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Section 5.1
o0
1. > (x —3)". To determine the radius of convergence of this series we apply the ratio test:
n=0
(@ =3)m ! .
lim [——————|=jz—-3|lim 1l=|z-3| 1<1l=-1<z-3<1=2<z<4
n—00 (gj — 3)” n—00

Hence, if « € (2,4) the series absolutely converges. By definition, the radius of convergence is

2n
—- To determine the radius of convergence of this series we apply the ratio test:
0 .
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n

m2(n+1)
I 22 2 1
li M = lim I I lim =22 lim =22.0=0
o 2 n=soo | 2" . (n_|_1)' n—oo |1 + n—oon + 1
nl

Hence, this series converges everywhere. By definition, the radius of convergence is

() | PR
8 > e —. To determine the radius of convergence of this series we apply the ratio test:
n=0 T
(n+ 1)lzntt
. (n 4 1)nt+l (n+1)-z-n" ) n™ 1
lim |——5——|= lim |~—————— | =z| lim | ———| =7 - <1l=[z[<e
nn

Hence, if x € (—e, e) the series absolutely converges. By definition, the radius of convergence is

19. > an(z — 1)"*L. If we make the change m =n+1=n=m — 1.

n=0

an(z — 1" =

118

am—1(x —1)™ Since if n =0 then m =1
1

n=0

M85 8

ap—1(x —1)" Changing m = n. This shows the result.
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20. 3 apr12® + > apz*tl. If we change the power of the second series to z* then:

k=0 k=0
o R k+1 — ko oo k
S oagrt + 3 apattt = Y appt + D ap1z
k=0 k=0 k=0 k=1
o oo
= a-2°+ > ak+1zk + ar—1x*  Starting the first series from k =1
k=1 k=1
o0
= a1+ Y (ary1 +ap_1)2* Summing the series. This shows the result.
k=1

21. Y n(n — 1)a,z" 2. If we make the change m =n —2 = n=m + 2.
n=2

n(n—1a,z" 2 =

18

(m+2)(m + 1)amy,+22™  Since if n =2 then m =0
0

T8

n=2

[
(]2

(n+2)(n+ 1)apyo2™ Changing m = n. This shows the result.

3
I
o



o0 o0
23. x 3 na,z" !+ Y arpz®. Relabeling n for k in the second series:

n=1 k=0
x il na,z™~t + ki apxt = il nanx™ + §0 " Multiplying by « the first sum
n= =0 n= n=
= ni::l napx™ + ni::l anx™ + ag Starting the second sum from 1.
= ni:l(nan + an)z™ + ag Summing the two series
= 721(n + Dayx™ + ag Common factor a,
= i(n + Daya” Starting from n = 0.
n=0
25. §= §2 m(m — 1)a,z™" 2 + xki kapxz*~!. Changing k = m — 2 then m = k + 2 in the first series:
m= =1
S = kiojo(k: +2)(k + Dagy22® + kio: kayx* Multiplying by x the second sum
= =1
= 2ay+ ki (k+2)(k + 1)agq22" + ki kapx®  Starting the first sum from 1.
=1 =1
= 2a9+ kioj [(k+2)(k + 1Vagia + kag]x” Summing the two series
=1
= kf [(k+2)(k + 1)agre + kag)x® Starting from k = 0
=0
= i[(n +2)(n+ Dapsa + nay)a™ Relabeling k& = n.
n=0
Section 5.2

2. Find the power series solutions of ¢y’ — zy’ — y = 0; about the point zq = 0.

o0 o0 o0
Let y = Y apa™. Then, ¥ = > na,z" ! and ¥’ = 3 n(n — 1)a,z" 2. Suppose y satisfies the O.D.E.:
n=0 n=1 n=2
(oo} (oo} o0
0 = Y nrn—1Daz"2—2(> naa" 1) — Y aa®
n=2 n=1 n=0

Il
18

o0 o0
(n+2)(n+ Dapt2z™ — 3 napz™ — > apx™  Changing the power of the first series
n=1 n=0

n=0

= 2a2—ap+ Y 2"[(n+2)(n+ 1Dapt2 —na, —a,] Starting from n = 1 and summing the series

n=1
= Y 2" [(n+2)(n+ Dapss — nay, — ay) Starting from n =0
n=0

Therefore, the recurrence relation is (n + 2)(n + 1)an4+2 — na, — a,, = 0. Written in standard from:

an
n+2

Ap42 = forn=20,1,2,...




For n even; ag free For n odd; aq free

ap ay
ag = — az = —

2

as ap aq as [25]
“TT T ®T3 T3 T35
G4 _ g9 _@
76 2.4-6 T 357

- Qo _a1-2k-k!
42k = ok k] G2+ ok 1)

Plugging the coefficients back into the solution:

oo
y = apa"

n=0

= 2k = 2k+1
= > ar® + Y agppra?tt

k=0 k=0
00 {E2k o Qkk!$2k+1
R % R Py Gy oy
2k 9k o1 2k+1
Hence, |y1 = Z SRl and | yo = Z m . These solutions from a F.S.O.S since:
k=0 k=0
|y 2 _ |1 0 _
W) = % 0= 5§ =1
x? x? x° 3 x® x’
The first four t : =14 — dys = —
e first fourterms are: Y =1+ oo H T P T s MR T T T T T3 s T T3 57
. Find the power series solutions of 4" — xy’ — y = 0; about the point z¢ = 0.
Let y = Y an(z — 1)™. Then, v = 3 na,(z —1)" ! and ¢ = 3 n(n — 1)a,(x — 1)"~2. Suppose y
n=0 n=1 n=2
satisfies the O.D.E.:
0 = Y nn—1Day(z—1)""2—2(3 na,(z — 1) 1) = 3 ap(z— 1)
n=2 n=1 n=0

I
T2

(m+2)m+ Daa(a = 17 = (@ = 1)+ DX man(e 1" = 3 anfe— 1)

(m+2)(m + Damqa(z—1)™ — i may,(x—1)™ — i Mmam(x —1)m"1 —

0 m=1 m=1
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(n+2)(n+ Dapqa(z—1)" — nap(x —1)" = > (n+ Dapyr(x — 1) — ap(z—1)"
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n=1

= 2a3—a;—ag+ Y, (x—1)"[(n+2)(n+ Dapte — na, — (n+ Dapt1 — ay)

n=1

= S (@—1"[(n+2)(n+ Dangs — (0 + Dangs — (0 + )a]

n=1



Therefore, the recurrence relation is (n + 2)(n + 1)ant2 — (0 + 1)ap+1 — (n + 1)a, = 0. Written in standard
from:

apa1 +a
Gpto = —ntl T on forn=0,1,2,...
n+2
For n even; ag, a; free For n odd; ag, ay free
a a1 + ag a az+ar  3a1+ag
2 = 3 = =
2 3 3.2

a _a3+a2_3a1+2a0
R

Plugging the coefficients back into the solution:

y o= 3 an(e—1)
n=0

= aptai(r—1)+a(z—1)2%+az(x —1)°+as(x—1)*+---

= b1+ (G P12+ (G P D (G DD

1 1 1 1 1

= a0(1+f(w—1)2+é(x—1)3+6(x—1)4+~-~)+a1((m—1)+§(x—1)2+§(x—1)3+i(w—1)4+~-~

2

Hence,

)

1 1

6 6

1 1 1 1
y1:1+§(x—1)2+7(x—1)3+7(x—1)4+--- and yg:(x—1)+§(m—1)2+§(x—1)3+1(x—1)4+~--

These solutions from a F.S.O.S since:

Wy, y2) (o) = ) 22

Y1 Y

1= ’o 1’ =

. Find the power series solutions of (1 — x)y” + y = 0; about the point 2o = 0.

Let y = nio anz™. Then, y' = nil na,z" ! and y’ = n§2n(n —1)a,2" 2. Suppose y satisfies the O.D.E.:
0 = (1-2 ni:z n(n — Da,z" 2 + ni::O anx™
= ni; n(n —1a,z" "2 — ni; n(n — 1a,z" 1 + ni::@ ana™
= mi::()(m +2)(m + 1amaoz™ — mi::l(m + ) (m)amyrx™ + mi.;:o Ay ™

= 2az2+4ag >, ™[(m+2)(m+ Damiz — (m+ 1)(Mm)ami1 + am)
m=1
Therefore, the recurrence relation is:

2a9 +a9g=0 forn=20

(n+2)(n+1)apye — (n+1)(n)apnt1 +a, =0 forn=1,2,---

Written in standard from:
ao

ag = - for n =0; ag free

(n+ 1)(n)ant1 — an
(n+2)(n+1)

Apto = forn=1,2,--

4



For n even; ag, a; free For n odd; ag, ay free

ag 2a9 —a1  —ag —ay
Ay = —— aa = =
2 2 3 3.2 3.2
6as —as  —ag — 2a1
aqs = =
: 4-3 4.3-2
Plugging the coefficients back into the solution:
y = Z anxn
n=0
= a0+a117+a2:172+a3x3—|—a4x4+-~-
- _0y 2 (T4 %, 3, Z% 41\ 4
a0 +arw + (=)o + (= = )t (G — )t +
1 1 1 1 1
= a0(1—§x2—6x3—ﬂx4+ )—I—al(x—éx?’—ﬁx‘l—l— )
Hence, |y zl—le—lx?’—ix4+--~ and |y =r— 28— —azt+...
s 2 6 24 ? 6 12
These solutions from a F.S.0.S since:
|y w2 |1 0] _
S A R A

15. Consider the LV.P ¢ — 2y’ —y =0, y(0)=2; y'(0) =1.

e 2k

The general solution was already computed in (2): y = Cyy1+Cays, where: |y; = Z % and |ys =

e Qkk!x2k+1

|
22k + 1)

k=0
Hence,
y(0)12101+002:>

oo 2k foe) Qkk.!x2k+1
"0)=1=2 —) C — =2-0+C Cy=1
Y ( ) (kZ::O Zkk') o + 2(k2::0 (2]€ + 1)' ) o + Cy —

So, the solution to the I.V.P is given by

1
Yy=2y+y2 — y=2+x+x2+§x3+ix4+---

From the plot below, we can see that if || < 0.7, then the four-term approximation is reasonably accurate.
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17. Consider the LV.P " + 2y’ + 2y =0; y(0) =4; y'(0) = —1.

118

S o0
Let y = Y ana™ Then, ¥ = 3 na,z" ! and "’ =

n=0 n=1 n

n(n — 1)a,z" 2. Suppose y satisfies the O.D.E.:
2

oo o0
n(n—1a,z" 2 +z2(Y na,2" ) +2 Y a2
2 n=1 n=0

[
18

n

(n+2)(n+ 1)api22™ + > napz™ + > 2a,2"™  Changing the power of the first series
0 n=1 n=0

[
8

n

o0
= 2a2+2a0+ > 2"[(n+2)(n+ 1)ani2 + na, + 2a,]  Starting from n = 1 and summing the series

n=1

[
8

2"[(n+ 2)(n + Dapi2 + na, + 2a,) Starting from n =0

n=0

Therefore, the recurrence relation is (n + 2)(n + 1)an42 + na, + 2a,. Written in standard from:

Ap42 = nij—nl forn=0,1,2,...
For n even; ag free For n odd; aq free
ap a1
ag = —T az = —?
—as ag as a1
Ay = — — — ar — —— — ———
1773 3 b 4 2.4
Qg ag as ai
ag = —— = ——— ar = —— —= —
6 5 3.5 ’ 6 2.4.6
ao(—l)k al(—l)k
a pry Qa = —-—
U135 (2k—1) LT 9046 (2k)
k=1,2,--- k=12,

Plugging the coefficients back into the solution:

0
y = 2 ana”
n=0

& 2k = 2k+1
Z asr " + Z a2k+1T +
k=0 k=0

- (l tETT 5(-})(; - 1>x2k) o <x +I7 4?6??’.“(%)95%“)

Finally, solve for ag, a1

y(0) =4 =ao +0-a1 = [ag = 4]
y’(O):71:0~a0+a1:>

The solution to the I.V.P is:

y:4<1+i (—1)k xzk) _ (Jc—l—i(_l)kx%'“) —
k=11-3~5~~(2k71) k=12.4.6...(2k)




2 3

1 4
y=4—x—42® + —23 + —at —

1 5
gm + .-

From the plot below, we can see that if |2| < 0.5, then the four-term approximation is reasonably accurate.
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