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Chapter 4

(3.2) Show that a finite state aperiodic irreducible Markov chain is regular and recurrent.

Solution: Let us proof each case separately

Recurrent:

Regular:

Assuming the chain is finite, at least one state is going to be visited infinitely often starting from that state, since
suppose this is not the case: then every state will be visited finitely many times starting from itself. Pick an arbitrary
state . Then Z P(n < oo. But if this is the case, then eventually none of the states will be visited. This is a

n=1
contradiction because the chain is finite and so it has to go back to one state infinitely often. In other words, if all

states are transient then eventually the chain is in none of the states which is absurd because the chain is finite.
Therefore, at least one state is recurrent and by Corollary 3.1 and the hypothesis that the chain is irreducible, we
can conclude that all states are recurrent, i.e., the chain is recurrent.

Having showed that the chain is recurrent we can apply Theorem 4.1. In the remark of the theorem we have that:

"If hm PZ(TZ) > 0 for one 7 in an aperiodic recurrent class, then 7; > 0 for all j in the class of i." Since we have only

) j) = 7;, and thus eventually all
states 7, j will be accessible from each other in some number of transitions, i.e., there exists a number K ; such that

one class, then we can conclude that m; > 0 for all states j. By definition, lim,_, Pi(n

P( ) > 0 for all k > K, ; (definition of limit). Finally, since we have a finite number of states, choose the maximum

of all the Kj; ; such that the previous condition hold, call it L, and we will have that for all states i, j: Pi(j;) > 0 for
all k > L, i.e., the chain is regular.

(3.3) Recall the first return distribution (Section 3.3)

fi(in) =Pr{Xi1#4,Xo#4,.... X1 #0, X, =i|Xo=1i} forn=12,...,

with fi(io) = 0 by convention. Using equation (3.2), determine fég’ ), n=1,2,3,4,5, for the Markov chain whose transition
probability matrix is

w N = O

DO O O O
O O ON= =
OO R OWN
N|= = ONI- o

Solution: Equation (3.2) is P(n Z (k)P "=k) To use this equation we are going to need up to the 5th power of Pyg.

7

A simple calculation shows that: Péé) = O,Pég) = %,Pég) = %,Péé‘) = % and Pég) = 35. Now, let us apply equation
(3.2) in each case n =1,2,3,4,5:

=t B = SR

= 0 Pi) + 15 P

= é(l)) Since fég) =0 and Pég) =1

= Po%) = éé) =0 by transition matrix




n=2: PY = Z F58) pa=+)

= SRS + 1P + £ PG

= ég) Since foo = ((1)) =0 and Pég) =1

e (%) = ég) = = by transition matrix

n=se RD = SR

_ Op® | O p@) @ pM) L ) plO)

= 1p) 4 Since f{¥ = i) =0 and P =1

3 3 1 1 3
== éo):Péo)*%Péo): .ngz éo)

00|
=

n=4: P = z #58) pla=k)

= S0P+ foo Fad) + 160 Pas) + foo Fag’ + 1o P

= iPO(Q) + Péé + i Since f{¥ = f{&) =0 and P =1
4 4 5 4

= (go)—Po(o)_%:%_Tl(s:*: éo)

16
) O (k) p(5—k)
n=>5: Py = > foo Foo
k=0

0) (5 1) (4 2) 53 3) (2 4) (1 5) (0

= (go)P (go) (go)P(go) (go)P(go) (go)P(go) (go)P(go) éo)Péo)

= 1PP 1P + 2P+ 1) Since ¥ = f{&) =0 and P =1
() _ L1 | % e

= = -5 = 3 foo

(4.1) Consider the Markov chain on {0, 1} whose transition probability matrix is

0 1
P=0|l1—-« «
1 B 1-3

(a) Verity that (mo,m) = (8/(a+ ), /(v + B)) is a stationary distribution.

, 0<a,B<1.

Solution: Since this is a regular matrix we can find the limiting distribution using Theorem 1.1. and solving
the linear system:
mP =7, and mg + 7 = 1, from which we get the equations :

Rl

mo(l—a)+mpf=m = mpP=ma = mH=-—m

’/T00[+7T1(1—ﬁ):71'1 7TQOé:’/T1ﬁ



fo

Replacing the last equation into the equation 79+ m; = 1, we get ém +m=1= 7r1(é +)=1=|m = iﬁ
@ @ @
Solving for my we get: mp = f_a = |m = b , thus (mg, m1) = (B/(a+ B), o/ (a+ B))
aa+f a+p

(b) Show that the first return distribution to state 0 is given by féé) =(1—«) and fég) =aB(l—-p)""2forn=2,3,...

Solution: By definition, fél) = Pr{X; =0|Xo =0} = Pyo = (1 — a). Now, for an arbitrary n € {2,3,...},

Pr{X,=0,X,-1=1,...Xo =1, X; = 1|X, = 0}, By def. of first return
Pr{X,=0,X,1=1,... X5 =1,X; =1, Xy = 0}, Conditional prob. and Pr{X, =0} =1
Pr{X,=0X,-1=1,.. X2 =1,X; =1, X0 =0}Pr{X,-1 =1,... Xo = 1, X; = 1, Xy = 0}, Conditional prob

Pri{X,=0X,-1 =1}Pr{X,-1 = 1| X2 = 1}Pr{X,,—2=1,... Xo = 1, X; = 1, Xy = 0}, Markov property

Pri{X, =0X,—1 =1}Pr{X,,-1 =1|X,,_2 =1} - - Pr{X, = 1| X1 = 1} Pr{X; = 1| X, = 0}, factoring all terms
PyoPy1 - - - P11 Py, by definition of transition probabilities

ﬂPlnfza

5(1 _ ,6)"_204 — Oéﬁ(l _ ,B)n_Q

This answer makes intuitive sense: the probability of first return to state 0 in n steps beginning at state 0 is the
probability of first going to state 1 and staying in this state for n — 2 transitions and then transitioning from state 1
to state 0. Since this is a Markov chain, this reduces to the product of the corresponding transitions.

o0
(c) Calculate the mean return time mg = ), n fég ) and verify that m = 1 /mg

n=1

Solution: This is a recurrent, irreducible aperiodic Markov chain. By theorem 4.1 we know:

n 1 1
lim P = ——— = —
n— 00 n m
> nf(go) 0
n=0
In part a) we computed lim Po(g) = B/(a+ B), hence,
n— oo
m 1 1 a+ 5
0 = — = =
T B/(a+p) B
Now, let us compute mg directly:
mo = nfs’
n=1
= (1-a)+ > nfég) starting sum at n =1
n=2
— (1—a)+ 3 naB(l— )" by part (b)
n=2

= (1-a)+aB > n(l—-p)""2 since af is a constant
n=2

o0
We know that |(1 — 8)| < 1, and so we can use the following series expansion to compute the sum Y n(1 — 8)"~%

n=2

1 _
1—z

oo 1 o0
Z 2" = differentiate both sides: m = nz:;)mc"_l

n=0



[&.°]

Make the change of variablen —2=m —1=m=n—1for > n(l - 8" 2 = (m+1)(1-p)mL.

1

n=2

T M8

Now we can solve this sum using the series expansion:

il(m +1)(1-p)m L = ilm(l —pB)m1 4+ il(l — B)m~1  separating sum
1 1 . . .
= T + ) series expansion and geometric sum
1 1
- P73
1+
= i

Replacing this into our equation for mg we obtain the desired result:

moz(1—a)+a52n(1—6)"‘2:1—a+a6[1;—26] :l_a_’_a—i-ﬂaﬁzﬁ—aﬂ—ga—i—aﬁ: a;ﬁzﬂ%

n=2

(4.4) Let {a; :i=1,2,...} be a probability distribution, and consider the Markov chain whose transition probability matrix is

0 1 2 3 4
0l a1 ay a3 a4 a5
1 1 0 0 0 0
p= 2 0 1 0 0 0
3 0 0 1 0 0
4 0 0 0 1 0

What condition on the probability distribution {e; : @ = 1,2,...} is necessary and sufficient in order that a limiting

distribution exist, and what is this limiting distribution? Assume «; > 0 and «ag > 0, so that the chain is aperiodic.

(oo}
Solution: Let us try to solve for the limiting distribution =;, i.e., 7P =7 and > m = 1:

=0
QT + T = 7o
QT + o = Ty
Q3T + T3 = T2
QT + T4 = T3
oo + T = Ti—1, for ¢ = 1,2,3, [N
o0
Ignoring the first equation and substituting all others into Y m; = 1 we get:
i=0
To+m+motm3+ - =1 —= 7T0+(Oé27T0+7T2)+(OZ3T(0+7T3)+(0447T0+7T4>+' - =1 = motaomogtasmotayumo+motm3+ T+ - -
Again, substituting all equations but the first one we get:
T + ey + asmo + aumg +asmo +7m3 +aumo+ T4+ asmo M5+ =1 =
o + oy + 203y + 2049 + 5T+ M3+ T4+ 5+ - =1
Let us do one more substitution step:
T + oy + 2ai3mg + 2049 + 5Ty + QuTg + T4 + a5+ 5+ - =1 =

71'0+0427T0+20&37T0+30é471’0+20é571'0+71’4+71’5+"' =1



(4.6)

(4.7)

Continuing this process we get:

1 1
< g =
1+ ag + 203 + 3ag + dag + - - - 0

7To(1—|—042—|—20¢3—|—30[4+4045+"'):1<:>7TQ: =
1+a2+2iai+1
1=2

This is a recurrent, irreducible and aperiodic Chain. It is sufficient for it to be positive recurrent for it to have a limiting
1 00
= >0 < Z i1 < 00. Note
1 —+ o + Z ’i()éi+1 =2
i=2
that since this is an irreducible Chain and being positive recurrent is a class property, it suffices to check the condition

distribution. This happens if 7; > 0 which in this case means that 7y =

> 0, so the chain is positive recurrent, irreducible, and

o0
for mg. Conversely, if > ia;11 < 00 <= mg = =

=2 1+ s+ Z 1041
i=2
aperiodic, so it has a limiting distribution. The necessary and sufficient condition is :

oo
Z iai+1 < o0
=2

Determine the period of state 0 in the Markov chain whose transition probability matrix is:

3 2 1 0 -1 -2 -3 4

310 0 0 1 0 O 0 O

241 0 0 0 0 O 0 O

140 1 0 0 0O 0 0 O

P= 00 O % 0 % 0 0 O

-1Y/0 0 0 0 0 1 0 O

-2J/0 0 0 0 0 O 1 0

3|0 0 0 0 0 0 0 1

4110 0 0 1 0 O 0 O

Solution: By definition the period of state 0 is: d(0) = ged{n > 1;P(§g) > 0}. From the transition matrix we see
that the following transitions are possible: 0 - 1 — 2 — 3 — 0. Therefore, Péé) > 0. Another possibility is 0 — —1 —
-2 — —3 — —4 — 0, which means that Po(g) > 0. Hence, d(0) = ged{n > 1;P(§g) >0} ={4,5,...} = m since 4
and 5 are relatively prime. Note that this is an irreducible matrix and thus, all states have the same period.

An individual either drives his car or walks in going from his home to his office in the morning, and from his office to his
home in the afternoon. He uses the following strategy: If it is raining in the morning, then he drives the car, provided it
is at home to be taken. Similarly, if it is raining in the afternoon and his car is at the office, then he drives the car home.
He walks on any morning or afternoon that it is not raining or the car is not where he is. Assume that, independent of the
past, it rains during successive mornings and afternoons with constant probability p. In the long run, on what fraction of
days does our man walk in the rain? What if he owns two cars?

Solution: We can model this situation with a two state Markov chain with states C' = the car is where the man is
and NC' = the car is not where the man is. The transition probability matrix is given by:

C NC
P= C p 1l—p
NC || 1 0

If it rains then the man takes his car. This happens with probability p. If it doesn’t rain, then the man will walk and
leave the car behind. This happens with probability 1 — p. Now, the fraction of days he walks in the rain is given by the
event that he doesn’t have the car and it rains OR he has the car and it doesn’t rain but then it rains on the way back.
The fraction of time he has or doesn’t have the car is giving by the limiting distribution of the Markov chain (assuming
p > 0, this is a regular matrix so we can use theorem 1.1):

mP =7, and ¢ + myc = 1, from which we get the equations:

pTc + TNe = TC
(1—=p)mc =7nNne



1
=5 5l
This is the fraction of time the car is where he is. Note that this equation makes sense: if p = 1 the 7 = 1, he always
has the car with him (he always need it because it is always raining). If p = 0 then 7o = 1/2, the car is always at home

Substituting the last equation into 7c + tye =1 we get 1c + (1 —p)re =1 = 7c(1+1—p) =1 = |7

1_—
and he moves equally between home and work. From this we can compute nyc = (1 — p)rec = |7ne = 27]) . Now we
-p
can compute the fraction we are interested in:
Fraction walk in the rain = Pr{doesn’t have car and rains OR has car and it doesn’t rain but then it rains on the way back}

= wncPr{Rains} + ¢ Pr{Doesn’t rain}Pr{Rains}
= 7{1\10 P+ 7o '1(1 —p)-p
—-p
- . = (1—0p)-
5, P, (I=p)-p
2(1 —p)p

2—p

The fraction of days he walks in the rain correspond to the cases where it rains and he doesn’t have the car. In a given
day this could happen in two ways: either he doesn’t have the car in the morning and it rains or, he has the car in the
morning and it doesn’t rain, but it rains on the way back.

Now, let us consider the case where there are 2 cars. We can model this situation with a three state Markov chain
with states 0,1 and 2, where each state represents the number of cars that are where the man is. The transition proba-
bility matrix is given by:

0 1 2

0 0 0 1

P = 1 0 1—p »p
211 1—p P 0

If there are no cars where he is, then the two cars are at the other location. If there are two cars where he is then he might
take one car, provided it rains, and there will be two cars in one location. If it doesn’t rain, then there will be one car in each
location. Finally, if there is only one car where he is, then the other car is at the other location and will remain this way pro-
vided it doesn’t rain. If it rains, then he will take one of the cars to the other location and both cars will be in one location.

Just like before, assuming p > 0, we can compute the limiting distribution:
mP =7, and mg + m + 2 = 1, from which we get the equations:

(1 —p)me =mg
(1 —p)m +pr2=m
o + PpT1L = T2
Substitute the second into the third eq.: (1—p)ma+pm =m0 = pm1 = Mo+ P—1D)ma = ma(p—1+4+1) = pry =

Substitute this into third equation: mg + pmy = m = |19 = (1 — p)m2

1
Substitue boxed equations into: mog+71+7me =1 = (1—p)ma+mat+me =1 = m(l—p+14+1)=1=|m =71 = Fy
-Pp
1 —
Thus, | g = 3719 . Like before, the fraction of time he is where there are no cars is mg. Likewise, the fraction of time he
-Pp

is where there are 1 or 2 cars is w1, which is the same as m3. Now we can compute the fraction we are interested in:

Fraction walk in the rain = Pr{no cars where he is and rains OR 2 cars where he is and doesn’t rain but rains on way back}
= moPr{Rains} + mo Pr{Doesn’t rain}Pr{Rains}
= moptm-(1-p)p

1—p 1

= L. . (1—-19p)-
3, p+3_p( p)-p
2(1—p)p




