(*�*���0��+D�E2%�:�%��+DCE�*�])#��2����Mk

�M� 3M� 6��"� ( @�(y@�- �)-���� (&% � (�@ � � # !w@.(��

�QJ" � )Ak  R�T�V�|
f : Rn → R

�^V�aAg*h a�[\V\id��| i WZY�� V\[\[�Y+h a�V\i~�fV�a�V���|rWr| i5cAh(��V�� �^��g*h
WfhyWfV
� V��'g*h a i�V�� �Za i�Y+V�� c��\V WfV;WfV\i�[\V�a=i�h � l � � �=x�u ��l V�� # V\i\i�Y�|Za�h`WfV

f
V\i�cAh�i�YNg�YN�Zh5WfV���aAY�WfhZ�

�����/J
��� )%k  RQT�V+�#$ba�V��=�^��g�h
Wfh;WfV �;V��'g*h a ∇2f(xk)dk = −∇f(xk)
cAh(� ��h�g+|ZaAg�h��

∇f(xk)
tdk = −dt

k∇2f(xk)dk < 0 ⇔ ∇2f(xk) es PD. �

XK�*,�,D�*C[� )%k  ����(�)#��(�,D"%`0��O "���,&�.�K2�+-����(*(*+-)#�����Z!#�����*���02��0�K�l)#�K�*,�C[�R�W)q2�)S2%��IK�/.8�W)#�
y
��)
�1+D��C[���1���1�*�W�.� 2���2�����(*������)%y���+D�4�*C�o��.��!#)�yB�*�Z�l)#�1+Do�,-��,-)#!#�W�.�/O "��',-)S�1�G�0� ���b�N�0�\�W)T�B)q2��0CE)#�
Q �0(*���[O "��^,&�uCS�<�W��+-F	O "��4C�"�,-��+D��,-+D(G���g,D�u2%+D����(*(�+DH#�{�*�|,&� UVH#��C�"�,&�b2����0(R�W"��0,-+DF*�0(*+-H#� 2��^,&�
CE+D�1CS�����G�E��+-�*CE�����s�B)#��+j�W+je0��2���_��%+D2��%k

aY,sCE����)A2�)z2��gIK�/.8�W)#� C[)q2�+-_�(G�02�){(�)#����+-�1���go��.��+D(*�0CE�*�\�W�u�*� ���*2%��_���+-�J,&� UVH#��C�"%,&� 2��
�.(��W"��0,D+-FG�0(�+DH#�	2%�

dk

(�)#C[)��1+D!#"��.@

[∇2f(xk) + µkI] dk = −∇f(xk)

(�)#�
µk ≥ 0 :

{
µk = 0 si ∇2f(xk) es PD

µk > |λmin| si ∇2f(xk) no es PD

}
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2%)#��2��
λmin < 0

�*���*,�CE$D��+-C[)��0"%��)?e.�0,-)#��2�� ∇2f(xk)
k

�n�0�W�K(*)#�%_���C[�0�nO "��8,D�KC[�.�W�1+DF��0�1$%2��R_���+D2��Z������"�,j�N�Z�1+D�*CE���1�]�B)#��+j�W+-e.��2���_���+D2��Ay.(*�0,D(�"�,&�0CE)#��@

xt
[
∇2f(xk) + µkI

]
x = xt∇2f(xk)x + µk ‖x‖2 =

= ‖x‖2
(

xt∇2f(xk)x

xtx
+ µk

)

�B�*�1)�2��02%)�O "�� ∇2f(xk)
�*�]��+DCE������+-(G�s`[��)#CS�.2�)����	(*"����\�N��O "��

λmin < 0
%VOq"%���*����,l(*�0��)'O "��

�%)#��+D�\�W�����*��� (Ry��1�v(*"�CE��,D+-�W��O "��.@

xt∇2f(xk)x

xtx
≥ λmin ⇒ −xt∇2f(xk)x

xtx
≤ |λmin| < µk

⇒ xt∇2f(xk)x

xtx
+ µk > 0

2%�:C[�0�����W�'O "��v,&�'C[�.�W�1+DF��1�*�W����UV��(���+-e.�0CE�*�\�W�s�B)#��+j�W+je0��2%��_���+-2��%k

�S� �S��
r� �.��hZ�\|Z�1Y
��|f[�Y�� a�WfV��t�^��g*h
Wfh�WfV � V��'g�h ae�ZI/H0�W������O "��Zo��?p1)���,l����O "��*C[��2���,MIK�/.8�W)#�
CE)q2�+-_�(*�02�)���)A2��.��,D�0��2�+D�1�*(�(*+D)0���*�������W�0�:2���2��*�1(*������)�y<2���CS�.���*����O "�����+q�0!0���*!#�0C[)0��"��:�W�0C[�0��)
2%�S���0�1)bO "��	(�"�C[�%,&�J(*)#� ,D�0�:(*)#��2%+D(*+-)#������2�� � �1C[+ p1)^`x�s)#,D2��c�W��+D�My��B)A2%���*CE)#�:!#,D)0o��0,D+-FG�0�Z�*,
CE����)A2%)s��+D��C[�%����O "�� ∇f(xk)

��)s�W+-�*��2��s���1�*�Y)#�c�W)#!0)#���0,A�
dk

y0�%"��*�m2��8�1�*�m�0�1$�y0(�)#CE)�eA+-C[)0�r�*�
�1�*(�(*+D)0���*���0�\���*��+-)#�����*yq,D)#�i�Ge.�0��(*���8�*�T(*�02���+j�W�*���0(*+-H#�E�l)q2���$D�0�S�%)���������"%_�(*+D���\�W�*CE�*�\���s!#�W�0�%2��*�
2%�:C[�0�����W�'O "��v�*,�!#���02�+-�*�\�W�v2��v,&��UV"%��(*+-H#�J��"��*2%����)'���*��2����Z�'(��*��)%k

aY�^)0�W���0�8���0,D�0o����0�*y��1+���"���2�)S�.���*!0"��W�0��O "��.@

=#k ����2�+-���*(�(*+-H#�
dk

�*�/2��v2��*�1(*�*�%��)
>Ak am,M�W�0C[�0��)�2��v���0�1)

αk

(*"�CE��,-��(*)#�^,&�.�8(*)#��2%+D(*+-)#�����82�� � ��CE+�p1)�`J�v)#,-2��1���*+-�
 k

cos(θk) > a > 0
y%2�)#��2��

θ
���/��,��0��!#"%,D)'�*�\�����

dk

` ∇f(xk)

���\�W)#��(��*�so���p1)S,&�.�K(�)#��2�+-(*+D)0���*�K(*)#�b,D�0�/Oq"%� Q �*CE)#�K�*�1�W�02�)S���W�0o��?p��0��2�)[���0���S,&�'UV"���(�+DH#�
f(x)

�1��(�"�C[�%,D+D���'Oq"%���*,�CE���W)q2�)E(*)#�\e0�*��!0���["%�b��"��\�W)
x∗ O "���(�"�CE��,D�:,&��(*)#�%2�+D(�+DH#�^���*(��*���0��+D�[2��

�%��+DCE�*�])#��2����My��*�/2���(*+D��y ∇f(x∗) = 0
k

�i��CE)#�1���W�0CE)#�8O "��:,&�0�82�+-����(*(*+-)#�����
dk

!#�*�%�*�W�.2��0�/�l)#�8��,�C[�R�W)q2�)�2���I/�0.8��)#�4CE)A2%+-_�(*�02�)
�1)#�u2��'2�����(*������)^`b���0ol��C[)0�sOq"%�'"��W�0�%2�)Jo��0(��\�W���0(�� +D��!^�l)q2���C[)#�Z�*��(�)#�\�W�W�.�

αk

O "���(�"�C[�%,&�
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,D�0�Z(�)#��2�+-(*+-)#���*�K2�� � ��CE+�p1)�` �s)#,-2��1���*+D��>B,-"��*!0)�yP��H#,-)SU �0,-�W�E����(*)0� ���W�0�Z��+r,D�E���*��(��*���	(*)#��2%+D(*+-H#�
�1�v(*"�CE��,D�s)E��)�k

fq+r,D,D�0C[�0C[)0�
Hk

�	,&�SC[�.�W�1+DF�Oq"%�'��"��c�W+-��"%`#�E�0, �K������+D�0��)T2��
f
�*� �*,rC[�R�W)q2�)	2���I/�0.8�W)0�

CE)q2�+-_�(*�02�)�yA�*�\�W)0��(*���

Hkdk = −∇f(xk) con

{
Hk = ∇2f(xk) si ∇2f(xk) es PD

Hk = ∇2f(xk) + µkI si ∇2f(xk) no es PD

}

2%�:C[�0�����W��O "��
dk = −H

−1

k ∇f(x)
`

dk∇f(xk) = −∇f(xk)
t −H

−1

k ∇f(x) =
∥∥∥−H

−1

k ∇f(x)
∥∥∥ ‖∇f(x)‖ cos(θk)

⇒ |cos(θk)| =

∣∣∣−∇f(xk)
t −H

−1

k ∇f(x)
∣∣∣

∥∥−H
−1

k ∇f(x)
∥∥ ‖∇f(x)‖

%�)%k+1 (

�B�*�1)[�B)#�8���1)#��+-�*2��02%�*��2��v,&�0�]��)#��C[�0�82��vC[�.�W�1+D(��*�8���v���0ol�vO "��

‖A‖ = máx
x6=0

‖Ax‖
‖x‖ ⇒ ‖Ax‖ ≤ ‖A‖ ‖x‖ %�)%k ) (

,-"��*!0)�y%�.��,D+-(G�0��2%) )%k )��*�J,&���*(*"��0(*+-H#� )%k+1:`	,-,&�0C[�0��2�)
λ(Hk)

��,D)#�]�0"%�W)�e.�0,-)#�����]2��
Hk

)0o%�W����� �
CE)#��@

|cos(θk)| ≥

∣∣∣−∇f(xk)
t −H

−1

k ∇f(x)
∣∣∣

‖∇f(xk)‖2
∥∥H−1

k

∥∥ ≥ mı́n
∇f(xk) 6=0

[
−∇f(xk)

t −H
−1

k ∇f(x)

∇f(xk)
t∇f(xk)

]
1∥∥H−1

k

∥∥

Pero
1

λmax(Hk)
≤ −∇f(xk)

t −H
−1

k ∇f(x)

∇f(xk)
t∇f(xk)

≤ 1

λmin(Hk)

luego |cos(θk)| ≥
1

λmax(Hk)

1∥∥H−1

k

∥∥ =
1

‖Hk‖
∥∥H−1

k

∥∥

�B)#� ��,-��+DCE)�y0(�)#CE)���w%+-�1���
M

�W�0,POq"%� ‖Hk‖
∥∥∥H−1

k

∥∥∥ ≤M ∀k % ,-,&�0C[�02���(�)#��2�+-(*+DH0�[2��/,&�vC[�.�W�1+DF

Hk

(Ry0���\�W)#��(��*�m���](*"�CE��,D�]Oq"%� |cos(θk)| ≥ 1
M

> 0
>.,D)ZO "��8(�)#CE��,D�R�N�Z,D�K�W����(*���W�s(*)0��2�+D(�+DH#���0�\�W�*�

�%��)#��"%�*�1�W�%k
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�M� ��� ����-fB�#"��#"��( � ��B�( � ��-	��� ( � �:�����<�

�����	� !fJ" � )%k-=rR ! V��G_AV\i�g � V�] V~i�Y
f(x)

V\i _fae| ) _fa�[�Y�� a [�_w|rW#���Zg�Y+[�|yWfV���aAY�Wr| cAh�i�YNg�YN� | �
V�aAg*h a�[\V\iE��| ��h af�ZYNg�_wW�WfV c=| i�h Wr|rWfh'cAh(�.V��S�^��g�h
Wfh WfV � V��'g�h a c=|#��| [�_=|Z��]
_bY+V��

xk ∈Rn
i
|Zg�Y�i ) |f[\V

��| iG[\h aeWZY+[�Y+h a�V\i7WfV % � �GY �{h � ��h ��W i�g�V�YNa [�_=|ZaeWfh
α ≤ 1

2

�
β > 0

�

�����	� !fJ" � )Ak >wR -�|#��| [�|rWr| _fae| WfV ��| i ) _ba�[�Y+h a�V\i
f1(x) = x

�
f2(x) = x2 + x

�
f3(x) =

ex − 1
�\V\i*cAh aeWr|��

! � �  � �^��g�h
Wfh5WfV��;V��'g*h a [\h aA�ZV����fV V�a ) h(� �5| [�_=|rW#���Zg�Y+[�|
�
H � ���Q_ �Z�/V\i ��| � V+�ZY�� a WfVG[\h aA�ZV����fV�a�[�Y�|
�
# � #7|Z�N��V7��|~[\h a=i�g+|ZaAg*V�WfV �oY cAi�[ &fYNg � c=|#��|

f ′(x)
V�amV��tYNaAg�V�� � |Z��h

[−a, a]
� [\h a

a > 0 ∈R
�

�����	� !fJ" � )%k  R T�V�|
f(x) = 1

2
‖F (x)‖2 Wfh aeWfV

F : Rn → Rn , F ∈ C1 � � h a=i�Y�WfV�� V

xk+1 = xk − λk(F
′(xk))

−1

F (xk)
�Gi�_#cAh af�r|^]
_CV

F (x)
V\i�a�hGi�YNaf�Z_f��|#� ∀x ∈Rn

�

- � _AV
��V;]
_CV7i�Y V�a ��| [\h aeWZY+[�Y�� a}WfV % � �GY �{h5_ri
|Z�^h�i
α = 1

2

��V�aAg*h a�[\V\i f(xk+1)
f(xk)

≤ 1− λk

�

�����	� !fJ" � )%k ;CR !;|rWr|m��| ) _ba�[�Y�� a
f : R3 → R3 �

f =




x1

x2
2 + x2

ex3 − 1




� &=|Z�N��|#�X��|

� V+�ZY�� a WfVG[\h aA�ZV����fV�a�[�Y�|X[�_w|ZaeWfh i�V |�ce�1Y+[�| V�� �^��g�h
Wfh5WfV��;V��'g*h a^c=|#��| � V\i�h �1�ZV��
f = 0

�
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�M� �M� 6��"� ( @�( @.-5@.��� -fB�-�%.#"��!�� � %.� � !��0� aY,AC[�R�W)q2�)Z2���IK�0.8��)#�'���1�*�����\�N�s,&�/2��*�ce#�*�\�W�?p��
2%������Oq"%�*��+-��+D�AUV)#��C[�0(*+-H#�E2�������!#"���2%)E)0��2����T��)#o��1��,&�:UV"���(*+-H#�T�����W�0o��?p��0�i`["�����UV)0��C[���*�JO "��
�1� Q �E,D)#!0�W�02�)��ReA+j�N�0�����1�N�[���*(��*��+-2��02��*�Z�1"��1��+-��"%`#����2�)T�0, �/�*���1+&�0�%)S2���,&��UV"���(�+DH#���l)#��2���"����
C[�.����+DFZOq"%���.����)GwA+DCE�s,&��+-�%UV)#��C[�0(�+DH#�	2%�:����� �K������+D�0��)�k

aY,lC[�R�W)q2�)�2��s2�+jUV�*�1�*��(�+&�0�]_���+-�W�0�]C[�0�\�W+-�*����,D���*�c�W�1"�(���"��W�'2���,��0,D!0)#��+j�WCE):2%�vIK�0.8��)#�J�l����)
CE)q2�+-_�(*�0��2�)},&�}�0(R�W"��0,-+DF*�0(*+-H#�{2���,D�}2%+D����(*(�+DH#�Mym���S2���(*+D��y

xk+1 = xk + αkdk

>�(*)0�
Akdk =

−∇f(xk)
y�2�)#��2%�

Ak ≈ ∇2f(xk)
k

�n�0�W�{,D)0!#�W�0�SOq"%�
Ak ≈ ∇2f(xk)

y8���}2���_����x(�)#C[){�1�g��w%�%���*���~�{(*)#�\��+D� "��0(�+DH#�My82%)#��2��

hk
j ∈R

y
ej

���Z"��^e#��(��W)0�Z(*)0,D"�CE���'�N�0,�O "��
ej(i) = 0 (∀i 6= j) ; ej(j) = 1

y�`^,D,D�0CS�.C[)#�
A.j

�
,D��(*)#,-"�CE���

j
2��v,&��C[�.����+DF

A
y

A.j =
∇f(xk + hk

j ej)−∇f(xk)

hk
j

%�)%k�� (

Ak =
A + At

2
⇒ At

k = Ak

% )%kj=�� (

���4��wA��������+DH0� Oq"%�T�0���0�1�*(��J�4(*)#�\��+D� "��0(�+DH#�My��*��"����4e.�0��+D�0(*+-H#�}2��	,&�^2���_���+D(�+DH#� ��� )%k���`
)Ak-=��'O "��:���v"%��+D,D+-FG��(�"��0��2%)[��)��1��2�+-���B)#���s2��v"����E��w%�%���*�1+DH#���0���.,D$-��+D(*�����0��� ∇f(x)

(Ak)ij =

[
f(xk + hk

i ei + hk
j ej)− f(xk + hk

i ei)
]
−
[
f(xk + hk

j ej)− f(xk)
]

hk
i h

k
j

�S���r��
r� � h aA�ZV����fV�a�[�Y�|;WfV��f�^��g�h
Wfh�WfVUWZY ) V�� V�a�[�Y�| i���aAYNg�| i
�/���Kol)#�%2��02�2��],&���0�%��)GwA+DC[�0(*+-H#�
2%�*, �K�*�1��+D�0��)	O "��������1�G�0,-+DF*�E���4�*,�CE���W)q2�)E2���2%+-UV�*�1�*��(�+&�0��_���+j�N�0��yP��"��*2%���������0���1�*(�+&�02����*�4�*,
�1+D!#"%+D�*�\���	�W�*)0���*C[� 2�)#��2%�^�1� Q �0o�,D�b2��J,&�4e#��,D)q(*+-2��02 2��J(*)0� e0�*�1!#�*��(�+&�u2��*,8CE����)A2%) Q �0(*+D� ,&�
�1)#,D"%(*+DH0�

x∗ k

��J
�	� J" � )%k ;CR/T�V�| ∇2f(x)
cAh�i�YNg�YN� |�WfV���aAY�Wr| ��i�V�|

x0

_ba7ce_baAg*h i�_��.[�Y+V�aAg*V��^V�aAg*VU[\V�� [�|Za�h
|

x∗ �  aAg*h a�[\V\i��

=#k � l ∣∣hk
∣∣ ≤ h

� i�V g*V�aeW#� �~[\h aA�ZV��+�fV�a�[�Y�| � �*�1YNa�V�|Z���
>Ak � l

ĺımk↑∞ hk = 0
� i�V g*V�aeW#� �~[\h aA�ZV��+�fV�a�[�Y�| � �+i�_#cAV�� �1YNa�V�|Z���

 k � l ∣∣hk
∣∣ ≤ C ‖∇f(xk)‖

h ∣∣hk
∣∣ ≤ C∗ ‖xk − x∗‖ � i�V5g*V�aeW#���m[\h aA�ZV��+�fV�a�[�Y�| � �

[�_w|rW#���Zg�Y+[�|r�

�����/J
��� )%k ;CR�!KV��%|Z�^h�i7��| c�� _CV
�\|~[\h �^hXV��{V�� [�Y+[�Y+h c=|#��| V�� ��V\[�g�h(�%�
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aY�^,&�������0(���+D(*�%y�,D)0��e0�.,D)#�1�*�8O "��v���v��"%�*,D������)#CS�.�����0���
hk

�1)#�M@

=#k
hk = h = ε

1

2

y�2%)#��2��
ε
�*�/,&�����1�*(*+-��+-H#�J2��v,&��C[�0O "�+D���

>Ak ∣∣hk
j

∣∣ = ε
1

2

∣∣xk
j

∣∣ y�2�)0��2�� xk
j

�*�/,&��(�)#C[�B)#�����\�W�
j
2��

xk

k

�M���M� 6��"� ( @�( � # !�� � � �)-���� (&%�� am�{,-)#��CE���W)q2�)#��(G�0�1+�� I/�0.8��)#�{���T��+-!#"��	C[�0�\�W����+D����2�)
,D���*�c�W��"%(��W"%�W��2��*,��0,-!#)#�1+-�WCE):2��:IK�0.8��)#�My��B�*�1)�C[)q2�+-_�(G�0��2%)'�*,M(*�0,D(�"�,D)'2��s,D��2�+D�1�*(�(*+DH0�

dk

y�2��
C[�0�����W�TO "��E� Q )#���

Hkdk = −∇f(xk)
>

xk+1 = xk + αkdk

yM2%)#��2�������o�"%��(G�JO "��
Hk

���G�
"%���EC[�.����+DFZ(*)#�J���1)#��+D��2��02����/�0���0,-)#!\�0�8��,&�.��2��*, �/�*���1+&�0�%)E2%�:,D��UV"���(*+-H#�Mk

���0� # (&%�@ ��#"� ( %�-	� Oq"%�:�1���1�*O "�+-�*���v(�"�C[�%,&��,&���1"�(*����+-H#�42��vC[�.�W�1+D(��*� {Hk}
�1)#�M@

=#k
Hk

2%�*oB���1�*����+-C[�R�W��+-(G�%k
>Ak fA+

Hk

�*�/�l)#�1+-��+-e.��2��R_���+D2��%y��*�\�W)0��(*���
Hk+1

�N�.C�o�+D���J���*���E�B)#�1+-�W+je.��2���_���+D2��Ak
 k

Hk+1 = Hk + Uk

y�2%)#��2��
Uk

2��*oB�v�����/(�)#CE��"%�N�.(*+D)0���0,DCE�*�\���Z�*(�)#��H#CE+D(*�'2��s!#�*�%�*�W�.�*k
;�k

Hk+1dk = yk

y�2�)#��2%�
yk = ∇f(xk + dk)−∇f(xk)

k

� �& 7JCM���� � ��� )%k69wR ��| V\[�_=|f[�Y�� a
Hkdk = yk

�\V\[�Y���VKV���a�h �5��� V WfV V\[�_=|f[�Y�� a}WfV���| i�V\[�|ZaAg�V
hGV\[�_=|f[�Y�� a�[�| i�Y�� � V��'g�h ae� � � g*V\i�V ]
_CV ∫ 1

0
∇2f(xk + tdk)dtdk = ∇f(xk + dk)−∇f(xk) = yk

�

aY�\�W�1��,D)0�rCE���W)q2�)#��C[�0�r"%��+D,-+DFG�.2�)#�����0���Z!#�*�%�*�W�.�t,&�/CS�.����+-F
Uk

���1�W�0�'�*,q2�� 4 B�(bD @.-�%��l
 0 - �
# ��-fB��o8 ( 0�@�� !wB#HyDk: �.!�% %�( (�)#��)q(*+-2�)�(�)#CE) � �"� ( @�(}4'
.8 : `��*,B2�� �2! ����@.(&%���
 0�-"��# ��-fB
D|� ( �
-�0 0 (*)0��)A(�+D2�)'(�)#CE) � �/� ( @.( �J
�� k

�S���Z��
r� % [�g�_=|Z�1Y
��|f[�Y�� a ' 	 � T^c=|#��|^��|`�5|Zg � Y
�
Uk

�ZXZ��_���+DCE)#�
Uk

(*)#CE)'"�����CS�<�W��+-F���+-C[� �
����+-(G�'2��v�W�0�%!#)

2
"%�W+-,D+DF*�0��2�)�,D)#��e0�*(���)#�����

ak, bk ∈Rn
`T,D)0���*�1(G�0,D�0�����

αk, βk

Uk = αk(aka
t
k) + βk(bkb

t
k) con

ak = yk

% )%kj=#=2(

bk = Hkdk

% )%kj=?> (
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�1"��1��+-��"%`#����2�)	� Q )#�W� )Ak-=#=s` )Ak-=?>�����,D�0�8(*)#�%2�+D(�+D)#�����
3
`

4
y���)0�/O "���2��%@

Hk+1dk = Hkdk + Ukdk = Hkdk + α(yky
t
k)dk + β(Hkdkd

t
kHk)dk = yk

Hk+1dk = Hkdk + (yt
kdkαk)︸ ︷︷ ︸
escalar

yk + βk (dkHkdk)︸ ︷︷ ︸
escalar

Hkdk = yk

(yt
kdkαk)yk + [βk(dkHkdk) + 1] Hkdk = yk ⇒

yt
kdkαk = 1 ; βk(dkHkdk) + 1 = 0 ⇒

αk =
1

yt
kdk

; βk = − 1

dt
kHkdk

2%��,D)��0�\�W�*�1+D)#�����Z2��*�1��������2��vO "���CE+D�*�\���W�0������(�"�CE��,&�:Oq"%�
yt

kdk 6= 0
yq�*�\�W)0��(*���

αk

���1�W�0�W��o�+-�*�
2%��_���+-2��S`�Oq"%�'��+

Hk

���s�l)0��+-��+-e.�[2%��_���+-2��%yl�*�\�W)#�%(*�*�v�1�'(*"�CE��,D+-�W�EOq"%�
dt

kHkdk > 0
`��l)0��,D)

�W�0�\�W)
βk

�*�c�N�0����o%+D�*�^2��R_���+D2��%k

�K�0(*+-�*��2%)�,&�0����"%�1�W+j�W"�(�+D)#�%�*�Y�0�%��)#��+D�02��0��y?����,-,D�*!#�K�ZO "��],&�Z�.(��W"��0,D+-FG�0(�+DH#��h�����fveA+-�*���]2��02��
�B)#��@

Hk+1 = Hk +

(
yky

t
k

yt
kyk

)
−
(

Hkdkd
t
kHk

dt
kHkdk

) % )%kj=  (

�S���Z���f� - �\h\ceY+V�Wr|rWfV\i WfV���|~|f[�g�_=|Z�1Y
��|f[�Y�� a '�	 � Tt�

�����	�
�	�2�NO
�NPQM )%k >=RQTCY ∇2f(x)
V\iocAh�i�YNg�YN�Zh WfV���aAY�Wfh ∀x ∈Rn

�oV�aAg*h a�[\V\i
yt

kdk > 0 ∀k ≥ 1
�

�����/J
��� )%k6>wR

yt
kdk = ∇f(xk+1)

tdk −∇f(xk)
tdk =

(∫ 1

0

∇2f(xk + tdk)dtdk

)t

dk =

=

(∫ 1

0

dt
k∇2f(xk + tdk)

)
dk > 0 pues ∇2f(x) es PD �

�����	�
�	�2�NO
�NPQM )%k  RoTCY
Hk

V\i i�YN�^��g � Y+[�| � cAh�i�YNg�YN�Zh WfV���aAY�Wr| �;|rWfV�� � i
yt

kdk > 0
�/V�aAg�h a�[\V\i

Hk+1

V\i i�YN�^��g � Y+[�| �7cAh�i�YNg�YN�Zh`WfV���aAY�Wr|r�
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�����/J
��� )%k  R TCY
Hk

V\i7i�YN�^��g ��Y+[�| �
Hk+1

g�|Z�5�
Y+��a���h i�V�����ce_AV\i
Uk

V\i7i�YN�^��g � Y+[�|r�
 a [�_=|ZaAg�h^|5��| c=|#��g*VKWfV i�V��;WfV���aAY�Wfh cAh�i�YNg�YN� |`g*V�a�V��^h�i;]
_AV��

xtHk+1x = xtHkx +
xtyky

t
kx

yt
kdk

− xtHkdkd
t
kHx

dt
kHkdk

xtHk+1x = xtHkx +
(xtyk)

2

yt
kdk

− (xtHkdk)
2

dt
kHkdk

xtHk+1x = xtHkx +
(xtyk)

2

yt
kdk

−

(
xtH

1

2

k

[
H

1

2

k

]t
dk

)2

dt
kHkdk

pues Hk es PD

&=| i�g+| |f[ � i
|r��V��^h�i ]
_CV xtykyt
k
x

yt
k
dk
≥ 0

� WfV �5|Za�V���| ]
_CV i�YG��h��#��|Z�^h�imWfV��^h�i�g ��|#�m]
_AV

xtHkx−

 

xtH
1
2
k

»

H
1
2
k

–t

dk

!2

dt
k
Hkdk

≥ 0
�\| i�g+|#� ��[\h a �r|#��|ZaAg�Y
��|#�K]
_AVK|Z�5�\| iGV��%c�� V\i�Y+h a�V\i�a�h7ce_AV�WfV�a

i�V��}[\V�� h�|Z���GY�i��^hmg�Y+V�� cAhZ� -.|#��| ) |f[�YN�1YNg+|#�dV\i�g�|�c=|#� g*V}WfV���| WfV��^h�i�g ��|f[�Y�� a �N��|Z�5|Z�^h�i |y��|
$f�1g�YN�5| V��%c��\V\i�Y�� a �

a
	'�`��| � V\V\i�[�� Y��
YN�^h�iK[\h �^hKi�Y��Z_CV��

a =

(
dt

kH
1

2

k

[
H

1

2

k

]t
dk

)(
xtH

1

2

k

[
H

1

2

k

]t
x

)
−
(

xtH
1

2

k

[
H

1

2

k

]t
dk

)2

dt
kHkdk

% )%kj=G; (

� i�Y |(&Ah(��|��N��|Z�5|Z�^h�i
b =

[
H

1

2

k

]t
dk ; c =

[
H

1

2

k

]t
x
� cAh
WfV��^h�i"� V\V\i�[�� Y��
Y���V��=aA_f�^V���|rWfh(�

WfV ��|~V\[�_w|f[�Y�� a �S��
 �m[\h �^h#�
(
btb
) (

ctc
)
−
(
btc
)

= ‖b‖2 ‖c‖2 −
∥∥btc

∥∥2 ≥ 0
%�)%kj=?9 (

��h^]
_AV�a�h�i �N��V�� |X|~[\h a�[��1_bY��;]
_AV
a ≥ 0

ce_CV\i
dt

kHkdk > 0
�?|~]
_AV

Hk

V\i -,!;�

�eV�|Z�^h�iK|(&Ah(��|`i�Y ce_CV�WfV�h�[�_.��� Y�� ]
_CV
a = 0 = xtyk

� -.|#��|�V��N��h~| i�_f�5|Z�^h�i ]
_CV;_fa�h WfV
V��N��h�iKV\iG[\V��\h �`�ZV�|Z�^h�i;]
_AVGh�[�_.��� VG[\h a�V���h g � hZ� % i�_b�GYN�^h�iGV�a`c�� YNa�[�Y ceY+h`]
_AV

a = 0
�

TCY
a = 0 ⇒

[
H

1

2

k

]t
dk = α

[
H

1

2

k

]t
x ⇒ dk = αx

�G[\h a
α ∈ R

� cAh(� ��hmg�|ZaAg*h��

xtyk =
yt

k
d

α
6= 0

�

!KV^Y��Z_=|Z�E�5|Za�V���| � i�Y�| i�_f�GYN�^h�i^YNaAY+[�Y�|Z�1�^V�aAg*VX]
_CV
xtyk = 0

� V�aAg*h a�[\V\i^g�V�a�V��^h�iX]
_AV

d
a�hKce_AV�WfV;i�V���c=|#��|Z��V���h~|

x
� ��h ]
_AV^V�]
_fYN� |Z��VG| WfV\[�Y��G]
_AV^V�a���|dV\[�_=|f[�Y�� a �S��
 �

b
a�h

V\i�c=|#��|Z��V���hd|
c

��h}]
_AV hZ�
�1Y��r| |�]
_AV�i�V [�_f� ce��|d��|�WfV\i�Y��Z_=|Z��Wr|rWmV�a ) h(� �5| V\i�g � Y+[�g�|r�" �i�g�h
[\h � ce��V�g+|`��|~WfV��^h�i�g ��|f[�Y�� ae�

�
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dk = αkPk

[\h a
HkPk = −∇f(xk)

� g�|Z�o]
_CV
αk

i
|Zg�Y�i ) |f[\V
��| iG[\h aeWZY+[�Y+h a�V\i7WfV % � �GY �{h � ��h ��W i�g�V�YNa=�.V�aAg*h a�[\V\i

dt
kyk > 0

�

�����/J
��� )%k ;CR�!KV;|f[�_CV���Wfh`|^��| [\h aeWZY+[�Y�� adWfV ��h ��W i�g*V�YNa}g�V�a�V��^h�i��

∇f(xk + αkPk)
tαkPk ≥ β∇f(xk)

tαkPk , β < 1

Pero yt
kdk = (∇f(xk+1)−∇f(xk))αkdk

Luego yt
kdk = (β − 1)︸ ︷︷ ︸

<0

αk∇f(xk)
tPk︸ ︷︷ ︸

<0

> 0 �

� �QM�O !.� �2�NPQM )%kj=SR"! V���| i�c�� h\cAh�i�Y+[�Y+h a�V\i |ZaAg*V�� Y+h(�\V\i i�V.ce_CV�WfVG[\h a�[��1_fY�� �

=#k �Q_w|ZaeWfh
f

V\iG[\h aA�ZV��S| �
Hk

V\i -,! �.V�aAg*h a�[\V\i
Hk+1

V\i -,!;�
>Ak �Q_w|ZaeWfh`i�V^V\i�g��}[\V�� [�| WfV _ba��G�NaAYN�GY
��|rWfh(�;��h�[�|Z�

x∗ [\h a ∇2f(x∗)
i�Y+V�aeWfh -,!

g�|Z��]
_AV
Hk

V\i -,! �.V�aAg*h a�[\V\i
Hk+1

V\i -,!;�
 k �Q_w|ZaeWfh i�VyV\i�g�� ��V��{h�i WfV���|ki�h �1_A[�Y�� a �ki�V�g*h �5|

xk+1 = xk + αkPk

Wfh aeWfV

HkPk = −∇f(xk)
[\h a

Hk

- ! �
αk

[�_f� ce�1Y+V�aeWfh ��| i;[\h aeWZY+[�Y+h a�V\i�WfV % ���GY �{h
� ��h ��W i�g*V�YNa=�.V�aAg�h a�[\V\i

Hk+1
V\i - ! �

�S���Z� �S� % [�g�_=|Z�1Y
��|f[�Y�� a ! 	 - c=|#��| ��|}�5|Zg � Y
�
Uk

�ZfA�To��0�W� �*�{�.��,D+-(G�0��"���� �0(R�W"��0,-+DF*�0(*+-H#�
h]�n�:fT�E,D��+D�\e#�������E2��v,D��C[�.����+DF

Hk

y �*��2��*(�+D��y�"%�W+-,D+DF*�0��2�)
dk = H

−1

k+1yk

O "��*2��%@

Hk+1 = Hk +
dkd

t
k

dt
kyk

− (Hkyk)(Hkyk)
t

yt
kHkyk

% )%kj=3* (

���'�*(�"��0(�+DH#���0�\�W����+D)0���N�0C�o%+D�*�T�1"��*,-�v���*������(*�1+-�W�E(�)#C[)%@

Hk+1 = Hk +
(yk −Hkdk)y

t
k + yk(yk −Hkdk)

t

yt
kd

− (yk −Hkdk)
tdkyky

t
k

(yt
kdk)2

Que proviene de utilizar (A + uvt)−1 = A−1 − 1

σ
A−1uvtA−1

con σ = 1 + vtA−1u ; si ∃A−1 y σ 6= 0 ⇒ ∃(A + uvt)−1

�S���Z� �e� - �\h\ceY+V�Wr|rWfV\iUWfV ��|G|f[�g�_=|Z�1Y
��|f[�Y�� a ! 		-.�K���v�0(���"��0,D+-FG�0(�+DH#��X����g�B)#�1�*��,&�0�rC[+-��C[�0�
�%��)#��+-�*2��.2��*��O "��:,&�'�0(R�W"��0,-+DF*�0(*+-H#�Th����:flk

�S���Z���r� % �"�fh(� YNg��^h�WfVE��h�i'�^��g�h
Wfh�i�[�| i�Y�� � V��'g�h a5V\i�g�_=WZY�|rWfh�i
�/aY, �0,-!#)#�1+-�WCE)�(*)#�1���*�1�l)0��2�+D���4�
���:��,-)#�8CE���W)q2�)#��h]�n�:fS`JX����|�*��(*)#CE)���+-!#"��0@
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� !�� (�� � X��02�)#�
x0 ∈Rn

y
H0 ∈Rnxn

��+-C[�R�W��+-(G��`	�l)#�1+-��+-e.��2���_���+D2��
� !�� ( ��� �r�0���

k = 1, 2, . . .
Q �0�1�W��(�)#�\e#����!#����(*+D�%y �
�����

xk+1 = xk + αkPk , donde HkPk = −∇f(xk)%�dK�1"��0,-C[��� ���v���v"%�W+-,D+-FG�
αk = 1

�Req+-�N�.��2�)E�0��$�,D��o����1Oq"%�*2��E,D+D�%�G�0,l+D����w��.(��N� (

yk = ∇f(xk+1)−∇f(xk)
�Z�0,-,&�0�

Hk+1

"%��+D,-+DFG�.��2�)�,D�s�0(���"��0,D+-FG�0(�+DH#��O "���(*)#�1���*�1�l)0��2��v�RwA�������W�02����*��,D�0�t�*(�"����
(*+DH0� )Ak-=  ���.�W�'�*,�CE����)A2�)Eh����:fS`T�*�^,&����(*"��0(�+DH#� )%kj=3*'���0������,�C[�R�W)q2�)�X�����k

�S���Z���Z� � h aA�ZV����fV�a�[�Y�|kWfV���h�i �^��g�h
Wfh�im[�| i�Y�� � V��'g�h a V\i�g�_wWZY�|rWfh�i
�K5])#C[)x�*� �*,�(*�0��) 2%�*,
CE����)A2%)E2%��I/�0.8�W)0�Myl����,-)#��C[�R�W)q2�)#��(G�.��+���IK�/.8�W)#�^��� Q �0o�,D�E2%��(�)#�\e#�*�1!#�*�%(*+&�E,D)q(G�0,�>%���Z2���(*+D��y
�1�v(*)#���1+D2����W��O "��

x0

�*�1�W�E�1"%_�(�+D�*�\���*CE�*�\�W�:(*����(G�E2��v,&���1)#,D"�(�+DH#�
x∗ k

��J
�	� J" � )%k69wR i�V�|
f :Rn →R

��i�_#cAh af�r|Z�^h�i�]
_CV��

=#k  	�?Y�i�g*V
x∗ g�|Z��]
_AV ∇f(x∗) = 0

�
>Ak ∇2f(x)

V\i �oY cAi�[ &fYNg ��V�ad_fa V�aAg*h(��a�h^WfV
x∗ �

 k ∇2f(x)
V\i�cAh�i�YNg�YN� |XWfV���aAY�Wr|r�

 aAg*h a�[\V\i\�QV��?Y�i�g*V
ε > 0, δ > 0

g�|Z�e]
_AV ‖x∗ − x0‖ ≤ ε
� ‖∇2f(x∗)−H0‖ ≤ δ

YN� ce�1Y+[�|
]
_AV5��| i�_A[\V\i�Y�� a {xk}

�fV�a�V���|rWr|�cAh(�XV��'�^��g�h
Wfh ' 	 � T V\i�g��}�
Y+V�a WfV���aAY�Wr| � [\h aA�ZV��+�fV^V�a
) h(� �5| � �+i�_�cAV�� �1YNa�V�|Z� |

x∗ �

��J
�	� J" � )%k *AR *tV\h(� V��5| WfV � ! V�aAY�i � �mh(� �
	 
���h _baeWfV�W WfV�g�V�� Y+h(��|Zg�Y+h a � � i�V�|Za
D ⊆ Rn

|r�
Y+V�� g*h �~[\h aA�ZV��bh��
F :Rn →Rn

� {Ak}
_fae|�i�_C[\V\i�Y�� a}WfV��5|Zg � Y+[\V\i�a�hKi�Y��Z_b��|#� V\iKV�a

Rnxm
�,�

i�_�cAh af�r|Z�^h�i��

=#k
J(x)

V\i��/Y cAi�[ &fYNg �GV�a
D

[\h a [\h a=i�g+|ZaAg�V
γ

�
>Ak  	�?Y�i�g*V

x∗ ∈ D
g+|Z��]
_CV

J(x∗)
V\i7a�hGi�YNaf�Z_b��|#�%�

 k � |5i�_A[\V\i�Y�� a WfV���aAY�Wr|�cAh(�
xk+1 = xk − A

−1

k F (xk)
cAV�� �5|Za�V\[\V;V�a

D
�5i
|Zg�Y�i ) |f[\V��

xk 6= x∗ c=|#��|~|Z�"�#$ba
k

ĺımk↑∞ xk = x∗

 aAg*h a�[\V\i\� {xk}
[\h aA�ZV��+�fV;V�a ) h(� �5| � �+i�_#cAV�� �1YNa�V�|Z��|

x∗ �
F (x∗) = 0

��l � � �=x�u�� l

ĺım
k↑∞

‖Akdk − J(x∗)dk‖
‖dk‖

= 0 con dk = xk+1 − xk
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aY� )0���W�0�Z���0,&�.o��W�0��y
CE+D��� ���W�0�KCS�.��(*����(G�T���1�W�'2%�',&�S2�+-����(*(*+-H#� 2���I/�0.8�W)0�MyMCE� p1)#�K���*���T,&�
(�)#�\e#����!#����(*+D�%k � (�)#�\�W+D� "��.(*+DH0�{e0�*�1�*CE)#�["%�|��p1�*CE��,D)u2��^,&�u�0��,-+D(*�0(*+-H#� 2��^"��zC[�R�W)q2�)u(G�0�1+��
I/�0.8��)#�Mk

���%J� �"!.� )%k69wR �UV�|Z�1Y+[\V^_fae|mYNg*V���|f[�Y�� a WfV�� �^��g*h
Wfh ' 	 � T � V\i�h �1��Y+V�aeWfh
mı́n f(x)

[\h a

f(x) = x4
1 + (x1 + x2)

2 + (ex2 − 1)2 �
xk = (1, 1)t

�
Hk = ∇2f(xk)

�

% �&!���O
�NPQM )%k69wR ∇f(x) =

(
4x3

1 + 2(x1 + x2)

2(x1 + x2) + 2ex2(ex2 − 1)

)
⇒

∇f(1, 1) =

(
8,000

13,341

)
= −H0d0

∇2f(x) =

(
12x2

1 2

2 2 + 2 (ex2)2 + (2ex2 − 1)2 + 1)

)
⇒

∇2f(1, 1) =

(
14,000 2,000

2,000 22,683

)
= Hk

det(Hk) = 331,563 > 0 ; sub det(Hk) = 22,683 > 0 ⇒ Hk es PD

dk = −H
−1

k ∇f(xk) =

(
0,072 −0,006

−0,006 0,044

)(
8,000

13,341

)
=

(
−0,493

−0,544

)

xk+1 = xk + dk =

(
1,000

1,000

)
+

(
−0,467

−0,731

)
=

(
0,506

0,455

)

yk = ∇f(xk+1)−∇f(xk) =

(
2,442

3,772

)
−
(

8,000

13,341

)
=

(
−5,557

−9,599

)

ykyt
k

yt
k
yk

=

(
0,251 0,433

0,433 0,749

)
;

Hkdkdt
k
Hk

dt
k
Hkdk

=

(
5,706 9,516

9,516 15,870

)

Hk+1 = Hk +
(

ykyt
k

yt
k
yk

)
−
(

Hkdkdt
k
Hk

dt
k
Hkdk

)
=

(
8,544 −7,083

−7,083 7,561

)
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aY���*�1�W�[�1�*!#"��%2��[���.�1�W�:����o�"��1(G�[,-)#!#���0�8,&��!#,D)0o��0,D+-FG�0(�+DH#�S2���,D�'��)#,-"�(*+-H#������(*)0� ���W�02��[CE) �
2%+-_�(*�0��2�)J,&�	2%+D����(*(�+DH#�u2���o����1O "��*2��^�*�},D"�!#�0��2���,t�N�0C[�0��)T2���,Y���0�1)�k
�r�.�W�J�*,D,-)	��)#�se.�0,-�*CE)#�
2%�Z,&���0���1)�wA+-CS�0(�+DH#�'UV"��%(*+D)0���0,P2�� 3n�G`q,D)#��2��Z�1�*!#"%��2�)')#�12��*�My �N�.C�o�+D���[,-,&�0C[�02��v�0�%��)GwA+DC[�0(*+-H#�
(�"��02����.�W+-(G�'2��v,&��UV"%��(*+-H#�Mk

�M� ��� � ��#"%.� # ! @.- B�-SF � $&% @�-)# ( % � !1%. "!
� aY�T���1�N�����*(���+D(*�������W)0CS�:(*)#CE)�2�+-���*(�(*+-H#�	2��
o ����O "���2��[�'�.Oq"%�*,D,D��2�)#�%2��s���vCE+D��+-C[+-(*��,&���.����)GwA+DC[�0(*+-H#�S(�"��02����.�W+-(G��2��s,D��UV"���(�+DH#�
y%��"?p1���W)E�
"%���E�1�*!#+-H#�T2�)#�%2��v(*)#�%_��0C[)0�/����O "��v,D�E�.����)GwA+DC[�0(*+-H#�	(�"��02����.�W+-(G�'�*�8e.�0,D+-2��%k

XZ�02�)
δc > 0

y �*�\��)#��(*���K��,�����)0o�,D��CS��2��v�1�*!#+-H#�J2��v(*)#�%_��0��FG� �:�T� ���v2��R_����:(*)#CE)�@

mı́n
S

(
f̂(xc + S) = f(xc) +∇f(xc)

tS +
1

2
StHcS

)
suj. a ‖S‖2 ≤ δc

%��%kj=2(

2%)#��2��
Hc

�*��"�����C[�.�W�1+DFZ�1+DCE������+D(*��`T�B)#��+j�W+-e.��2��R_���+-2����N�0,MO "��
Hc ≈ ∇2f(xc)

k

��J
�	� J" � �Ak-=SR T�V�|
f : Rn → R

[\h a
f ∈ C2 �

Hc

cAh�i�YNg�YN� | WfV���aAY�Wr|�� V�aAg�h a�[\V\i\�

S(µ) = −(Hc + µI)
−1∇f(xc)

c=|#��|dV�� $faAY+[\h
µ ≥ 0

]
_AV`[�_f� ce��V ‖S(µ)‖2 = δc

� V\i ��|
i�h �1_A[�Y�� a�WfV�� -�� ��� % �^V�a�h�iK]
_CV ‖S(0)‖2 < δc

� V�a�[�_.�Sh [�| i�h`��|`i�h �1_C[�Y�� a�WfV�� - � � i�V�� �

S(0) = −H
−1

c ∇f(xc)
�

� �& 7JCM���� � ��� �%k-=rR � h�|ZaAg*V�� Y+h(� YNaeWZY+[�|�]
_CV [�_=|ZaeWfh
δc →∞(µ→ 0)

� V�aAg�h a�[\V\i
S(µ)g�Y+V�aeWfV |;i�V�����|GWZY�� V\[\[�Y�� a WfV � V��'g�h a � ��[�_w|ZaeWfh

δc → 0(µ→∞)
� V�aAg�h a�[\V\i

S(µ)
g�Y+V�aeWfV

|5i�V��7��|~WZY�� V\[\[�Y�� a WfV ��|Z_C[ &.�Z�

�����/J
���z�%kj=SR Tt|r��V��^h�i ]
_AV���|�i�h �1_A[�Y�� a Y�� � V\i�g � Y+[�g+|XWfV��bc�� hZ�
��V��5|^WfV7�GYNaAYN�GY
��|f[�Y�� aGce��|Za �
g*V�|rWfh ��Y+V�a�V�Wr|rWr|dcAh(�

S = S(0) = −H
−1

c ∇f(xc)
� WfV �5|Za�V���| ]
_AVdi�Y;i�V [�_b� ce��V�WfV

‖S(0)‖ ≤ δc

� V���Y�WfV�aAg�V��^V�aAg*V V\i�g+|�i�V����^��|�i�h �1_C[�Y�� a}WfV�� -�� ���

TCYCcAh(�KV��/[\h aAg ��|#� Y+hXh�[�_.� � V;]
_CV ‖S(0)‖ > δc

� V�aAg*h a�[\V\i;WfV
��VK[�_f� ce�1Y�� i�V ]
_AV.c=|#��|X|Z�"�#$ba

S+ � ‖S(µ)‖ = δc

� V\i WfV\[�Y��\�GWr|rWfh�]
_CV�V��?Y�i�g�V _fae| WZY�� V\[\[�Y�� a WfV WfV\i�[\V�a=i�h�WfV�aAg �\h WfVd��|
� V+�ZY�� a WfV���aAY�Wr| cAh(�

Bδc
(xc)

�G]
_AV V\i
|GWZY�� V\[\[�Y�� a�[\h aeWZ_A[\V | _ba �G�NaAYN�^h ) _AV���|�WfVU��| � V+�ZY�� a=�
V�aAg*h a�[\V\i V���� |Z��h(���G�NaAYN�^h�WfV���| ) _ba�[�Y�� a5c=|#��|~V\i
| � V+�ZY�� a�i � ��h7ce_CV�WfVKV\i�g�|#� V�a�V�� ��h(��WfVKWfV���|
�GY�i��5| � V�a�h g ��| i�c=|Z��|r����| i\� Wfh aeWfV ��|^a�h(���5|^WfV

S
Y��Z_=|Z��|~|Z� ��|rWZY+h`WfV ��| � V+�ZY�� ae�
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 aAg*h a�[\V\i�[�_w|Z��]
_fY+V��7WZY�� V\[\[�Y�� a�WfV WfV\i�[\V�a=i�h
d

| c=|#� g�Y��7WfV��rce_baAg*h
xc +S+ i � ��h ce_CV�WfV

|Z��V��%|#� a�h�i;WfV
xc

� V\iKWfV\[�Y�� �

∇f̂(xc + S+)
t
d < 0 ⇒

(
−H

−1

c ∇f(xc)
)

d < 0
%��Ak > (

⇒ (S+)td > 0
%��Ak  (

!KVK�5|Za�V���| ]
_AVUc=|#��| ]
_CV
S+ i�V�|Xi�h �1_A[�Y�� a�WfV�� - � �/�

d
WfV
��V i
|Zg�Y�i
| ) |f[\V����r��� ���r� �

i�YN�G_f�1g��Za�V�|Z�^V�aAg�V ��hX[�_ �Z��V\i.cAh�i�Y��
��V i�Y	� i � ��h;i�Y ∇f̂(xc + S+)
t |�ce_faAg+| V�ad��|XWZY�� V\[\[�Y�� a}WfV

−S+ � ce_CV\i;i
|r��V��^h�i�]
_AV ∇f̂(xc + S+)
t 6= 0

��]
_CV�WfV^h g ��| ) h(���5| V��?Y�i�g�Y�����|dh g � h ce_faAg*h
WfV�aAg � h^WfV���| � V+�ZY�� a Wfh aeWfV���| ) _fa�[�Y�� adg*V�aeW#� ��|^_ba}�^V�a�h(�7� |Z��h(�%�  �iKWfV\[�Y�� �

∃µ > 0 : −µS+ = ∇f̂(xc + S+)
t ⇒ ∃µ > 0 : −µS+ = −H

−1

c ∇f(xc)

⇒ (Hc + µI)S+ = −∇f(xc) ⇒ S+ =< (Hc + µI)
−1∇f(xc)

��h^]
_AV [\h � ce��V�g+|`��| c�� _CV
�\|r�
�

fq+
o�+-�*�	��,
�W��)#����CS���Ak-=�+-2��*�\��+-_�(*��,&���1)#,D"%(*+DH0�	2��*,
����)#o%,D�*C[�%y �*�J,D�������0(���+D(G���1�*�1"�,-�W��+DCE�l)��
�1+Do�,-���*,�(*�0,D(�"�,D)��.���0,D$j�W+-(*)�2%�

S(µ)
�B)#�8,D)'O "��v�1�:"A�W+D,-+DF*�0�	2�+jUV�*�����\�W�*�����1�W���.�W��!#+&�.�8���0�W���0�%��)GwA+��

C[�0�1,&�%kqaY�1�W�0�8��)#�
y%,&���*�1���W�.���*!#+D��2���,
���0�1)'2���� �/)A) � � % =�� 1  ( % 2%)#��2��s,-)�O "������v�.����)GwA+DC[���*�]�*,
e.�0,-)#�m2��

µ
(�y ,&�v�*�1���W�.���*!#+D��2��Z���0��)7�cXZ)0!#,D��! � %c=G� 10� (t`E,&�����1���W�.���*!#+D��2��K���0��)��cXZ)#"%o�,D�KXZ)#!#,-�*! �% =�� 10� (#% ,&�.��2�)#� ��,j�W+DC[�0�8�.����)GwA+DC[�0�

S(µ)
2�+D�1�*(��W�0CE�*�\�W� (Rk

�r��
r��
r� -.| i�h ! h��Z��V+� � c=| i�h ! h _w�
��V ! h��Z��V+�r�Zfq+M,D,D�0CS�.C[)#�
xcp

�0,M��"%� ��)�Oq"%�:CE+D�%+DCE+DFG�

f̂(xc + S)
�*�^,&�'2�+-���*(�(*+-H#� −∇f̂(xc)

y �*�\��)#��(*���K�1�v(*"�CE��,D�sO "��

xcp = xc − λ̂∇f(xc) tal que S = −λ̂∇f(xc)

�����*,����0�1)[2%)#��2��v�����0,-(G�0��F*���*,�CE$D��+-C[):`T���:��"���2��v�*��(�)#�\�W���0�KO "��

λ̂ =
∇f(xc)

t∇f(xc)

∇f(xc)
tHc∇f(xc)

fq+����*�1"�,-�W�'Oq"%� ‖xcp‖ ≥ δc

��� ��)#��(��*�
x+ = xc − δc

∇f(xc)
‖∇f(xc)‖

(*)0� ‖x+ − xc‖ = δc

k

fq+����*�1"�,-�W�'Oq"%� ‖xcp‖ < δc

�*�\�W)#�%(*�*�
x+ = λxN + (1− λ)xcp

y 2�)#��2%�

xcp = xc + Scp con Scp = −λ̂∇f(xc)

xN = xc + ηSN con SN = −H
−1

0 ∇f(xc)
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���	2�+jUV�*�1�*��(�+&�S��� �����'��,r���0�1)JXZ)#!#,-�*!S`��*,tXZ)#"�o�,-�'XZ)#!0,D�*![eA+-�*����2��02��	�B)#�Z��,re.�0,D)0�KO "��'2��
η

����,D�'�RwA��������+-H#��2%�
xN

y (*)#CE)����vC�"����1�W���E������,�(*"��.2���)  k

�2(eF&0 -SF �2( � H 0�-��
(CF&0 -fF

η = 1 η = 0,8γ + 0,2

γ = ‖∇f(xc)‖2
4

∇f(xc)
tH∇f(xc)∇f(xc)

tH
−1∇f(xc)� � � � � ���tR "��0,-)#��2��

η
���0���',D)#�8���.��)#�/XZ)0!#,D��!�`JXZ)#"�o%,D�:XZ)#!#,-�*!

�QJ" �{�%kj=SR TCY ∥∥∥−H
−1

k ∇f(xk)
∥∥∥ ≤ δk

V�aAg*h a�[\V\i
dk = −Hk∇f(xk)

� ∇f̂(xk + dk) = 0

i�Y ∥∥∥−H
−1

k ∇f(xk)
∥∥∥ > δk

V�aAg*h a�[\V\i
{

Sk(µ) = −(Hk + µkI)
−1∇f(xk)

resuelve el PCR, con ‖Sk(µ)‖ = δk

}

2%)#��2��
Sk(µ)

��� Q �0,-,&�0�1$&�:C[��2�+&�0�\���s,&�0�8���1�W���.�W��!#+&�.�8C[����(*+-)#���02��.�*k

���'!#���._�(G�  C�"����1���W��"�����p1�*CE��,D)'2%)#��2��:�0���.���*(��
x+ ���0�W�'"��%)E`T).�W��)'���0��)�k

����� � � ����R��n�0��)#�KXZ)#!0,D�*!�`TXZ)#"�o�,-�:XZ)#!#,-�*!
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�����	�
�	�2�NO
�NPQM|�%kj=SR

γ ≤ 1, η ≤ 1, ‖Scp‖ ≤ γ ‖SN‖ 2
%��%k ; (

f̂(y) decrece a lo largo de las trayectorias Dogleg y Double Dogleg.
% �%k69 (

�����/J
���|�%kj=SR�-.|#��| �r� �}g*V�a�V��^h�i;]
_AV��

xcp = xc − λ̂∇f(xc)︸ ︷︷ ︸
Scp

con λ̂ =
∇f(xc)

t∇f(xc)

∇f(xc)
tHc∇f(xc)

⇒ ‖Scp‖ =
∣∣∣λ̂
∣∣∣ ‖∇f(xc)‖ =

‖∇f(xc)‖
3

∇f(xc)
tHc∇f(xc)

por lo tanto γ =
‖∇f(xc)‖

∇f(xc)
tHc∇f(xc)

‖Scp‖

pero
‖∇f(xc)‖

∇f(xc)
tHc∇f(xc)

‖SN‖ =
‖∇f(xc)‖

∥∥∥H−1

c ∇f(xc)
∥∥∥

∇f(xc)
tHc∇f(xc)

≥ 1

luego
‖∇f(xc)‖

3

∇f(xc)
tHc∇f(xc)︸ ︷︷ ︸
‖Scp‖

‖∇f(xc)‖
∇f(xc)

tHc∇f(xc)
‖SN‖

︸ ︷︷ ︸
≥ 1

≥ ‖Scp‖

%'&Ah(��| ) |Z�1g�|�c�� hZ�\|#��]
_AV
γ ≤ 1

�Gc=|#��| �\i�g*h �\| i�g+| � V\[\h(��Wr|#��]
_AV5|Z� V\i�g�_wWZY�|#�5V��Q�^��g�h
Wfh WfV
��|Z_A[ &.�^WZY � YN�^h�i;]
_CV

γ ≤ 1− a
A


�[\h a
a, A

[\h(� �\V\i*cAh aeWfV�a}|Z� �G�NaAYN�^h �`� � �?YN�^h5|Z_bg*h � |Z��h(�
WfV

Hc

� � V\i*cAV\[�g�YN� |Z�^V�aAg*V �Z�

 a�[�_=|ZaAg*h^|^��|�c=|#� g�V��r���`g*V�a�V��^h�i;]
_AV��

∇f̂(x+(λ))
t
(ηSN − Scp) < 0 ∀ λ ∈ [0, 1]

Wfh aeWfV
(ηSN − Scp)

V\i ��|^WZY�� V\[\[�Y�� a WfV7��| � V\[�g+|^]
_AV7_fa�V |
xcp

[\h a
xN

�
x+(λ)

V\i
V���i�V+�Z�^V�aAg*h`]
_AV�_fa�VGV\i�h�i;Wfh�i�ce_baAg*h�i\�.[\h �^h i�VGhZ��i�V�� � | V�amV��e�#� ���.[\h �S�

!KV��5|Za�V���|~]
_CV7i�Y'�N��|Z�5|Z�^h�i
N

|Z� � |Z��h(�;WfV
xN

[�_w|ZaeWfh
η = 1

� V�� &AV\[ &Ah^WfVK]
_AV
V\i�g*��am|Z�1YNa�V�|rWfh�i7a�h�i cAV����GYNg*VK| i�V+�Z_.��|#� ]
_AV7i�V [�_f� ce��V;]
_AV��

f̂(xcp) > f̂(x+(λ)) > f̂(xN ) ≥ f̂(N)

� h^]
_AVG[\h � ce��V�g�|^|XWfV��^h�i�g ��|f[�Y�� ae�
�
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���%J� �"!.� �%kj=SRUT�V�|
f(x1, x2) = x4

1 + x2
1 + x2

2

[\h a
xc = (1, 1)t δ = 1

2

�~i�V`]
_fY+V��\V
i
|r��V�� i�Yoi�V �\V�]
_fY+V�� VK|�c�� h �?YN�5|#�KV��bc=| i�h �~WfV i�V��K| i���� &=|Z�N��|#�

x+(λ)
_fg�YN�1Y
��|ZaeWfh !Kh��Z��V+�r�

% �&!���O
�NPQM{�%kj=SR
Hc = ∇2f(xc) =

(
14 0

0 2

)
; ∇f(xc) =

(
6

2

)

 aAg*h a�[\V\i
SN = −(∇2f(xc))

−1∇f(xc) = (−3
7
, 1)t

‖SN‖ =
√

1 + 9
49

> 1
2
⇒ i�Y'_bg�YN�1Y
��|#� V��^h�i ! h��Z��V+��c=|#��|X|�c�� h �?YN�5|#�KV��ti�Y��Z_fY+V�aAg*V�ce_baAg*hZ�

Scp = −λ̂∇f(xc) ≈
(
−0, 469

−0, 156

)
⇒ ‖Scp‖ ≈ 0, 494 < δ

xN = xc + ηSN ; γ ≈ 0, 684⇒ η = 0, 8gamma + 0, 2 ≈ 0, 747

ηSN ≈
(
−0, 320

−0, 747

)
; ‖x+(λ)− xc‖ = ‖Scp(1− λ) + ληSN‖ = δ

∥∥∥∥∥

(
−0, 469

−0, 156

)
(1− λ) + λ

(
−0, 320

−0, 747

)∥∥∥∥∥

2

= δ2 = 1
4

�^|Z� WfV\i*cAV��%|#�KhZ�
g*V�a�V��^h�i;]
_AV
λ ≈ 0, 867 x+(λ) ≈

(
0, 660

0, 331

)
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� ��� 6 � �'���4�X: � 	J�2���4�
f :Rn →R

� # !�� (�� �.0 � ��@.� � -4% � � (&%.!10 � �.!wB � -���� 


� ��� ��� 6��"� ( @�( @�-�0 !yB�-SF&� $ % @.- # ( % � !1%. "!
� aY,tCE����)A2%)	2��',&�[���*!0+DH#�b2%�'(*)#�%_��0��FG�
���1�W�So��0���02�)S���4,D�E"%��+D,-+DFG�.(*+DH0�T2���,D�[�.����)GwA+DC[�0(*+-H#�J(*"��.2��W�.��+D(*�E2��:,&�'UV"���(�+DH#�^���0���[����(*)#�\���W�0�
��,�� "���e0)S+-���*���02�)�2��v,&���1"�(*����+DH0�Mk � (*)#�\�W+-� "��0(*+-H#�J���v2�����(*�1+DoB�v�*,��0,-!#)#��+j�WCE)�2���,�C[�R�W)q2�)�k


�
Z��
r��
r� % �"�fh(� YNg��^h WfV~��| � V+�ZY�� a WfVd[\h a � |Za ��|r�Kfq�G�
f : Rn → R, δk > 0, xk ∈

Rn, Hk ∈Rnxm PD, α ∈
(
0, 1

2

) y `T���*�E��, ���85

f̂(xk + S) = f(xk) +∇f(xk)
tS + 1

2
St∇2f(xk)S ; k = 1, 2, . . .

� !�� ( ��� � ���1)�wA+-CS�0�]�*,�������"�,j�N�02%)E2%�*, ���85 ���.�W� Q �0,-,&�0�
Sk� !�� (���� 5��0,D(�"�,&�0�

xk+1 = xk + Sk� !�� (y3�� fA+
f(xk+1) ≤ f(xk) + α∇f(xk)

t(xk+1 − xk)
� � ��� ��� �����

fA+
f(xk+1) ≤ f(xk) + α∇f(xk)

t(xk+1 − xk)
�������
�

δk = δk

2

�

� �	� � �
����� ��� ����


� !�� ( ��� B�-b@ �.#"#"��$&% �&-SB @.!A@�-SB�!��
∆f = f(xk+1)− f(xk)B�-b@ �.#"#"��$&%+��B�-b@.��# ��!��

∆fp = f̂(xk+1)− f̂(xk)� !�� (���� fA+ ∣∣∣ ∆f

∆fp

∣∣∣ < 0, 1
y �������
�

δk+1 = δk

2

�
� ��� � �
����� �
� ����


fA+ ∣∣∣ ∆f

∆fp

∣∣∣ ∈ [0, 1 , 0, 75]
y �������
�

δk+1 = δk
��� ��� � ��� ��� ��� ����


fA+ ∣∣∣ ∆f

∆fp

∣∣∣ > 0, 75
y �������
�

δk+1 = 2δk
�
� ��� � �
����� �
� ����


� �& 7JCM���� � ��� =��Ak-=SR -.|#��|�V���V+�ZY��
δ0

i�V^_bg�YN�1Y
��|Za Wfh�i�[�� YNg�V�� Y+h�i\� V���c�� YN�^V�� h�[�� V�|rWfh5cAh(�
- h � V��N��g*h �5|

δ0 = ‖Scp‖
�~V���i�V+�Z_baeWfhG��h5g�h �5|XWfV*cAV�aeWZY+V�aeWfh�WfV���|~|�ce�1Y+[�|f[�Y�� ae�


�
Z��
r���f� � h aA�ZV����fV�a�[�Y�|^WfV����^��g*h
Wfh`WfV ��| � V+�ZY�� amWfV [\h a � |Za ��|r�

��J
�	� J" �}=G�%k-=rR/T�V�|
f :Rn →R

[\h a ∇f(x)
�/Y cAi�[ &fYNg � [\h aAg�YNaA_=|r�bT�V�| {xk}

�fV�a�V���|rWfh
cAh(��V����^��g*h
Wfh�WfV � V+�ZY�� adWfV [\h a � |Za ��| � {Hk}

|f[\h g+|rWfhKg�|Z��]
_CV ‖Hk‖ ≤ β
�  aAg*h a�[\V\iUi�V

� |~|~[�_b� ce�1Y���_fae|XWfV ��| i�g �\V\i7i�Y��Z_fY+V�aAg*V\i;|��,� �5|f[�Y+h a�V\i��

=#k
f(x)

V\i�a�h^|f[\h g+|rWr|r�
>Ak

f(xk) = 0
c=|#��|~|Z�"�#$fa

k
�

 k
ĺımk↑∞∇f(xk) = 0

�
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� ��� �M� 6��"� ( @�(y@.-�0 FCB�!A@.��-�% � - # (&%	� ��F !A@�(��


�
Z���f��
r� !�Y�� V\[\[�Y+h a�V\iK[\h a � _Z�r|rWr| i �Gi�_Si�c�� h\ceY+V�Wr|rWfV\i
�

IKJCL��NM �NO
�NPQM|=G�%k-=rR�� l*v � z#zZl�uwn �������%u=v�
 u#�tu=n'qAx ���}u����%z#u=n � ���Aqtseq �#�
d1, d2 ∈Rn

i�h a
� ��h(� g*h��fh ae|Z��V\i\�'g+|Z�5�
Y+��ad�N��|Z�5|rWr| i;WZY�� V\[\[�Y+h a�V\i � ��[\h a � _Z�r|rWr| i\� [�_=|ZaeWfh

dt
1Qd2 = 0

�

�����	�
�	�2�NO
�NPQM =��%kj=SR.TCY
di, dj, i, j = 1, 2, . . . , n

i�h a � ��[\h a � _Z�r|rWr| i V�aAg*h a�[\V\i\�
di, dji�h a �1YNa�V�|Z�1�^V�aAg�V�YNaeWfV*cAV�aeWZY+V�aAg*V\i
�

�����/J
��� =G�%k-=rR7TCY ��h�i �ZV\[�g*h(� V\i~i�h a �1YNa�V�|Z�1�^V�aAg*V YNaeWfV*cAV�aeWZY+V�aAg�V\i`i�Y��ZaAY �.[�| ]
_AV~i�_ [\h � �
�
YNae|f[�Y�� a �1YNa�V�|Z�Ei � ��hXcAh
W#��� i�V�� [\V�� h�i�Y7��h�i [\h�V��.[�Y+V�aAg*V\i~��hdi�h a=� V\i WfV\[�Y��\�

αdi + βdj = 0
$faAY+[�|Z�^V�aAg*V i�Y

α = β = 0
� �eV�|Z�^h�i i�Y V\i�h^h�[�_�� � V��

si αdi + βdj = 0

entonces αdt
iQdi + β dt

iQdj︸ ︷︷ ︸
=0

= 0 ⇒ α = 0

igualmente α dt
jQdi︸ ︷︷ ︸
=0

+βdt
jQdj = 0 ⇒ β = 0

�1_AV+�fh5��h�i��ZV\[�g*h(� V\i i�h a}�1YNa�V�|Z�1�^V�aAg�V YNaeWfV*cAV�aeWZY+V�aAg�V\i
�
�

5])0����+-2��*�1�*���:"�����UV"��%(*+DH0�
f :Rn →R

y 2�)0��2��
n

���/!0�W�0��2%��`
f(x) = 1

2
xtQx− btx

y
(�)#�

Q
�1+DCE������+D(*��`T�B)#��+j�W+-e.��2%��_���+-2��%k

�����	�
�	�2�NO
�NPQM =��%k6>wR T�V�|Za {d0, d1, . . . , dn−1}
WZY�� V\[\[�Y+h a�V\i�� ��[\h a � _Z�r|rWr| i �`i�V�| {xk}g+|Z�']
_AV

xk+1 = xk + αdk

[\h a
αk = −∇f(xk)tdk

dt
k
Qdk

� V�aAg*h a�[\V\i
xk → x∗ [\h a

Qx∗ = bV�a
n

c=| i�h�i\�.V\i;WfV\[�Y�� �
xn = x∗ �

�����/J
��� =G�%k >=R � h �^h {d0, . . . , dn−1}
i�h a �1YNa�V�|Z�1�^V�aAg�V YNaeWfV*cAV�aeWZY+V�aAg*V\i\� [\h a=i�g�YNg�_.�rV�a

_fae|~�\| i�V V�a
Rn

� ! V7�5|Za�V���|^]
_CVGV��?Y�i�g*V�a�[\h�V��.[�Y+V�aAg*V\i
βk

g+|Z��]
_AV��

x∗ − x0 =

n−1∑

k=0

βkdk ⇒ dk0
Q(x∗ − x0) =

n−1∑

k=0

βkdk0
Qdk

Para cualquier k0 = 0, 1, . . . , n− 1

y al despejar βk queda βk =
dt

k(Qx∗ −Qx0)

dt
kQdk
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cAh(� h g � h5��|rWfh�g�V�a�V��^h�i ]
_CV��

dt
kQ(x∗ − x0) = dt

kQ(x∗ − xk + xk − x0) = dt
kQ(x∗ − xk) + dt

kQ(xk − x0)

pero xk = x0 +

k−1∑

i=0

αidi

luego dt
kQ(xk − x0) = αi dt

kQ
k−1∑

i=0

di

︸ ︷︷ ︸
Q−conjugados

= 0

quedando dt
kQ(x∗ − x0) = dt

kQ(x∗ − xk) = −Q(xk − b)tdk ⇒

⇒ αk = −∇f(xk)
tdk

dt
kQdk

= −Q(xk − b)tdk

dt
kQdk

= −dt
kQ(x0 − x∗)

dt
kQdk

= βk

por lo tanto xn = x0 +
n−1∑

i=0

αkdk = x0 +
n−1∑

i=0

βkdk = x∗
�

�����	�
�	�2�NO
�NPQM =��%k  R '�| �{h ��| iX�GY�i��5| i | i�_fa�[�Y+h a�V\i V��%c�� V\i
|rWr| i V�a ��| c�� h\cAh�i�Y+[�Y�� a 
�
Z���
c=|#��|

dk

� {xk}
� i�VG[�_f� ce��V;]
_AV ∇f(xk)

tdi = 0 ∀ i < k

�����/J
��� =��%k  R %.ce�1Y+[�|ZaeWfh YNaeWZ_C[\[�Y�� a�i�V g�Y+V�a�V��

Para k = 1 : ∇f(x1)
td0 = (Qx1 − b)td0 = [Q(x0 + α0d0)− b]td0

=

(
Qx0 − b− (Qx0 − b)dt

0

dt
0Qd0

Qd0

)t

d0 = 0

Para k = 2 : ∇f(x2)
td0 = (Qx2 − b)td0 = [Q(x1 + α1d1)− b]td0

= (Qx1 − b)td0︸ ︷︷ ︸
∇f(x1)td0=0

+α1 dt
1Qd0︸ ︷︷ ︸

0

= 0

∇f(x2)
td1 = (Qx2 − b)td1 = [Q(x1 + α1d1)− b]td1

=

(
Qx1 − b− (Qx1 − b)dt

1

dt
1Qd1

Qd1

)t

d1 = 0

&AV��^h�i V�a�[\h aAg ��|rWfh;]
_AV &=| i�g�|
k = 2

i�V7[�_b� ce��V ��hGV��%c�� V\i
|rWfh;V�a~��|Uc��\h\cAh�i�Y+[�Y�� a=� WfVU�5|Za�V���|
]
_AVU�\| i�g+|#��� [\h a^| i�_f�GY���]
_AV i�V i�Y��Z_CVU[�_b� ce�1Y+V�aeWfh &=| i�g+|

k = m
�7�1_AV+�fhEc��\hZ�\|#�.]
_CV g+|Z�5�
Y+��a

i�V�[�_b� ce��V/c=|#��|
k = m+1

c=|#��|G[\h � ce��V�g+|#� ��|.c���_AV
�\|�cAh(� YNaeWZ_C[\[�Y�� ae�  �i�g�| c=|#� g*V���|;WfV��%|Z�^h�i
[\h �^h^V��{V��\[�Y+[�Y+h c=|#��|~V�� ��V\[�g�h(�%�

�
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�
Z���f���f� ����g*h
Wfh^WfV��C�#��|rWZY+V�aAg*V [\h a � _?�r|rWfh c=|#��| ) _ba�[�Y+h a�V\i [�_=|rW#���Zg�Y+[�| i
�

� !�� (�� � X��02�)#�
x0 ∈Rn, d0 = −∇f(x0) = −Qx0 − b

� !�� ( ��� �r�0���
k = 0, 1, 2, . . .

Q �.�1�N��(*)0� e0�*�1!#�*��(�+&�%y��������
�

αk = −∇f(xk)
tdk

dt
kQdk

; xk+1 = xk + αkdk

dk+1 = −∇f(xk+1) + βkdk con βk =
∇f(xk+1)

tQdk

dt
kQdk

�����	�
�	�2�NO
�NPQM =��Ak�;CR ��| i;WZY�� V\[\[�Y+h a�V\i��fV�a�V���|rWr| i cAh(� V����^��g*h
Wfh i�h a � ��[\h a � _Z�r|rWr| i
�

�����/J
��� =��%k ;CR � i
|ZaeWfh���h�i c=| i�h�i;WfV�� �^��g�h
Wfh cAh
WfV��^h�iK[�|Z��[�_f��|#���

dk+1Qdk = (−∇f(xk+1) + βkd
t
k)

tQdk

= −∇f(xk+1)
tQdk + ∇f(xk+1)

tQdk

dt
k
Qdk

(dt
kQdk) = 0

d2Qd0 = −∇f(x2)
tQd0 + ∇f(x2)tQd1

dt
1
Qd1

(dt
1Qd0)︸ ︷︷ ︸

0

= −∇f(x2)
tQd0 = 0

Wfh aeWfV ∇f(x2)
tQd0 = 0

V\id[�Y+V�� g*h�WfV�|f[�_AV���Wfhm|���| c�� h\cAh�i�Y+[�Y+h a�
�
Z� �S� !KV~�5|Za�V���|�]
_AV
&=| i�g+| |r]
_b��i�V &=| WfV��^h�i�g ��|rWfh~]
_CV

d0, d1, d2

� i�h a � ��[\h a � _Z�r|rWfh�i
� % i�_f�GY+V�aeWfh ]
_AV^�\i�g*h`i�V
[�_f� ce��V &=| i�g+|

k = m
� V\i�WfV\[�Y�� � ]
_CV {d0, . . . , dm}

i�h a � ��[\h a � _Z�r|rWfh�i\� V�aAg*h a�[\V\i �\| i�g+|#���
[\h a5c��\hZ�\|#�;]
_AV

dm + 1
g+|Z�5�
Y+��ad��h~V\i.c=|#��| [\h � ce��V�g+|#� ��| c�� _CV
�\|r�

dkQd0 = −∇f(xk)
tQd0︸ ︷︷ ︸

0

+
∇f(xk)

tQdk−1

dt
k−1Qdk−1

(dt
k−1Qd0)︸ ︷︷ ︸

0

dkQd1 = −∇f(xk)
tQd1︸ ︷︷ ︸

0

+
∇f(xk)

tQdk−1

dt
k−1Qdk−1

(dt
k−1Qd0)︸ ︷︷ ︸

0

. . . . . . . . .

dkQdk−2 = −∇f(xk)
tQdk−2︸ ︷︷ ︸

0

+
∇f(xk)

tQdk−1

dt
k−1Qdk−1

(dt
k−1Qdk−2)︸ ︷︷ ︸

0
�~[\h �^h �Z|~WfV��^h�i�g ��|Z�^h�i;]
_AV

dkQdk−1 = 0
� &AV��^h�i [\h � ce��V�g+|rWfhG��| c�� _CV
�\|r�

�
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�
Z���f� �S� - �\h\ceY+V�Wr|rWfV\i�WfV�� �^��g�h
Wfh5WfV��#��|rWZY+V�aAg�VG[\h a � _Z�r|rWfh c=|#��| ) _fa�[�Y+h a�V\iK[�_=|rW#� �Zg�Y+[�| i
�

=#k �n)#�1�*��(�)#�\e#����!#����(*+D�E!#,-)#o��0,�k
>Ak XZ�*o�+-2�)[�0,M�B)A(�)[�.,DC[�0(*�����0CE+D�*�\��)�O "����1�*O "�+-�*���.y����v(*)0����+-2��*���E2��vo���p1)E(�)#�1��)�k
 k 5]"��0��2�)

n
�*�/!#�W�.��2��0y%��"��*2%�:���*�����/�%��)#o�,-�*C[�0�82��v��_�(*+D����(*+D�%k

;�k am�S,&�s���W�.(��W+-(G�%y\,D�s)#�1��)#!#)#���.,D+D2��02'2��/,&�0�m2�+-���*(�(*+-)#���*����"���2��Z+-���1�/�B�*�12�+D����2�)���CE�*2�+-2��
Oq"%� �Ge0�.��FG�x��,KCE����)A2%)�y��.UV�*(R�N�0��2%) �0�1$K,D�g(*)0� e0�*�1!#�*��(�+&�x���*H#�1+D(G�}�*�

n
���0�1)#�*kiaY�1�N�

�l����2�+-2��S2���)0�1�W)0!#)#���0,-+D2��.2��1������,&�0(�+D)#���E(*)#� (�"��0� o�+-�*�b)SCS�0,�(*)0��2�+D(�+D)#���02��[���1���',&�
CS�.����+-F

Q
k

���%J� �"!.� =G�%k-=rR7TCYKV\i�|�ce�1Y+[�|r�
��V\� �\V�|Z�1Y+[\V~_ba c=| i�h WfV��.�^��g*h
Wfh WfV��E�#��|rWZY+V�aAg�V [\h a � _?�r|rWfh
c=|#��| ) _fa�[�Y+h a�V\i [�_=|rW#���Zg�Y+[�| i\��c=|#��| � V\i�h �1�ZV��

mı́n f(x1, x2)
[\h a

f(x1, x2) = −12x2 + 4x2
1 + 4x2

2 − 4x1x2

�

% �&!���O
�NPQM =��%kj=SR ∇f(x) =

(
8x1 − 4x2

−12 + 8x2 − 4x1

)
; ∇2f(x) =

(
8 −4

−4 8

)

� h �^h
Q = ∇2f(x)

V\i5i�YN�^��g ��Y+[�| �^cAh�i�YNg�YN� | WfV���aAY�Wr| �Ui
|r��V��^h�i^]
_AV V�� �^��g*h
WfhdWfV
��V
) _fa�[�Y+h ae|#�%��T�V�|

x0 = (0, 0)t
� V�aAg*h a�[\V\i\�

d0 = −∇f(x0) = (0, 12)t ; α0 = −∇f(x0)td0

d0Qd0
= 144

1152
= 1

8

x1 = x0 + α0d0 =

(
0

0

)
+ 1

8

(
0

12

)
= 1

2

(
0

3

)
; ∇f(x1) =

(
−6

0

)

β0 = ∇f(x1)tQd0

d0Qd0
= 288

1152
= 1

4
; d1 = −∇f(x1) + β0d0 =

(
6

3

)

�����	�
�	�2�NO
�NPQM =G�%k 9=R" a V����^��g�h
Wfh�WfV��A�#��|rWZY+V�aAg*VK[\h a � _Z�r|rWfh�c=|#��| ) _fa�[�Y+h a�V\i;[�_=|rW#���Zg�Y+[�| i

α, β
ce_AV�WfV�a�i�V�� � V\V\i�[�� YNg�h�iG[\h �^h#�

αk =
∇f(xk)

t∇f(xk)

dt
kQdk

; βk =
∇f(xk+1)

t∇f(xk+1)

∇f(xk)
t∇f(xk)

�����/J
��� =��%k69wR � h �^h}|Z�5�\| i�V��%c�� V\i�Y+h a�V\i~WfV
α


���|mWfV\i�[�� YNg�|�V�a V�� |Z�"�fh(��YNg��^h �}��|�]
_CV
[\h aAg�Y+V�a�V�V\i�g�|Kc�� h\cAh�i�Y+[�Y�� a �`g�Y+V�a�V�a�V����GY�i��^h WfV�a�h �GYNae|rWfh(� � �\| i�g+|#� ��[\h a WfV��^h�i�g ��|#� ]
_CV i�_Si
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aA_f�^V���|rWfh(� V\i i�h adY��Z_=|Z��V\i��

−∇f(xk)
tdk = −∇f(xk)

t(−∇f(xk) + βk−1dk−1)

= ∇f(xk)
t∇f(xk)− βk−1∇f(xk)

tdk−1︸ ︷︷ ︸
0

= ∇f(xk)
t∇f(xk)

 a [�_w|ZaAg*hm|
β

g*V�a�V��^h�i ]
_AV~_fae|y[\h a=i�V\[�_AV�a�[�Y�|mWZY��\V\[�g+| WfV^��|~c�� h\cAh�i�Y+[�Y�� a 
�
Z� �yV\i ]
_CV

∇f(xk+1)
t∇f(xk) = 0

ce_CV\i;WfV���|Z�"�fh(� YNg��^h i�V i
|r��V;]
_AV ∇f(xk) = βk−1dk−1 − dk

�

∇f(xk+1)
t −∇f(xk) = Qxk+1 −Qxk = Q(xk + αkdk)−Qxk = αkQdk

(∇f(xk+1)
t −∇f(xk))

t∇f(xk) = ∇f(xk+1)
t∇f(xk+1) = αk∇f(xk+1)

tQdk

= ∇f(xk)t∇f(xk)
dt

k
Qdk

∇f(xk+1)
tQdk

⇒ ∇f(xk+1)
t∇f(xk+1)

∇f(xk)t∇f(xk)
=

∇f(xk+1)tQdk

dt
k
Qdk

= β �


�
Z���f� �e� � h aA�ZV����fV�a�[�Y�|5WfV��e�^��g*h
Wfh5WfV��#��|rWZY+V�aAg*V [\h a � _?�r|rWfhUc=|#��| ) _fa�[�Y+h a�V\i [�_=|rW#���Zg�Y+[�| i
�
I/"�CE�*��+-(G�0CE�*�\���[,D��(*)0� e0�*�1!#�*��(�+&�b��� � ��,D+-���G�.,Y(*)#� "%���4(*)0���1�W�0�\�W�SUV"����1���*CE�*�\�W�	+-����"�����(*+D�02��
�B)#��,-)J�0"%��)?e.�0,-)#������2��

Q
`bO "����*�u��+-��! ��� (*�0��)J���s�l��)#�sO "��',&�	(�)#���1�*���B)#��2%+D�*�\�����0,tCE���W)q2�)

2%��5��."�( Q `#k

��J
�	� J" � =��%k6>wR T�V�|
E(x) = 1

2
(x − x∗)tQ(x − x∗)

[\h a
Q

i�YN�^��g � Y+[�| �.cAh�i�YNg�YN� |
WfV���aAY�Wr| � [\h a |Z_fg*h � |Z��h(�\V\i

λi

�

TCY {xk}
V\i ��|�i�_C[\V\i�Y�� a~�fV�a�V���|rWr|7cAh(�KV�� �^��g�h
Wfh`WfV��A�#��|rWZY+V�aAg*VG[\h a � _Z�r|rWfh�� V�aAg*h a�[\V\i��

E(xk+1) ≤ máx
λi

(1 + λiPk(λi))
2E(x0)

c=|#��| [�_=|Z��]
_fY+V���cAh �1YNa�h �GY+h
Pk

WfV��#��|rWfh
k

�

�����	�
�	�2�NO
�NPQM =��Ak+*AR.TCY
Q

g�Y+V�a�V7i � ��h
r

|Z_bg*h � |Z��h(� V\i;WZY�i�g�YNaAg*h�i\�.V�aAg*h a�[\V\i
xr = x∗ �

�����/J
��� =��%k *AR�TC_�cAh af�r|Z�^h�iK]
_AV ��h�iG|Z_fg*h � |Z��h(�\V\iKWfV
Q

i�h a
τ1, . . . , τr

�~WfV���ae|Z�^h�i

Qr(λ) = (−1)r

τ1τ2...τr
(λ− τ1) . . . (λ− τr)

� WfV��5|Za�V���|X]
_AV
Q(0) = Q(τi) = 0

�
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 aAg*h a�[\V\i\�
Pr−1(λ) = Qr(λ)−1

λ

V\i7_ba^cAh �1YNa�h �GY+h�WfV �#��|rWfh
r − 1

�Gi�VG[�_b� ce��V;]
_AV��

máx
λi

(1 + λiPr−1(λi)) = máx
λi

Qr(λi) = 0 ⇒ E(xr) ≤ 0.E(x0)

es decir que :
1

2
(xr − x∗)tQ(xr − x∗) = 0 ⇒ xr = x∗

�

�����	�
�	�2�NO
�NPQM =��Ak 1wR.TCY
Q

g�Y+V�a�VK|Z_fg�h � |Z��h(� V\i
λ1 ≤ λ2 ≤ · · · ≤ λn

� V�aAg�h a�[\V\i\�

E(xk+1) ≤
(

λn−k − λ1

λn−k + λ1

)2

E(x0)

 �i WfV\[�Y��;]
_CV�V�� �^��g*h
Wfh5g�Y+V�a�V �^V��{h(�G[\h � cAh(� g�|Z�GY+V�aAg*hX[�_=|ZaAg�h`�5| iG[\V�� [�|Za�h�iGV\i�g���a}��h�i |Z_fg�h �
� |Z��h(� V\i;|

1
� V�aAg � V V��N��h�i��GY�i��^h�i
�

�����/J
��� =��%k+1wR ��|7c�� _AV
�\|X]
_AV7a�h ) _AV�YNa�[��1_fY�Wr|~V�a V\i�g�V g�V��?g*h��Qi�V �\| i
|XV�a _fae|~V\i�[\h��fV�a�[�Y�|
|rWfV\[�_=|rWr|kWfVd��h�i`cAh �1YNa�h �GY+h�i

Pk

� i�_ �5|ZaAY ce_b��|f[�Y�� a |Z�"�fV
����|ZY+[�|r� ! V}a�V\[\V\i�YNg+|#� ��| ��V�� ��V\[�g*h(�
ce_AV�WfVGV�a�[\h aAg ��|#� ��|XV�a}�G_C[ &Ah�i;WfV ��h�i7�1Y����\h�iKV\i*cAV\[�Y�|Z�1Y
��|rWfh�iKV�a�V�� �#� V�|r�

XK��C[�0�����W��O "��i�1+\�l)q2���C[)#��CE)A2%+-_�(*�0�M,&�8C[�.�W�1+DFt���0�W��O "��i,-)#���0"%��)�e0�.,D)#�1�*�������0(��*��O "����'��,D)
2%�*���*�02�)�yq���K�l)q2��1$&�v�0(*��,D���W�0��,&�s�W�.��+D2���FK2%�Z(*)0� e0�*�1!#�*��(�+&��2%�*,PC[�R�W)q2�)�k � �*�c�N�0�iC[)q2�+-_�(G�0(�+D)#�����
�1�v,D�*��,-,&�0C[� ��B�-4# (&%�@ ��#"� ( %�!1��� -�% � ( k


�
Z���f���r� - �\V\[\h aeWZY+[�Y+h ae|Z�GY+V�aAg*hZ�8aY,B�%���*(�)#��2�+-(*+-)#���0CE+D��� ��)��W���.�N�v2��/(*)#���1�*!#"%+D�m"����vCS�<�W��+-F
��������(*)#�%2�+D(�+D)#���.2�)#�W� � M

�1�*��(�+D,-,&�%yM�W�0,YO "��
M

−1

Q ≈ I
k�XZ)#�%2��S�1�*��(�+D,D,D�T��+D!0��+-_�(*�^O "��[,&�

�1�*�1)#,D"�(�+DH#�J2��v�1+D�1���*C[�0�82���,M�W+D�B)
Mω = p

��)�������"�,j�N��(*)#�c�W)#���%k

���S+-2��G�[o��0��+-(G�S����CE)A2�+j_�(G�.�K"�� �B)q(*)	��,rCE���W)q2�)T�E_�� 2���o�"%��(G�.�s,&�[�1)#,D"%(*+DH0� �0,���+D�c�W��CS�

M
−1

Qx = M
−1

b
kbXZ�JC[�0���*���bO "��T�*�z(G�02��b+-�W���W�0(�+DH#�x�*,8CE���W)q2�)b2%�T!#�W�02%+D�*�\���T(*)#�<p1"%!\�02�)

�%���*(�)#��2�+-(*+-)#���02�)��1�*��)0,-e#���W����+-�1�W��CS�.�82��*,M��+D�B)'C[����(*+-)#���02�)%k

���%J� �"!.� =��%k6>wRUT�V�|
Q ∈R15x15 WfV���aAY�Wr|d[\h �^h

Qij = i
� �Xi�V�|

b ∈R15 WfV���aAY�Wfh
[\h �^h

b1 = 1 , bi6=1 = 0
� ! V���aAY��G_bae| �5|Zg � Y
� c�� V\[\h aeWZY+[�Y+h ae|rWfh(��|�]
_CV7cAV�� �GYNg+|d|f[\V���V���|#�XV��

_ri�h^WfV����^��g*h
Wfh`WfV �#��|rWZY+V�aAg�VK[\h a � _?�r|rWfhZ�

�mu 
�q � ��|��5|Zg ��Y
�
Q

a�hdV\i
- ! aAY i�YN�^��g ��Y+[�| � i�YNa V��5�\|#���fh��UWr|rWfh�]
_AVXV��Q�^��g*h
Wfh ) _fa �
[�Y+h ae|�|�c�� h\ceY�|rWr|Z�^V�aAg�V\��V\i�_bg�YN�1Y
��|d|f[ ��c=|#��| YN�1_Si�g ��|#�5��| iG�^V��{h(��| i�]
_CVKi�VXhZ�
g�Y+V�a�V�a �^V�WZY�|ZaAg�V
c�� V\[\h aeWZY+[�Y+h ae|Z�GY+V�aAg*hZ�

% �&!���O
�NPQMx=��Ak >wR � g�YN�1Y
��|ZaeWfh;V��=�^��g*h
Wfh WfV��S�#��|rWZY+V�aAg*V�[\h a � _Z�r|rWfh���i�V�hZ�
g�Y+V�a�V._bae|7i�h �1_C[�Y�� a
V�a 
 �5YNg�V���|f[�Y+h a�V\i\��cAV�� h i�Yoi�V�_fg�YN�1Y
��|^_bae|^�5|Zg � Y
� WZY�|��fh ae|Z�

M
WfV���aAY�Wr| [\h �^h#�
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M ∈R15x15 : Mij = 0∀ i 6= j; Mij = i∀ i = j ≤ 7; Mij = 1
V�a [�_=|Z��]
_bY+V��Kh g � h~[�| i�hZ�

�7i�V�_bg�YN�1Y
��|5V��C�^��g�h
Wfh c=|#��|
� V\i�h �1�ZV��
M

−1

Qx = M
−1

b
�'V�aAg�h a�[\V\iU��| i�h �1_A[�Y�� a^i�V7hZ�
g�Y+V�a�V

V�a i � ��h �`YNg�V���|f[�Y+h a�V\i
�

� ��� 3M� ��� -SB�#"��#"��( � ��B�(&� ��- � � ( � �:� <u�

�����	� !fJ" �{=G�%k-=rR !KV��G_CV\i�g � VU]
_AV [�_=|ZaeWfh�i�V._bg�YN�1Y
��|�V��A|Z�"�fh(� YNg��^h�WfV��#��|rWZY+V�aAg�V�[\h a � _?�r|rWfh
c=|#��| ) _fa�[�Y+h a�V\i [�_=|rW#���Zg�Y+[�| i\�

Qd0
V\i�g�� V�a V��ti�_=��V\i*c=|f[�Y+h;�fV�a�V���|rWfh cAh(� {d0, d1}

�

�����	� !fJ" � =��%k6>wR � V\i�_AV��1� | V��Ec�� hZ�
��V��5|kWfV�� V��{V�� ce��h 
�
Z��� g*h �5|ZaeWfh [\h �^h��5|Zg � Y
� WfV
c�� V\[\h aeWZY+[�Y+h ae|Z�GY+V�aAg*h�|

M
WfV���aAY�Wr|~[\h �^h

Mij = i ∀ i = j ; Mij = 0 ∀ i 6= j
�

�����	� !fJ" � =��%k  R � � ce��V��^V�aAg�V`V��Q�^��g*h
Wfh WfV;�#��|rWZY+V�aAg*VX[\h a � _?�r|rWfh;c=|#��| ) _ba�[�Y+h a�V\i`[�_w|��
W#���Zg�Y+[�| i V\i�g ��Y+[�g+|Z�^V�aAg*VG[\h aA�ZV��S| i �7c���_AV
��V7i�_}[ �
WZY��fh � V\i*cAh aeWZY+V�aeWfhG��| i i�Y��Z_fY+V�aAg�V\i c��\V�_faAg+| i��

! � % ce�1Y+[�|#����h |Z��V��{V�� ce��h |ZaAg*V���Y+h(�Qc=|#��|
Q

�Uc=|#��|
M

−1

Q
� ��V��%ce�1Y+[�|#����h�i �\V\i�_f�1g+|rWfh�i

H � % ce�1Y+[�|#� ��h`|
A =




2 1 0

1 2 1

0 1 2


 ;




1

1

1




���Q_ �Z�/V\i7��| ��|�ceY�WfV��KWfV [\h aA�ZV����fV�a�[�Y�|
��� �b]
_CV.c=| i
|~[\h a a $f�^V��\h5WfV�YNg�V���|f[�Y+h a�V\i	���
�w[\h YNa�[�Y�WfV�ad��h�i;|ZaAg*V���Y+h(� V\i [\h a ��|^g�V\h(� ��|
� �

# �  a V�� V��{V�� [�Y+[�Y+h~WfV���|Gc=|#� g*V�
�� �~�ZV�� Y � ]
_AV`]
_CV ��| i`WZY�� V\[\[�Y+h a�V\i;i�h a � ��[\h a � _?�r|rWr| i
�
]
_CV ∇f(xk+1)

t∇f(xk) = 0
�
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� ��� ��� 6��"� ( @�( @�-�0;FCB�!A@ � -�% � - # (&%	� ��F !A@�( �.!wB�! � � %.#"��(&%�-	� %.( 0 ��%�-�!�0�-	��-�% F - �
%�-SB�!10c� �n�0�W�^������)#,je#�*���*,m���1)#o�,D��CS�J2��[)#�%�W+-C[+-FG�0(�+DH#� �%)4,D+-���G�.,  k-=[C[��2�+&�.� �����*,�C[�R�W)q2�)�2%�*,
!0�W�02�+-�*�\�W�s(�)#�<p1"�!#�02�)�y��1�:�1�*2��R_������

αk

`
βk

(*)#CE)���+-!#"��0@

� !�� (�� � X��02�)#�
x0 ∈Rn, d0 = −∇f(x0)� !�� ( ��� �r�0���

k = 0, 1, 2, . . .
Q �.�1�N��(*)0� e0�*�1!#�*��(�+&�%y ��������� �
���

αk

"��W�.��2�)uo����1Oq"%�*2��},D+D�%�G�0,i+D����w��.(��N� %V(*"�CE��,D+-�*��2%) � ��CE+�p1)�`z�v)0,D2��c�W�*+-� (�)
o�+D����CE�*2�+D�0�\�W�so��%��O "��*2��[,D+-���G�.,
�Rw%�0(R�N��(*)#CE)

αk = arg mı́nα>0 f(xk + αdk)

xk+1 = xk + αkdk

dk+1 = −∇f(xk+1) + βkdk

(*)#�

βk

"A�W+D,-+DF*�0��2�)�"%���E2%�:,D�0�82�)#�8UVH#�1C�"�,D�0����+-!#"�+-�*�\�W���*@
� -	��� -�%�-	� �:� -/- �&-	� � � � 
 �

βk = ∇f(xk+1)
t∇f(xk+1)

∇f(xk)t∇f(xk)� (&0�!����:� ��H ��-SB�- �1�:� 
 �
βk = ∇f(xk+1)

t(∇f(xk+1)−∇f(xk))

∇f(xk)t∇f(xk)

� �& 7JCM���� � ��� =��%k6>wR  a}��| c����f[�g�Y+[�|`��|~|f[�g�_=|Z�1Y
��|f[�Y�� a - � c=|#�\V\[\V g*V�a�V��7�^V��{h(� [\h � cAh(� g�|��
�GY+V�aAg*hX]
_CV ��| # � �'�Q_=|ZaeWfh

cos(θ) ≈ 0
V�a ��|~|f[�g�_w|Z�1Y
��|f[�Y�� a # � h�[�_.� �\V ]
_AV

βk ≈ 1 ⇒
dk+1 ≈ dk

� cAh(�;��h ]
_AV g�Y+V�aeWfVG| &=|r��V���cAh�[\hX|Z� |Za�[\V\� �GY+V�aAg ��| i�]
_AV5V�a���| |f[�g�_=|Z�1Y
��|f[�Y�� a - �
h�[�_.� � V

βk ≈ 0 ⇒ dk+1 ≈ −∇f(xk+1)
��h^]
_AV�g�Y+V�aeWfVK|`�^V��{h(��|#� V�� |Z� |Za�[\V
�


�
Z� �e��
r� � h aA�ZV����fV�a�[�Y�|K�Z��hZ�\|Z� WfV����^��g*h
Wfh`WfV �#��|rWZY+V�aAg*V [\h a � _?�r|rWfhZ�

��J
�	� J" �x=��%k  RoT�V�|
f :Rn →R

� i�V ]
_fY+V�� V � V\i�h �1�ZV��
mı́nx∈Ω0⊆Rn f(x)

[�_b� ce�1Y+��aeWfh�i�V
��| i7i�Y��Z_fY+V�aAg*V\i [\h aeWZY+[�Y+h a�V\i��

=#k
Ω0 = {x : f(x) ≤ f(x0)}

V\iK|f[\h g�|rWr|r�
>Ak

f
V\i��/Y cAi�[�YNg ��[\h aAg�YNaw_w| V�ad_fa V�aAg*h(��a�h

Ω
WfV

Ω0
�

 k
αk

i
|Zg�Y�i ) |f[\V % � �GY �{h�� ��h ��W i�g�V�YNa [\h a
0 < β < α < 1

2

�

 aAg*h a�[\V\i
ĺım ‖f(xk)‖ = 0

[\h a {xk}
cAh(��V��/�^��g*h
Wfh WfV7�#��|rWZY+V�aAg�V5[\h a � _Z�r|rWfh^_fg�YN�1Y
��|ZaeWfh

��|~|f[�g�_=|Z�1Y
��|f[�Y�� a # �7�

�mu 
�q � ��| |f[�g�_w|Z�1Y
��|f[�Y�� akWfV ��h ��W i�g*V�YNa �mV��
β

|#� � Y��\|d�^V�a�[�Y+h ae|rWfh ��Y+V�a�V^Wr|rWfh�cAh(�`��|
V\[�_=|f[�Y�� a ∣∣∇f(xk+1)

tdk

∣∣ ≤ β
∣∣∇f(xk)

tdk

∣∣ � g�|Z�5�
Y+��ay[\h a�h�[�Y�Wr|}[\h �^h�[\h aeWZY+[�Y�� a ) _AV�� g�V`WfV
�5h � ) V
�



���������
	���
���	�������������������� ��!"���#��$%!"�'&�(%) ���'��	*���+�",��.-��/
��"�%�*��
10 � �

� �& 7JCM���� � ��� =��%k  R �Q_=|ZaeWfhmi�V}_fg�YN�1Y
��| ��| |f[�g�_=|Z�1Y
��|f[�Y�� a WfV - � �^V�� �^��g*h
Wfhya�h�g�Y+V�a�V
c�� _AV
�\|~WfV [\h aA�ZV����fV�a�[�Y�|K�Z��hZ�\|Z� �Qi�YNamV��5�\|#�+�fh�� [�_w|ZaeWfh i�V7_bg�YN�1Y
��|

βk = máx{βPR
k , 0} i�V &=|

�N��V+�r|rWfh5|�c�� hZ�\|#� ��|~[\h aA�ZV��+�fV�a�[�Y�|r�

aY� (*"��0�\�W) � ,D� �W�0�%+D2���F 2��{(*)#�\e#����!#����(*+D�%yv��+'�1�z(�)#���1+D2����W� �*,'CE����)A2�) 2%�*,'!#���02�+D���\�W�
(�)#�<p1"�!#�02�){(*)#�

dk = −∇f(xk) ; k = n, 2n, 3n, . . .
` ���u(*"�CE��,-�bO "��

f ∈ C2 `

∃ x : ∇f(x∗) = 0 , ∇2f(x)
�����B)#��+j�W+-e.�^2���_��%+D2��%yn�*�\�W)0��(*���E,D�4�W�.��+D2���FS2��T(�)#�\e#����!#����(*+D�

��+D����2��:�'���*� � ���1"��B�*��,-+D���*�0,�yA�*��2���(*+D��y

ĺım
k↑∞

‖xk+n − x∗‖
‖xk − x∗‖ = 0

�.2��*C[�0�*y��1+

∥∥∇2f(x)−∇2f(y)
∥∥ ≤ k ‖x− y‖ ∀ x, y ∈ Bx∗(δ) ⇒

⇒ ĺım
k↑∞

‖xk+n − x∗‖
‖xk − x∗‖2

<∞
,-)'O "���+-��2�+-(G��O "��:���:�0���1)�wA+-CS�'�'"������W�.��+D2���Fs2��v(*)#�\e0�*��!0�*��(�+&� � � (*"��02%�W�.��+D(G�Ak

� ��� �M� 6��"� ( @�( @.-�0 FCB�!A@.��-�% � -+- ��� -4# �{B�!�0c� aY,�CE����)A2%) 2��*,8!#���02�+-�*�\�W�	(�)#�<p1"�!#�02�)u�*�
).�W��)4C[�R�W)q2�)4+j�W�*���.�W+je#)^O "��T������"���,-e#�S�*,]�%��)#o�,-�*C[�  k-=	"A�W+D,-+DF*�0��2�)^,&�^2�+D�1�*(*(�+DH#�g2��	o��%��O "��*2��

dk

2��v,D)0�8C[�R�W)q2�)#�8(G�.��+���IK�/.8�W)#�My%�l����)E!#�*�����W�0�%2�)[,D��CS�<�W��+-F
Hk

2%�vUV)0��C[��2�+-UV�����*�\���0k

����(�)#��2�+-(*+-H#�	O "��s����e.����w%+-!#+D�i�*��O "��
Hk = αkI

`
Hk+1 = αk+1I

y:2%�sCS�0�%�*�W��Oq"%�s��+

dk

���.�W+-�1U �0(��s,&�'�*(�"��0(*+-H#�J2��v,&���1�*(G�.� ���
Hk+1dk = yk

y ��� ��)#��(��*�
αk+1

���:��"���2��v�RwA�������W�0�
(�)#CE)�@

αk+1 = mı́n
α>0

g(α) = mı́n
α>0
‖yk − αIdk‖

2

2 ; g : R→R

g(α) = (yk − αdk)
t(yk − αdk) ; g′(α) = 2α(dt

kdk)− 2(dt
kyk)

g′(α) = 0 ⇔ α =
dt

kyk

dt
kdk

��� -SB #"��#"� ( � 2���C[)0�1�W���0�8O "��
α

�0�1$�(G�0(�"�,&�.2�)��*��"��^C[$-��+DCE)��B)#��+j�W+-e0)'2��
g(α)

k
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aY,��0,-!#)#�1+-�WCE):Oq"%�*2��0�1$&��(*)#CE)'��+-!#"��.@

� !�� (�� � X��02�)#�
x0 ∈Rn, α0 > 0

� !�� ( ��� �r�0���
k = 1, 2, . . .

Q �0�c�N��(*)#�\e0�*��!0�*��(�+&�%y �������
�

dk = −∇f(xk)

αk

; xk+1 = xk + dk

yk = ∇f(xk+1)−∇f(xk) ; αk+1 =
dt

kyk

dt
kdk


�
Z���r��
r� - �\h\ceY+V�Wr|rWfV\i�WfV�� �^��g�h
Wfh5WfV��#��|rWZY+V�aAg�VGV\i*cAV\[�g ��|Z���

=#k IK)E���v����Oq"%+D�*�1�v���*�1)#,-e0�*����+-�1���*C[�0��,D+D�%�G�0,-�*��k
>Ak am�/�*(�)#��H#CE+D(�)'�*�^,D)�O "��:���0,DC[�0(*�����0CE+D��� ��)����:���R_��*�1�0k
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f(x) = 1

2
xtQx− btx

[\h a
Q

i�YN�^��g � Y+[�| �7cAh�i�YNg�YN� |XWfV���aAY�Wr| �
V�aAg*h a�[\V\i ∇f(x) = Qx− b

� ∇2f(x) = Q
V\i�cAh�i�YNg�YN� |XWfV���aAY�Wr| �

yk = (Qxk+1 − b)− (Qxk − b) = Qdk

� cAh(�7��h^]
_AV
αk+1 =

dt
k
Qdk

dt
k
dk

� WfV �5|Za�V���|X]
_CV 1
αk+1V\i ��|5��h af�ZYNg�_=W [\h(� �\V\i*cAh aeWZY+V�aAg*V |Z���^��g�h
Wfh^WfV ��|Z_A[ &.�~V�ad��|^YNg�V���|f[�Y�� a

k
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Wfh`WfV �#��|rWZY+V�aAg�VKV\i*cAV\[�g ��|Z���
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f

[�_=|rW#� �Zg�Y+[�| �`V\i�g ��Y+[�g+|Z�^V�aAg*V [\h aA�ZV��S| � i�V�| {xk}
�fV�a�V���|rWr|�cAh(�

V�� �^��g*h
Wfh^WfV �#��|rWZY+V�aAg�VGV\i*cAV\[�g ��|Z� �5i�V�|
x∗ V�� $faAY+[\h5�GYNaAYN�GY
��|rWfh(� WfV

f
�+ aAg*h a�[\V\iGh^�
Y+V�a

xj = x∗ c=|#��|~|Z�"�#$fa
j
� h {xk} → x∗ �

� �& 7JCM���� � ��� =��%k69wR � hyi�V�[\h a�h�[\V}��| ��|�ceY�WfV�� WfV [\h aA�ZV����fV�a�[�Y�| WfV�� �^��g*h
Wfh�� cAV�� h ��| i
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CE)#��H.�W)#��)0��O "����B�*�1C[+j�W�	,D�b!#,D)0o��0,D+-FG�0(�+DH#�g��+-�z)0o�,D+-!\�0���},D�bC[)#�%)0�W)#�%)A(�+D2��02x2��J,&�b��"%(*�*�1+DH#�
!0�*�����W�02����B)#�8�*,�CE����)A2�)%k

���'(*)0��2�+D(�+DH#�T2%�����0CE���0�1+D��,D)�yA��"�(*+-2��s`^�v�1+D���B)����K(�)#C[)'�1+D!#"%�0@

f(xk+1 ≤ máx
0≤j≤M

f(xk−j)− η∇f(xk)
tdkαk ; M > 0

aY,nC[�R�W)q2�)T!#,D)0o��0,D+-FG�02%)��%��+D,-+DFG�.��2�)S���1�W�J(�)#��2�+-(*+-H#�Myl�W�0C�o�+-�*�b(�)#��)q(*+-2��	(*)#CE) H
	 ��� �.-f@�!
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� !�� (�� � X��02�)#�
x0 ∈Rn , α > 0 , γ ∈ (0, 1) , δ > 0 , 0 < γ1 < γ2 < 1 , 0 < ε < 1

� !�� ( ��� � � ‖∇f(xk)‖ = 0
�����
�

� !�� (���� � �
αk < ε

)
αk ≥ 1

ε

� ��� ������� �
αk = δ

� !�� (y3��
λ = 1

αk� !�� ( ��� h]"���O "���2��[,-+D���*�0,
�%)[CE)#��H0��)#���%@
� �

f(xk − λ∇f(xk)) ≤ máx0≤j≤mı́n(k,M) f(xk−j)− γλ∇f(xk)
t∇f(xk)

� ��� ������� �

λk = λ
> � ����� ���������

� �
f(xk − λ∇f(xk)) > máx0≤j≤mı́n(k,M) f(xk−j)− γλ∇f(xk)

t∇f(xk)
� ��� ������� �

γ ∈ [γ1, γ2] , λk = γλ
> � � �
� ������� �

� !�� (����
αk+1 = −∇f(xk)tyk

λk∇f(xk)t∇f(xk)
; k = k + 1

> � � �
� ��������
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f :Rn →R

� i�V ]
_fY+V�� V � V\i�h �1�ZV��
mı́nx∈Ω0⊆Rn f(x)

[�_b� ce�1Y+��aeWfh�i�V
]
_AV

Ω0 = {x : f(x) ≤ f(x0)}
V\i |f[\h g+|rWr| � �XV���a $f�^V�� h5WfV.ce_faAg�h�i;V\i�g�|f[�Y+h ae|#� Y+h�i V�a

Ω0V\i,��aAYNg*hZ�

 aAg*h a�[\V\i�i�VK[�_b� ce��V7]
_CV i�Y {xk}
V\i7��| i�_C[\V\i�Y�� aX�fV�a�V���|rWr| cAh(�;V��t�^��g�h
Wfh�WfVU�#��|rWZY+V�aAg*V

V\i*cAV\[�g ��|Z�C�Z��hZ�\|Z�1Y
��|rWfh�� h�[�_.� � Y�� �^_fae|~WfV���| i g � V\i7i�YNg�_=|f[�Y+h a�V\i i�Y��Z_fY+V�aAg�V\i��

=#k ∇f(xj) = 0
c=|#��|~|Z�"�#$fa

j
�

>Ak
ĺımk↑∞ ‖∇f(xk)‖ = 0

�
 k � YNaf�#$fa^ce_baAg*h5�1�N�GYNg*VKWfV {xk}

V\i�_fa}�G�NaAYN�^h���h�[�|Z� WfV
f
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