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1 Markov Chain

In this section consider the discrete time stochastic process. Let S be the state space, e.g., S =
Z = {integers}, S ={0,1,--- ,N} and S ={-N,---,0,--- ,N}.

Definition We say that a stochastic process {X,,}, n > 0 is a Markov chain with initial distribution
7w (P(Xo) = m;) and (one-step) transition matrix P if for each n and i, 0 <k <n—1

P(Xn+1 :j’Xn:i7Xn—l :in—lv"‘ ;XO :ZO) :P(Xn—',-l :]’Xn:Z) = Pij >

with

szj =1, piy=>0.
jes

Thus, the distribution of X, 11 depends only on the current state X,, and is independent of the
past.

Example
Xnt1 = f(Xn,wn), f:SXR—S,

where {wy,} is independent identically distributed random variables and
P(f(z,w) = jlz = i) = pij.

The following theorem follows;

Theorem Let P" = {pj;.

. . 2
P(Xpi2=jlXn=1)= > pupr; = (P})ij = pi
kesS

P(X, =j) = (nP"); Zmp

and
ern) szk pk] (Chapman-Kolmogorov).
keS
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1.1 Classification of the States

In this action we analyze the asymptotic behavior of the Markov chain, e.g. including

(n)

Questions (1) The limits 7; = lim;, i exist are are independent of 1.

(2) The limits (71, 7e, - - - ) form a probability distribution, that is, 7 > 0 and ) m; = 1.

(3) The chain is ergotic, i.e., m; > 0.

(4) There is one and only one stationary probability distribution  such that 7 = 7P (invariant).

Definition (1) Communicate: i — j if p(n)

. . Zj

Jj— .

(2) Communicating classes: i <+ j defines an equivalent relation, i.e., i <> i (reflective), i <» j <
J > i (symmetric) and i <+ j, j > k < i <> k (transitive). Thus, the equivalent relation i <> j
defines equivalent classes of the states, i.e., the communicating classes. A communicating class is
closed if the probability of leaving the class is zero, namely that if ¢ is in an equivalent class C but
7 is not, then j is not accessible from 3.

(3) Transient, Null and Positive recurrent: Let the random variable 7; be the first return time to
state ¢ (the "hitting time”):

> 0 for some n > 0. i <> j (communicate) if i — j and

Tii = min{n > 1: X,, = i| Xy = i}.

The number of visits N; to state ¢ is defined by N; = > "7 I{X,, = i} and

- iP(Xn =i|Xo=1) = ipg”,
n=0 n=0

where I{F'} is the indicator function of event F, i.e., I[{F}(w) = 1 if w € F and I{F}(w) =0
ifwé¢F. IfY 2 Op“) = oo state i is recurrent (return to the state infinitely may times). If
ano pl(-l- ") < oo state i is transit (return to the state finitely may times).

Define the probability of the first time return

9 = B(ry = n) = P(Xn = i, Xj # i|Xo = 1)

(22

of state i. Let f; be the probability of ever returning to state ¢ given that the chain started in state
1, 1.e.

fi = P(Tii < oo) = Zfz(zn)
n=1

Then, N; has the geometric distribution, i.e.,

and
1

1—fi0
Thus, state ¢ is recurrent if and only if f; = 1 and state ¢ is transit if and only if f; < 1. The mean
recurrence time of a recurrent state ¢ is the expected return time p;:

TM E

E(N;) =

\)



State ¢ is positive recurrent (or non-null persistent) if y; is finite; otherwise, state ¢ is null recurrent
(or null persistent).

(4) Period: State i has period d = d(i) if (i) p(n) > 0 for values od n = dm, (ii) d is the largest

(23

number satisfying (i), equivalently d is the greatest common divisor of the numbers n for which
pz(?) > (0. Note that even though a state has period k, it may not be possible to reach the state in
k steps. For example, suppose it is possible to return to the state in {6,8,10,12,...} time steps;
k would be 2, even though 2 does not appear in this list. If k¥ = 1, then the state is said to be
aperiodic: returns to state ¢ can occur at irregular times. Otherwise (k > 1), the state is said to
be periodic with period k.

(5) Asymptotic: Let a Markov chain is irrecusable and aperiodic. Then, if either state i is transient

(n) (m) 1
i ij T s M oo,

(6) Stationary Distribution: The vector 7 is called a stationary distribution (or invariant measure)
if its entries 7; are non-negative and > .7 = 1 and if it satisfies

and null recurrent p;.” — 0 as noo or if all state 7 is positive recurrent p

jES

T=nmP &= Zmpij.
€S

An irreducible chain has a stationary distribution if and only if all of its states are positive recurrent.
In that case, it is unique and is related to the expected return time:

= —.
j
Hj

Further, if the chain is both irreducible and aperiodic, then for any 7 and 7,

lim pz@) = i

n—oo W 1
Note that there is no assumption on the starting distribution; the chain converges to the stationary
distribution regardless of where it begins. Such 7 is called the equilibrium distribution of the chain.
If a chain has more than one closed communicating class, its stationary distributions will not be
unique (consider any closed communicating class C; in the chain; each one will have its own unique
stationary distribution m;. Extending these distributions to the overall chain, setting all values to
zero outside the communication class, yields that the set of invariant measures of the original chain
is the set of all convex combinations of the ;’s). However, if a state j is aperiodic, then

1

(n)
Ji 14

lim p;.

n—oo

and for any other state 4, let f;; be the probability that the chain ever visits state j if it starts at ¢,

n—oo’ Y 1 ’

does not exist, although the limit



does exist for every integer r.
Theorem 1 Let C be a communicating class. Then either all states in C are transient or all are
recurrent. ( ) o ), ) (m)

n+r+m n r m

Dy = pw Pjj Pji

Theorem 2 Every recurrent class is closed.
Proof: Let C be a class which is not closed. Then there exists i € C, and j ¢ C and m with
P(X,, = j|Xo =1) > 0. Since we have

P({X,, = j}N{X, =i for infinitely many n}|Xo=17) =0

this implies that
P(X,, =i for infinitely many n|Xo =1)) < 1,

S0 % is not recurrent, and so neither is C.
Theorem 3 Every finite closed class is recurrent.
Proof: Suppose C' is closed and finite and that {X,} starts in C. Then for some i € C' we have

0 < P(X, =i for infinitely many n) = P(X,, =i for some n)P(X,, = i for infinitely many n)

by the strong Markov property. This shows that ¢ is not transient, so C' is recurrent.

1.2 Stationary distribution

When the limits exist, let 57 denote the long run proportion of time that the chain spends in state j

(1) T = nh_}rglo - Z I{X,, = j|Xo =i} for all initial states 7.

m=1
Taking expected values if 7; exists then it can be computed alternatively by (via the bounded
convergence theorem)

1~ (m) I .
T} nh—>nolo - Z P(X,, =jlXo=1) = - Zopij for all initial states iquad(Cesaro sense),
m=

or equivalently

1 ™ T T T2
(2) lim—ZPm: T | =] T ™ ™2

Theorem 4 If {X,,} is a positive recurrent Markov chain, then a unique stationary distribution =;
exists and is given by m; = ﬁ”) > 0 for all states j € S. If the chain is null recurrent or transient
then the limits in (1) are all 0 and no stationary distribution exits.

Proof: First, we immediately obtain the transient case result since by definition, each fixed state
i is then only visited a finite number of times; hence the limit in (2) must be 0. Next, j is
recurrent. Assume that Xo = j. Let to =0, t; = 755 , t2 = min{k > t; : X, = j} and in general
tnt1 = min{k > ¢, : X; = j}. These t, are the consecutive times at which the chain visits state
j. If welet Y,, =t, — t,—1 (the interevent times) then we revisit state j for the n-th time at time
t, = Y1+ ---+Y,. The idea here is to break up the evolution of the Markov chain into i.i.d.
cycles where a cycle begins every time the chain visits state j. Y,, is the n-th cycle-length. By the



Markov property, the chain starts over again and is independent of the past everytime it enters
state j (formally this follows by the Strong Markov Property). This means that the cycle lengths
Y,, n > 1 form an ii.d. sequence with common distribution the same as the first cycle length 7;; .
In particular, E(Y,) = E(7j;) for all n > 1. Now observe that the number of revisits to state j is
precisely n visits at time t, = Y7 4+ --- + Y}, and thus the long-run proportion of visits to state j
per unit time can be computed as

1

Tjj)

Wj:nlgnooEZI{Xk_j}_nhm Z Y E(

where the last equality follows from the Strong Law of Large Numbers). Thus in the positive
recurrent case, m; > 0 for all j € S, where as in the null recurrent case, m; = 0 for all j €
S. Finally, if Xg = i # j, then we can first wait until the chain enters state j (which it will
eventually, by recurrence), and then proceed with the above proof. Uniqueness follows by the
unique representation.

Theorem 5 Suppose {X,,} is an irreducible Markov chain with transition matrix P. Then {X,,} is
positive recurrent if and only if there exists a (non-negative, summing to 1) solution, 7, to the set
of linear equations m = 7P, in which case 7 is precisely the unique stationary distribution for the
Markov chain.

Proof: Assume the chain is irreducible and positive recurrent. Then we know from Theorem 5 that
7 exists and is unique. On the one hand, if we multiply (on the right) each side of Equation (5) by
P, then we obtain

™
1 — 1

lim — Pl — P"+ lim —(P"t'—-p)y=| 7™

im Z im + lim —( ) '

n—00 n—oo n
m=1

which implies 7 = 7w P.
Conversely, assume the chain is either transient or null recurrent. From Theorem 4, we know
that then the limits in (2) are identically 0, that is,

i Z P =

But if 7 = 7P then (by multiplying both right sides by P) # = 7P2? and more generally 7 =
7P™, m > 1 and so

- m _ - m_
mlggonZP nlzaznZWP

which implies 7 = 0, contradicting that = is a probability distribution. Having ruled out the
transient and null recurrent cases, we conclude that the chain must be positive recurrent. For the
uniqueness, suppose 7' = 7' P. Multiplying both sides of (2) (on the left) by 7/, we conclude that

s 7o T T
d=x1 7 =7/ | mo m™ T2

Since ) =1, 7 =m; forall j€S.

/
jes Tj



1.3 Stopping Time

Let {F,, n > 0} be an increasing family of o-algebras and {X,, n > 0} be a {F,, n > 0} adapted
stochastic process.
Definition A stopping time with respect to {F,,} is a random variable such that {r = n} is F,
measurable for all b > 0.
If F, is the o-algebra generated by {Xo, -, X}, the event {7 = n} is completely determined by
(at most) the total information known up to time n, {Xo, -+, X, }.

For example the hitting time

7i =min{n > 0: X, =i}

of state ¢ and
74 =min{n > 0: X, € A}.

of closed set A are stopping times.

Wald’s equation: We now consider the very special case of stopping times when {X,. n > 1 is
an independent and identically distributed (i.i.d.) sequence with common mean E(X). We are
interested in the sum up to time: > | X,,.

Theorem (Wald’s Equation) If 7 > 0 is a stopping time with respect to an i.i.d. sequence {X,,, n >
1} and if E(7) < oo and E(]|X]) < oo, then

E(Y)_ X,)=E(r)E(X).
n=1

Proof: Since

ET:X :anI{T>n—1}
n=1 n+1

and X,, and I{r > n — 1} are independent, we have

E()_ Xa) = E(X)) P({r>n}) = E(X)E(7),
n=1 n=0

where the last equality is due to ”integrating the tail” method for computing expected values of
non-negative random variables.

Null recurrence of the simple symmetric random walk: Let R, be the simple symmetric random
walk: R, = A1+ ---+ A, with Rg = 0 where A,,, n > 1is i.i.d. with P(A = +1) = 0.5 and
E(A) = 0. This MC is recurrent but null recurrent. In fact we show that E., = oo By conditioning
on the first step ¢ = 1,

E(r) =1+ E(m))% +(1+ E(T()l))% =14+ 0.5E(791) + 0.5E(701)

Note that by definition, the chain at time R, = 1 for 7 = 791 and

n=1

But from Wald’s equation assuming E(7) < oo, then we conclude that

1= BE(R,) = B(A)E(r) = 0



which yields the contradiction 1 = 0 and thus E(191) = E(111) = o0.

Theorem 6 Suppose i # j are both recurrent. If i and j communicate and if j is positive recurrent
(E(7jj) < 00), then i is positive recurrent (E(7;) < oo) and also E(7;; < oo. In particular, all
states in a recurrent communication class are either all together positive recurrent or all together
null recurrent.

Proof: Assume that E(7;;) < oo and that ¢ and j communicate. Choose the smallest n > 1 such

that p'™ > 0. With Xo = j, let A= {X}, #j;1 <k <n, X, =i} and P(4) > 0. Then

E(7jj) = E(7;]A)P(A) = (n + E(75))) P(A),

and hence E(7;;) < oo (for otherwise E(7;;) = 0o, a contradiction). With Xy = 7, let {Y,,,, m > 1}
be i.i.d process as defined in the proof of Theorem 4. Thus the n-th revisit of the chain to state j
is at time t, = Y1 +--- +Y,, and E(Y) = E(7j;) < 0o. Let

p = P(the chain visits state ¢ before returning to state j|X¢ = j),

then p > P(A), where A is defined above. Every time the chain revisits state j, there is, independent
of the past, this probability p that the chain will visit state ¢ before revisiting state j again. Letting
N denote the number of revisits the chain makes to state j until first visiting state i, we thus
see that N has a geometric distribution with ”success” probability p, and so E(N) < co. N is a
stopping time with respect to the process {Y,,}, and

N
Tji < Z Yo
m=1

and so by Wald’s equation
E(r5) < E(N)E(Y) < oc.

Finally, E(7;) < E(75) + E(751) < o0.

Strong Markov Chain property: If 7 is a stopping time with respect to the Markov chain, then
in fact, we get what is called the Strong Markov Property: Given the state X, at time 7 (the
present), the future X;11, X419, - is independent of the past Xo, -+, Xiqu—1. The point is that
we can replace a deterministic time n by a stopping time 7 and retain the Markov property. It is
a stronger statement than the Markov property. This property easily follows since {7 = n} only
depends on Xy, .-, X, the past and the present, and not on any of the future. Given the joint
event (7 =n, X, =1i), the future X, 11, Xp42, - is still independent of the past:

P(Xn+1 :j]'r:n, Xn:i,~--,X0=i0):P(Xn+1 :j’Xn:’i,-~~,X0:’io):pij

1.4 Hitting Times and Absorption Probabilities

Let {X,, n > 0} be a Markov chain with transition matrix P. The hitting time of a subset A of
S is the random variable H* defined by

HA =inf{n: X, € A}
The probability starting from 4 that the chain ever hits A is then

hit = P(HA < 00| Xg = 1)



When A is a closed class, h{‘ is called the absorption probability. The mean time taken for the
chain to reach A; if P(H# < 00| Xy = i) = 1, is given by

o0
k= B(HYXo =1i) =Y nP(H" =n|Xo=1i).
n=0
The vector of hitting probabilities hf‘ = (h&, i € S) satisfies the linear system h = Ph;

7

ht=1foric A

hf = Zjespijh? for 4 ¢ A.

In fact, if Xo = i then H* = 0 so hf‘ = 0. If Xg =i, i ¢€ A, then H* > 1, so by the Markov
property
P(H” < 00| X1 = j, Xo=1i) = P(H" < 00| Xo = j) = h?!
and
hit = P(HA < 00| Xg =14) =3

1

jes P(HA < 00, X1 = j|Xo = i)

=Y jes P(H < 00Xy = j)P(Xy = j|Xo = i) = Y ;cqpijhy

Similarly, the probability f;; that the chain ever visits state j satisfies

f = Pf.

The vector of mean hitting times k% = (k:ZA, i € S) satisfies the following system of linear equations,
k=14 Pk;
k:ZA =0foric A

k=143 g apijk fori ¢ A

In fact, if Xo =i € A, then H* = 0 so kZA =0. If Xog =i ¢ A, then H* > 1, so by the Markov
property
E(HA| Xy = j, Xo=1) =1+ E(Ha|Xo = j)

and
k' = B(HA|Xo = i) = 3jc5 E(HAI{X1 = j}|Xo =1)

)

=Y ies B(HAX1 = j, Xo=1)P(X1 = j[Xo = i) = 1+ Y4 4 pijhs

Remark: The systems of these equations may have more than one solution. In this case, the vector
of hitting probabilities h* and the vector of mean hitting times k4 are the minimal non-negative
solutions of these systems.

1.5 Examples

In this section we discusses examples of the Markov chains. First, consider the random walk, i.e,
the transition probability P satisfies

Dii-1=4¢, Diit1=Dp, p,q>0andp+qg=1.



(2n+1) _

i

Example 1 (Simple Random Walk) The chain is irreducible and the period d = 2 with p
0 and
@) _ (2n)! 0 (4pg)"

)

by Stirlings formula. Thus, if p = ¢, then

1
sz('?)mz\/%zoo

and the chain is recurrent. If p # ¢, then r = 4pg < 1 and

n

R

and thus the chain is transient. If 7 is a stationary distribution, then

T =qPi—1+PTit1

P (g1 — i) = q(m — mi—1)

Thus, for bounded solutions we must have m; = m;_1 and myp = 0. Hence p = ¢ the chain null
recurrent.

Example 2 (Absorbing end i = 0) S = {0,1,---} with the aborning state i = 0, i.e., ppo = 1.
The chain two subclasses Cp = {0} and C; = {1,2,---}. C is positive recurrent and C; is
transient.m = (1,0,0,---) is a stationary distribution. The absorbing probability a; = f;o satisfies

Q; = poy1 + qoy—q

and
plaisr — ;) = q(oy — 1)
Thus,

i = A+ B(2)

For % > 1 since « is bounded, B = 0 and a; = A = 1. For % <1, o = (%)i since ag = 1 and
O = 0.

Example 3 (Absorbing ends i = 0, N) Let S = {0,1,2,--- ,N} and ppo = 1 and pyny = 1.
There are three subclasses Cp = {0}, C1 = {1,--- ,N — 1} and Cy = {N}. Cp, Cy are positive
recurrent and Cj is transient.m = (a,0,0,---,3) with «, § > 0 and o + 8 = 1 are statinary
distributions. The absorbing probability «; = f;o satisfies

o = pit1 + qoy—1

Using the same arguments in Example 2,
o =

Example 4 (Reflecting rend i = 0) Let S = {0,1,2,---} and pp; = 1. The chain is irreducible
with period d = 2. For % <1, fi =a; = (%)iil, ¢ > 1 from Example 2. But, if the chain is
recurrent, then f;; = 1 for all 4 > 1. Thus, the chain ia transient p% — 0 as n — oo.

9



Now, for % > 1 we have f;; = 1 for ¢ > 1 and fi1 = ¢+ pfor = 1 and hence the chain is

recurrent. If 7 is a stationary distribution,

o = 14
T = T + T2q

T = Mi—1p + Tit1q, ©>2

From the first two equations, pm; = gme. From the last equations, By induction in ¢ we have
pm; = qmir1. If p=gq, m; = my and consequently w9 = 0 for all ¢ > 0, which implies the chain is null
recurrent.

Next, for I > 1 it follows from 3 m; =1

oo
Pk q
1=m(q+ —))=mlqg+——)
@+ 3G =mlat )
Thus, 71 = % and
T = ﬂ, Wizﬂl(g)i_l fOI"iZ 1.
2q q
Therefore, for £ > 1 the chain is positive recurrent.
Example 5 (Reflecting ends i =0, N) Let S ={0,1,--- , N} and po; = 1 and py y—1 = 1. The
chain irreducible with period d = 2. As we did in Example 4, we have the stationary distribution

N-2
mi=E) S O, 1<icN -1
q s q

and my = gm; and mny = pry_1 and thus the chain is positive recurrent.
Example 6 (Birth-and-death chain) Consider the Markov chain with state space S = {0,1,2,---}
and transition probabilities poo = 1 and p;;—1 = @i, Piiy1 = p; for ¢ > 1. As in Example 2,
Co = {i = 0} is positive recurrent and C; = {1,2,---} is transient. We wish to calculate the
absorption probability a; = fip. Such a chain may serve as a model for the size of a population,
recorded each time it changes, p; being the probability that we get a birth before a death in a
population of size 1.
o = P41 + g1

and

pi(aip1 — i) = qi(o — 1)
Thus,

K3
Q41 = 1-— Zﬂlequ(l - 041)
k=0 P;

There are two different cases:

HIEA=>72, H?:l% = 00, then a1 =1 and a; =1 for all 7 > 0.

(i) If A=Y II* ;% < o0, then 1 —a; = & and

J=1p;
7 k9
ZkZO Hj=1 D;

N0 17k 40
> ko My P

so the population survives with positive probability.

I —aiy1 =

10



1.6 Exercise

Problem 1 Show that the relation < is transitive
Problem 2 Show that for every Markov chain with countably many state,

1 <& fii
Iim — sz(;n) =24
n—,oo N, 1 /,L]

(Hint: p” = 7 1" P p(k) ).

Problem 3 Consider an irreducible chain with {0,1,---}. A necessary and sufficient condition for
the chain to be transient is the system v = Pu (u; = > jes piju;) has a bounded solution such that
u; 18 not a constant solution.

Problem 4 Complete the Example 5.

Problem 5 Consider a Markov chain with S = {0, 1,---} and transition probabilities:

pi>0, Jj=1+1
r; >0, j=1

q; > 0, j=1—1
0 otherwise

Pij =

Let v, = szlg—i, n>1.
(1) Show that the chain is transient if and only if } v, < oo and the chain is recurrent if and only
if Y yp = o0.

1

(2) Show that the chain is positive recurrent if and only if } -~ < oo and the chain is null

recurrent if and only if > ﬁ = 00.
Problem 6 Classify the states of a Markov chain

Y

I
o o
o OQ
" o o
Qo O

where p+g=1and p >0, ¢ > 0.

2 Continuous time Markov Chain

A continuous-time Markov process (CTMC) is a stochastic process {X;, ¢t > 0} that satisfies the
Markov property and takes values from a set S called the state space; it is the continuous-time
version of a Markov chain. For s >t

P(Xs = jlo(Xy)) = P(Xs = j|F),

where {F;, t > 0} is an increasing family of o algebras, X; is F; measurable and o(X;) is the
o algebra generated by the random variable X;. In effect, the state of the process at time s is
conditionally independent of the history of the process before time ¢, given the state of the process
at time t. The process is characterized by ”transition rates” ¢;; between states, i.e., ¢;; (for i # j)
measures how quickly that ¢ — j transition happens. Precisely, after a tiny amount of time h, the
probability the state is now at j is given by

P(Xin = j|lXe =1i) = qijh +o(h), i# 3],

11



where o(h) implies that # — 0 as h — 07. Hence, over a sufficiently small interval of time,

the probability of a particular transition (between different states) is roughly proportional to the
duration of that interval. The ¢;; are called transition rates because if we have a large ensemble of
n systems in state 4, they will switch over to state j at an average rate of ng;; until n decreases
appreciably.

The transition rates g;; are given as the ij-th elements of the transition rate matrix Q). As
the transition rate matrix contains rates, the rate of departing from one state to arrive at another
should be positive, and the rate that the system remains in a state should be negative. The rates
for a given state should sum to zero, yielding the diagonal elements to be

Qii = — Z qij-
J#i

With this notation, if let
Pij(h) = P(X), = j|Xo = i)

be the transition probability, then

The transition probability satisfies the semigroup property
P(t+s)= P(t)P(s) for t, s > 0 with P(0) =1

Thus,
P(t+h)=P(t)=(P(h)—I1)P(t), P(t—h)—P(t)=(I—P(h)P(t—h)

for t > 0, h > 0 and hence

P(1) = tim 20F TT) —PU) _ op).

T—0

Since ot
-1
lim & =Q,

t—0t+ t

where e®? is the matrix exponential defined by
Qt _ v Nk
=2 e
k=0

we obtain
P(t) = e,

i.e., @ is the generator of P(t). Thus, letting p;(t) = P(X; = j), the evolution of a continuous-time
Markov process is given by the first-order differential equation

%P(t) =p(t)Q, p(0)=m = initial distribution

The probability that no transition happens in some time r > 0 is

P(Xg=i,Vse(tt+r)|X,=i)=e 4"

12



That is, the probability distribution of the waiting time until the first transition is an exponen-
tial distribution with rate parameter ¢; = —g¢;;, and continuous-time Markov processes are thus
memoryless processes. Letting 7,, denote the time at which the n-th change of state (transition)
occurs, we see that Y, = X o the state right after the n-th transition, defines the underlying
discrete-time Markov chain, called the embedded Markov chain. Y,, keeps track, consecutively, of
the states visited right after each transition, and moves from state to state according to the one-step
transition probabilities m;; = P (Y41 = j|Y, = ¢). This transition matrix {m;;}, together with the
waiting-time rates ¢;, completely determines the CTMC, i.e.

Qij = qiTj for all j 75 7.

Hence,
Q:A(H_I)v A:dlag(QO7QI7)

Example (Poisson counting process) Let N;, t > be the counting process for a Poisson process
at rate A\. Then N; forms a CTMC with S = {0,1,2,---} and ¢; ; = A for j =i+ 1, otherwise 0,
i.e. w41 = 1. This process is characterized by a rate parameter A, also known as intensity, such
that the number of events in time interval (¢,¢ + 7] follows a Poisson distribution with associated
parameter At, i.e.,

—AT A k
P(NHT—Nt:k:):ek(lT) k=0.1,....
where k& is the number of jumps during (¢,¢ 4 7]. That is,
—AT k
e~ (AT)
Plr) = =5

satisfies
d

@pk(t) = —Apr(t) + Apr_1(t)

and thus %p(t) = @Qp(t). The increment Ny ; — N; is independent of F; and the gaps 71,79, -
between successive jumps are independent and identically distributed with exponential distribution;

P(r;>t)=P(N(t)=0)=e, t>0.

Thus, a concrete construction of a Poisson process can be done as follows. Consider a sequence
{Tn, m > 1} be i.i.d. random variables with exponential law of parameter \. Set Tp = 0 and for
n>1,T,=m+---+ 7, Note that lim, ,,,T;, = 1 almost surely, because by the strong law of

large numbers

T 1
lim — =FE(r) = <

n—oo M A

Ny, t > 0 be the arrival process associated with the interarrival times T},. That is

=> nI{T, <t < Th}. (2.1)
n=0

The characteristic function of NV is given by
[e.e]

E(eiNtf) — Z einﬁe—)\t ()\t)n — e)\t(eif_l)

n!
n=0
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Thus,
E(Ny) = At.

and A\ is the expected number of arrivals in an interval of unit length, or in other words, is the
arrival rate. On the other hand, the expect time until a new arrival is %

Var(Ny) = M

and thus
E(IN; = NoJ) = Mt — s + (A|t — s])°

The Poisson process is continuous in mean of order 2 but the sample paths of the Poisson process
are discontinuous with jumps of size 1.

Example (Sum of Poisson processes) Let {L;, t > 0} and {M;, t > 0} be two independent
Poisson processes with respective rates A and p. The process Ny = Ly 4+ M, is a Poisson process of
rate A + p.

Proof: Clearly, the process N:has independent increments and Ny = 0. Then, it suces to show
that for each 0 < s < t, the random variable Ny — N, has a Poisson distribution of parameter

A+ )t - s).

P(N; = Ny=n)=Y P(Ly— L=k, My — My =n—k)
k=0

_ zn: A=) Al — 8))k6—y(t—s) (u(t — )" " _ o~ Ot (t—s) (A + p)(t = 5))"
— k! (n—k)! n! '

Example (Compounded Poisson process) Let {X,,, n > 0} be a Markov chain with transition
probability IT and define the continuous Markov chain X; by

Xt = XNt
Then,
[e.e]
j ; e ADF
Pt = P = 0 =) = 3o 0
k=0

or equivalently
P(t) = Z oM (At)kl—[k _ AN _ 0
= ) = =
=0

where @ = X (Il — I) is the generator of Xj.

In general, the construction of a continuous-time Markov chain with generator () and initial
distribution 7 is as follows. Consider a discrete-time Markov chain X,,, n > 0 with initial distribu-
tion 7 and transition matrix II. The stochastic process { Xy, ¢ > 0} will visit successively the sates
Yo, Y1,Ys, -+ starting from Xo = Y. Denote by Hy,,---,Hy, , the holding times in the state
Y. We assume the holding times Hy;, --- , Hy, , are independent exponential random variables of
parameters ¢y, - ,qy, ,, i.e., for j € S

P(H; >t)=e %" t>0.
Let T,, = HY() + -+ Hyn71 and

X =Y,, for T,, <t < Tn+1

14



The random time -
C=) Hy,
n=0

is called the explosion time. We say that the Markov chain X; is not explosive if P(¢ = o0) = 1.
Let {X;, t > 0} be an irreducible continuous-time Markov chain with generator . The

following statements are equivalent:

(i) The jump chain IT is positive recurrent.

(ii) @ is not explosive and has an invariant distribution .

Moreover, under these assumptions, we have

. 1
limp;j(t) = — as t — oo,
qj kg

where p; = E(7|Xo = j) = E(7j5) is the expected return time to the state j.

2.1 Explosion

When a state space S is infinite, it can happen that the process, through successive jumps, moves
to state that have the shorter waiting time , i.e. have larger jump rates ¢;. The waiting time at
state ¢ has the expected value E(7;) = %.

Example (Birth process) A birth process {X;, ¢t > 0} as generalization of the Poisson process
in which the parameter X is allowed to depend on the current state of the process. The data for
a birth process consist of birth rates ¢; > 0, where ¢ > 0. Then, a birth process {X;, ¢t > 0} is a

continuous time Markov chain with state-space S = {0,1,2,---} and generator Q:
Gii = —Q, qij;=¢ for j=1, g¢;; =0, otherwise.

That is, conditional on Xg = ¢, the holding times H;, H;11, - - - are independent exponential random
variables of parameters ¢;,q;11, -+, respectively, and the jump chain is given by Y, = i + n.
Concerning the explosion time, two cases are possible:

: 1

(i) If 3222, 5 <00, (< ooas.

(ii) If 3272, qij =00, ( = 00 a.8.

In fact, if Z;io q% < 00, by the monotone convergence theory

o0 [e.e]
. ) 1
E(C|X0=1):E(ZTMX0=Z)=Z < 00,
n=0 j=o Liti

( <ooas. If Z;io q%ﬂ = oo, then H;’-‘;O(l + ﬁ) = oo and since 7; is independent,

-1
E(e™ 2n=0™) = I (e ™) = 122, (1 - > =0,
Gi+j
SO Y o7 (T = 00 a.S..

Particular case (Simple birth process): Consider a population in which each individual gives
birth after an exponential time of parameter A, all independently. If ¢ individuals are present then
the first birth will occur after an exponential time of parameter ¢A. Then we have ¢ + 1 individuals
and, by the memoryless property, the process begins afresh. Then the size of the population
performs a birth process with rates ¢; = ¢\, ¢ > 1. Suppose Xy = 1. Note that ) .2, % = 00, SO

15



¢ = oo a.s. and there is no explosion in finite time. However, the mean population size growths
exponentially: E(X;) = e*: Indeed, let 7 be the time of the first birth. Then if we let u(t) = E(X;),
then

wu(t) = E(X I{r <t})+ E(XI{r >t}) = /Ot 2Xe M u(t —s)ds + e

By letting » =t — s we have
t
Mu(t) =1+ 2)\/ N p(r) dr
0

and thus p(t) = M.
For the birth process with ¢; = (i + 1)? is explosive since

1

2;@+JP<<W'

With bounded ¢; the birth process is not explosive. If ¢; > 0 is not bounded, the @ is no longer
bounded.
Theorem (Explosive) The Markov chain corresponding to the transition rate matrix @) starting
from 7 explodes in finite time if and only if there exists a nonnegative bounded sequence with U; > 0
that satisfies

> " qiUj > o U for all i,

for some o > 0.
Theorem (Non Explosive) If for some o > 0, there exists a nonnegative U on S that satisfies

ZqijUj < O‘Ui for all i,

and U; — oo as ¢; — oo, then the chain is not explosive.

2.2 Invariant distribution

A probability distribution (or, more generally, a measure) 7 on the state space S is said to be
invariant for a continuous-time Markov chain {X;, ¢ > 0} if 7P(t) = 7 for all ¢t > 0. If we
choose an invariant distribution 7 as initial distribution of the Markov chain {X;, ¢ > 0}, then the
distribution of is 7 for all ¢ > 0. If {X;, ¢ > 0} is a continuous-time Markov chain irreducible and
recurrent (that is, the associated jump matrix II is recurrent) with generator @), then, a measure 7
is invariant if and only if

mQ =0,

and there is a unique (up to multiplication by constants) solution 7 which is strictly positive. On
the other hand, if we set a; = ¢;mj, then it is equivalent to say that « is invariant for the jump
matrix II. In fact, we have o(II — I) if and only if 7Q) = 0.

That is, to find the stationary probability distribution vector, we must next find a such that

a(l —1II) =0,
with « being a row vector, such that all elements in « are greater than 0 and ) jes@j = 1. From
this, 7 may be found as
@y
T = —=
45

and normalize 7 so that ) m; = 1.

16



A CTMC is called positive recurrent if it is irreducible and all states are positive recurrent. We
define the limiting probabilities for the CTMC as the long-run proportion of time the chain spends

in each state j € S:
t

1
Pj=lim - | I{X,=j|Xo=1i)ds, w.p.l.,
0

t—oo t

which after taking expected values yields

1
P; = tlgélo s P;i(s) ds.
When each P; exists and ) P; = 1, then P = (P}, j € S) (as a row vector) is called the limiting
(or stationary) distribution for the Markov chain.
Proposition 1 If X; is a positive recurrent CTMC, then the limiting probability distribution P
exists, is unique, and is given by

E(Hj) 1
P; = = .

E(rj5)  4E(755)
In words: The long-run proportion of time the chain spends in state j equals the expected amount
of time spent in state j during a cycle divided by the expected cycle length (between visits to state
J)”. Moreover, the stronger mode of convergence (weak convergence) holds: P; = lim;_0Pij(t).
Finally, if the chain is either null recurrent or transient, then P; = 0, j € S, no limiting distribution
exists.
Example (Birth-Death process) A birth-death chain is a continuous time Markov chain with
state space S = {0,1,2,---} (representing population size) and transition rates:

Qiit1 = Niy  Qii—1 = Wiy  Qii = —Ni — [

with pg = 0. Thus,
i

i+ i

Tiitl = Pis Tii—1=1—p; withp; =

The matrix IT is irreducible. Notice that

Sl

Ai + i

is the expected time spent in state i. A necessary and sufficient condition for non explosion is then

On the other hand, equation 7@Q) = 0 satisfied by invariant measures leads to the system
M1 = AT
AoTo + peme = (A1 + p1)m
Ni—1Ti—1 + pip1 i1 = (N + pg)mi, 4> 2.

So, m; is an equilibrium if and only if

NiTi = it 1Ti41
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and

7 H§€ 1())\k 0
Hence, an invariant distribution exists if and only if
Hz 1
c =
2T <
and the invariant distribution is
1 I\,
770—1+Ca Ty = Hl i 70
2.3 Dynkin’s formula
Let 74 is the exit time from A;
TA=1inf{t > 0: X, ¢ A}.
Theorem For A > 0 the function
Ui = E(e ™ f(x,,)| X0 = 1) (2.2)
is the unique solution to
(QU); =AU;, €A, U= f(i), i¢ A (2.3)

Proof: First, note that if i ¢ A, then 74 = 0 and U; = f;. Since 4 (e MP(t)) = (Q — AI)e M P(t),

t
MP(t) =1+ / e M P(s)(Q — M) ds
0
Thus .
My = e Mf(Xy) — f(i) — / e M(Q— M) f(X,)ds isa martingale (2.4)
0

with respect (2, F;, P). In fact, t > s

Ei(Mt - Ms|f5) = eiAsEi(eiA(tis)f(Xt) - f(Xs) - /t 67)\(078) (Q - )\I)f(XO') da‘fs)

s

MMy ) (X — F(X,) — / NP0~ 5)(Q — ADF(X,) do =0,

where we used

E'(f(Xo)|Fs) = P(t - 5) f(Xo).

Thus, by the optional sampling theorem E(M,) = E(M;) = 0 for a stooping time 7 > 0 and we
have

E(e ™ ¢(X,)|Xo = 1) = (i) + E(/OT e Q- ADp(X,)ds| Xg = i). (2.5)
Suppose U satisfies (2.3), letting ¢ = U and 7 = 74,

E(e™U(xr,)| Xo=1)—U; =0,

18



which implies (2.2) holds.
Remark (1) Equation

)\Uj — (QU)] = gj, jeA U= f(Z), 1 € A. (26)

has the unique solution of the form
TA
Ui = E(e ™ f(xr,) +/ e g(Xs) ds| Xo = i)
0

(2) If A =0 it is required that P(74 < c0) = 1.
(3) If U satisfies (QU); =1, j € Aand U; =0 for i ¢ A, then

E(talXo = j) = U;

2.4 Excises

Problem 1 Show that
E(Ny) =Xt and Var(Ny) = At.

Problem 2 The process defined by (2.1) is the Poisson process.

Problem 3 Construct a binary S = {0, 1} continuous time Markov processes.

Problem 4 Let {L¢, t > 0} and {M;, t > 0} be two independent Poisson processes with respective
rates A and p. Show that the process X; = L; — M; is a continuous time Markov chain on
S = {integers} and find its generator. Let P,(t) = P(X; = n|Xo = 0). Show that

Z Pn(t)z" _ e*()\Jr,u)te)\ztﬁuz_lt’ |Z| #£0

and
E(X) ==t E(Xi2) = O+ )t + (A — p)* 2.

3 Markov Process

Let (S,B) be a measurable space. A discrete time Markov process {X,,, n > 0} is fully described
by the one step transition probability II(z, A) defined for x € S and A € B, which is a probability

measure on (S, 5) and
II(x,A) = P(X; € Al Xy = x).

The multistep transition probability {II™ (z, A)} are determined by

(e, 4) = [ 100, A dy).
S
The, they satisfies the Chapman-Kolmogorov equations;
1, 4) = [ 1) (g DN (o, dy).
S

In the continuous time Markov process {X;, ¢ > 0} we use the transition probabilities p(t, x, A)
defined for ¢t > 0, x € S and A € B which is defined by

p(t,z, A) = P(X: € Al Xy = x).
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They satisfy the Chapman-Kolmogorov equations

p(t+ 5,7, A) = /5 p(s, 9, A)p(t, z, dy).

Given transition probabilities, we define a consistent family of finite dimensional distributions on
(0, F, P) by

Fiy oot (Buxe--xBy) = / / / p(t1, a, dy )p(ta—tr g, dys) - Dltn—tots ynors dyn) (3.1)
B J Ba n

for the cylinder set, given arbitrary 0 < ¢; < --- < t,, and B; € B. It reflects the fact that the
increments Xy, — Xy, |, 1 < j < n are independent random variables. Conversely, such a consistent
family of finite distributions by the Kolmogorov extension theory there exists a Markov process w;

which satisfies

n
P(ﬂ{wt]‘ € Bj}) = Ftlf“,tn(Bl X X Bn)
j=1

Suppose {Y,, n > 1} is i.i.d. random variables with distribution . Let S, = Y1 +--- 4+ Y,
and N; is a Poisson process. We define s compound process X; = Sy,. Such a process inherits
the independent increment property from N;. The distribution of any increment X, — X; is that
of Xy, and determined by the distribution of S,, where n is random variable and has a Poisson
distribution with parameter At;

Q)" = e MM = At@=1) _ extfs(ei@»ﬂ—l)da(m)’

E(ei(ﬁ,Xt)) — Z e—)\t ()‘Tf')n
n=0 ’

where

E('&Xi=1 Y0y = B(p_, ' E)) = a(6)",  a(¢) = / e do(z).
S

In other words X; has an infinitely divisible distribution with a Levy measure given by Ata(x). If

we let M = Aa, we have .
E(ei(g’Xt)) — ot 58T =1)dM () (3.2)

3.1 Infinite number of small jumps

A Poisson process cannot have an infinite number of jumps in a finite interval. But if we consider
compounded Poisson processes we can, in principle by adding an infinite number of small jumps
obtain a finite sum. That is, let {X(¢)} be a family of mutually independent compounded Poisson
process with My = A\ o and

Xp=> Xi(t)
k

If the sum exists then it is a process with independent increments. We may center these process
with suitable constants aj t and we define

Xt = Z(Xk(t) — ag t)

k

We assume
3 / M (z) < 00 (3.3)
L |z|>1
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and

Z/H 1$2 dMy(z) < o0 (3.4)
kol

We decompose My, as My, = M,gl) + M,£2) corresponding to jump of sizes |z| < and |z| > 1. From

M@ — ZMIEZ)

k

sums to a finite mesures and the corresponding process
x® = Z X

exits. Since

ZP sup [ Xp(s)] #0) < (1= e M0y < 3P (R) < o0
k

0<s<t L

it follows from Borel-Cantelli lemma, in any finite interval the sum is almost surely a finite sum.
For the convergence of ), X,gl)(t) we let ap = fl$|<1 x dMp(x) and we have

B(|X(t) — axt]?) = t/| _ P AM)

From (3.4) and the two series theorem

> (X(t) — axt)

k

(1)

converges to X, . A simple applications of Doob’s inequality shows that in fact a.s. uniformly
converges in finite time interval, i.e., define the tail

Tu(t) = Y (X7 (8) — axt).

k>n
Since E(X,gl)(t) —agt) =0, T,(t) is a martingale and by the Doob’s martingale inequality

P( sup \5)fmcl(52ZV )—akt)—>0asn—>oo.

0<s<t k>n

If we now reassemble the pieces we obtain

E(eiéXt) _ etﬁﬂsl(ei&w_l—ifI)dM($)+t,ﬂx\>1(ei§w_1) d]W(iU)7 (35)

which is the Levy-Kintchine representation of infinitely divisible distributions except for the missing
Brownian motion term.
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3.2 Feller semigroup

Let B(S) be the Banach space of all essentially bounded functions f(x) : S — R with the norm

|floo = sup|f(z)]

zeS

Define a family of bounded linear operators {T'(¢), ¢t > 0} in L(B(S)) by

/ Fp(t, o dy) = B (F(X2).

where

E*(f(X1) = E(f(X¢)| X0 = z)

The collection of {T'(t), t > 0} has the properties

(1) T'(t) maps nonnegative function on (.S, B) into nonnegative functions.
(2) |T(t)floo < |floo for all f € X and T'(¢)1 = 1. Thus, | T(¢)|| = 1.

(3) T(0)=1,T(t+s)=T(t)T(s) (semigroup property) for ¢, s > 0.

Let Cp(S) denote the space of all real-valued continuous functions on S that vanish at infinity,
equipped with the sup-norm |f| = |f|s. A Feller semigroup on Cy(S) is a collection {T'(¢), t > 0}
of positive linear operators from Cy(S) to itself such that
(1) |T(t)f] < |f| for all t >0,

(2) the semigroup property: T'(t + s) = T(t)T(s) for all s, t >0,
(3) limy_,o+ |T'(¢) f — f| = 0 for every f in Cy(s)) (strongly continuity at 0).

Thus, we let X be the subspace of B(S) such that

X ={f € B(S): lim [T(1)] - f] - 0}

and the collection {T'(t), ¢t > 0} forms the strongly continuous semigroup on X.
Let {X,, n > 0} be a discrete time Markov process with transition probability II(x, A). Define
the bounded linear operator in X by

/f (. dy) = B(f(X1)|Xo = )

Define a continuous time Markov process by X; = Xy,. Then,

o

T =3 M ()\;') " — MII-D) _ At

where A = \(II - I).
In general we define the infinitesimal A of {T'(¢), t > 0} by

TH)f - f
= — 1 _—
Af == Jim =
with domain T
dom(A)={fe X :s— lir51+ (t){_f exists}.
t—

If {X:, t > 0} is Markov process with stationary increments then we have a convolution
semigroup

(T(t) f)(x) = /S F,y) peldy),
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where s = pt * ps for £, s > 0 and

muaAw3é14x+wux@>

Then,
Af = s— 1im S =T

t—0+ t

Theorem (Cp-semigroup) Let u(t) =T(t)f = E*(f(Xy)).
(D) Ifu(t)=T(t)f € C(0,T;X) for every f € X.
(2) If f € dom (A), then u € C1(0,T; X) N C(0,T;dom(A)) and

d
Ju(t) = Au(t) = AT(1)[.

(3) The infinitesimal generator A is closed and densely defined. For f € X

t
T f—f :A/ T(s)fds.
0
(4) A > 0 the resolvent is given by
(AT— AL = / e (5) ds
0

with estimate
A=A <

Proof: (1) follows from the semigroup property and the fact that for h > 0
u(t+h) —u(t) = (T(h) - DT(t)f

and fort —h >0
u(t—h) —u(t) =Tt —h) (I —-T(h))f.

Thus, x € C(0,T; X) follows from the strong continuity of S(¢) at ¢t = 0.
(2)-(3) Moreover,
u(t+h) —u(t Th)—1 Th)f —
(G0 ) T =Ly TS =

and thus T'(t)f € don(A) and

u(t+h) —u(t)

hi%l+ 0 = AT(t)f = Au(t).
Similarly,
cout—h) —u) T(h)f—f
T

Hence, for f € dom(A)

T(t)f—f—/o T(s)Afds—/O AT(s)fds-A/O T(s)f ds
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If f, € don(A) — f and Af, — y in X, we have

T(t)f - f = /0 T(s)yds

Since

1 t
lim / T(s)yds =y
0

t—0t+ T

f € dom(A) and y = Af and hence A is closed. Since A is closed it follows from (3.9) that for
feX

/Ot T(s)f ds € dom(A)

and (3.6) holds. For f € X let

fn= ilz/oh T(s)fds € dom(A)

Since fr — f as h — 0%, dom(A) is dense in X.
(4) For A > 0 define R; € L(X) by

t
Rt:/ e T (s) ds.
0

Since A — A1 is the infinitesimal generator of the semigroup e *T'(t), from (3.6)
AN —A)Rif =f—eMT(t)f — fast — oo.
Since A is closed and |e ™T'(t)| — 0 as t — oo, we have R = lim,_,, R; satisfies
(M — ARS = f.

Conversely, for f € dom(A)

RA-ADf = /OOO eMT(s)(A— NI fds = tligloe_”T(t)f —f=—f

Hence 00
R = / e MT(s)ds = (N — A)~?
0

Since for f € X

o o0 1
RA< [T Tl < [T iglas = 111,

we have

(AT —A)7Y <<, A>0L

>| =
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3.3 Infinitesimal generator

In this section we discuss examples of Markov process and the corresponding generators.
Example (Poisson process) For a Poisson process {N;. t > 0}

Af =Afi+1) = f(@), i€S={0,1,---)
Example (Transport Process) For the shift (deterministic) process x; = ct
T(t)f = E(f(X)|Xo=12) = f(z + ct)

and
Af = c f'(x) with dom(A) = Lipschitz functions.

Example (Levy process) Consider a process that has the Levy representation

Em(eiﬁXt) — ot fR(eiﬁz—l) dM(z)eiEE

with a finite Levy measure M (dz). Then,
Af = /R(f(:c+ 2) — f(2)) dM(2). (3.10)
In fact we have for f = e® ‘
T(t)eifx — et Jr(e*—1) dM(z)ezfx
and thus

AciEr — / (EE+2) _ oin€) g ().
R

Since for any f we have f(z) = % I fe® d¢ by the inverse Fourier transform, (3.10) holds.
Example (Brownian Motion) A Brannian motion {B; ¢ > 0} is a Markov process with the
transition probability

1 _ly—al?
p(t,x, A) = e 202t dy
AN 2Tto
and
; ]. . _|1’/*I‘2 o2 2 .
Em(elth) — / elfye 202t dy:e*Tt\ﬂ ezfz
2nto JR

Thus,

o2 A . o2
(AN@) = 5 [ GO de == 1"(a) with dom(4) = CB(R)

Example (Levy-Kintchine process) For the process defined by (3.5) we have

o2

UDE) = G el @ [ )@ - ) aME [ () @) i)

z|< z|>
Example (Cauchy Process) A Cauchy process {X; t > 0} is a Markov process with the transition
probability

1 t
/)y R —

pt,z, A) = — /A P P dy

and

. 1 . ¢ .
B () = /Rezgy iy W= e Mlette
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Thus,

1

An@) =5 [ 16l e =~ [ HIZIE o wih domia) = i

In general, for the symmetric a-stable Levy process
Em(eiﬁXt) — €_t‘£|a€i£m.

Example (Gamma Process) A Gamma process {X;, ¢ > 0} is a Markov process with the
transition probability

1
A) = - —(y—z) _oo\t—1
e d) = [ e 0=y
and )
Ex(ezth) _ m Aezéxe(lzf)(yx))(y - w)tfl dy = (1 o if)ftezéaz
Thus,

(Af)(@) = — /R = L@ =@ itk dom(A) = CL(R)

T om |z — z|

3.4 Dynkin’s formula

Theorem Let f be a bounded continuous function in dom(A) and 7 be a stoping time with
E(1) < co. Then

t
My = £(X) - f0) - [ AFCX)ds

0

is a martingale with respect (2, F;, P). Proof: For t > s
t t
BT (My—M;|Fs) = Ew(f(Xt)_f(Xs)_/ Af(Xo) do|Fs) = (T(t—S)f—f(Xs)—/ T(o—s)Af(Xs)do = 0.
Remark For f € dom(A)
MF(Xy) — fla) — [i e MAf(Xs)ds for A€ R

f(Xp)exp(— fg f}](pgis)) ds) for uniformly postive f

are martingales.
The characteristic operator A, defined by

L ET[f(X)] - fl@)
(-Acf)(x) - %}52 Ez [TU]

Y

where the sets U form a sequence of open sets Uy, that decrease to the point z in the sense that

Ug+1 C Uk and ﬂ Uy = {z},
k=1

and
v =inf{t > 0|X; £ U}
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is the exit time from U for X;. dom(A.) denotes the set of all f for which this limit exists for all
x € S and all sequences {Uy}. If E*(1y) = oo for all open sets U containing z, define A.f(x) = 0.
The characteristic operator is an extension of the infinitesimal generator, i.e., dom(A) C don(.A.)
and A.f = Af for f € dom(A).

Theorem (Dynkin’s formula) Let f be a bounded continuous function in dom(.A;) and 7 be a
stoping time with E(7) < co. Then,

E(f(X,)) = f(z) + E*( / " AF(X.) ds).

3.5 Invariant measure

Let T(t)f = E*(f(Xy) = /Sf(y)p(t,:v,y) dy. Then for f € dom(A)

/f p(t,x,y)d // (s,z,y)Af(y) dy

Define the adjoint operator A* of A is defined by

[Asody= [ raoay (3.11)

for all f € dom(A). Since dom(A) is dense and there exists a unique closed linear operator A* in
X that satisfies (3.11). Thus, we have

[ ([t = )= 4 [ stsmdspsiw) dy=o

for all f € A. Since dom(A) is dense in X, it follows that

t
p(t,ﬁ,') = 6:1: +A/ p(S,f,') ds.

Or, equivalently the transition probability p satisfies the Kolmogorov forward equation
dp
ot

As we discussed in Section 4.1, if the state space S is countable, the invariant distribution 7 is
defined as

= A"p(t), p(0) = dq. (3.12)

m=7nP(t), t>0

or equivalently
Q=0
where P(t) is the transition probability matrix and @ is the transition rate matrix of the continuous

time Markov chain {X;, ¢ > 0}. For the case S is continuum (e.g. S = R) we define the invariant
measure £ (a bounded linear functional on C(5)) by

u(A) = [ plt.. 4) du(a)
for all A € B and t > 0, or equivalently

(T f) =1 f)
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for all f € C(S) and t > 0. One can state this as T'(¢t)*u = p for all t > 0 or A*u =0, i.e.,
(u, Af)y =0 for all f € dom(A).

For the Ito’s diffusion process

ap =D g hiay

and dy = ¢ dx satisfies

and thus

4 Martingale Process

In this section we consider a probability space (€2, F, P) and a nondecreasing sequence of o-fields
Fn, contained in {F,, n > 0}.

Definition A sequence of real random variables {M,,} is called a martingale with respect to the
filtration {F,,, n > 0} if

(1) For each n, M, is F,-measurable (that is, M, is adapted to the filtration F,,

(2) For each n, E(|X,|) < oo,

(3) For each n, E(M,41|F,) = My,

The sequence {M,} is called a supermartingale (or submartingale) if property (iii) is replaced by

E(Mp41|Fn) > M, (or E(M,1|Fn) < M,).

Notice that the martingale property implies that E(M,) = E(Mj) for all n. On the other hand,
condition (iii) can also be written as

E(AM,|Fn-1) =0

for all n, where AM,, = M,, — M,,_1.

Example 1 Suppose that &, are independent centered random variables (E(§;) = 0, k > 1.
Set My = 0 and M,, = & -+ &,. Then M, is a martingale with respect to the sequence of
Fon=0(&, - ,&n), n>1.

Example 2 Suppose that {&,, n > 1} are independent random variable such that P(§, = —1) =
1—p, P&, =1)=p, 0<p< 1. Then M, = (1}'%”)51+"‘+§" is a martingale with respect to the
sequence of o-fields o (&1, -+ ,&,), n > 1. In fact,

E(Mp41|Fp) = E((558)5 Myl Fo) = E((552)5) E(My| Fn) = M.

Example 3 If M, is a martingale and ¢ is a convex function such that E(|¢(M,)|) << oo for all
n then ¢(M,) is a submartingale. In fact, by Jensens inequality for the conditional expectation we
have

E(p(M11)|Fn) > o(E(Mnpy1|Fn)) = o(Mp)

In particular, if {M,} is a martingale such that E(|M,|P) < oo for all n and for some p > 1, then
|M,|P is a submartingale.
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Example 4 Suppose that {F,, n > 0} is a given filtration. We say that H,, n > 1 is a predictable
sequence of random variables if for each n, H, is F,,_i1-measurable. The martingale transform of a
martingale M,, by a predictable sequence H,, as the sequence

n—1
(H-M), =M+ > H;AM
j=1
defines a martingale.

Example 5 (Likelihood Ratios) Let {Y;,, n >} be i.i.d. random variables and let fy and f; be
probability density functions. Define the sequence of probability ratios;

fiY) (Y1) - f1(Ya)
Jo(Yo) fo(Y1) -+ fo(Yn)

and let F, = (Y, 0 <k <n). The, {X,,, n > 0} is a martingale, i.e.,

X, =

o JiYaq) o hYag)
E&n1lFn) = E(fo(YnH)Xn’]:n) B (fo( +1))Xn =
where we used
E.(fl( n+l)) fl(y)fo(y)dyzl.

fo(Ynt1) fo(y)
Example 6 (Exponential Martingale) Suppose that {Y,, n > 1} are i.i.d. random variables
with distribution N(0,02). Set My = 1, and

2
M, = eXr=1 V=%

Then, {M,,} is a nonnegative martingale. In fact
2

2 o
E(My|Fn_1) = E(€¥"™ 7 My_1|Fp_1) = E(e¥™~2)M,_y = M,,_,.

Example 7 (Martingale induced by Eigenvector of Transition Matrix) Let {Y,,, n > 0} be
a Poisson process with the transition probability P. Assume a bounded sequence f(i) > 0 satisfies

i)=Y pif(j)
J

Let X, = f(Y,) and F, = (Y, 0 < k < n). Then {X,, n > 0} is a martingale. In fact,
E(]X,|) < oo since f is bounded and

E(Xn1|Fn) = E(f(Yo1)[Fn) = E(f (Ynt1)|Yn) ZpYn,]f f(Yn) = Xn

Example 8 (Radon-Nikodym derivatives) Suppose Z be a uniformly distributed random
variable on [0, 1], define the sequence of random variables by setting
k

YTL:27

for the unique k (depending on n and Z) that satisfies

k k+1
2—”§Z< o
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That is, Y;, determines the first n bits of the binary representation of Z. Let f be a bounded
function on [0, 1] and form the finite difference quotient sequence

Xp = 2n<f(Yn +27") - f(Yn))
Then {X,,, n > 0} is a martingale. In fact,

E(Xp+1]Fn) = 2“+1E(f(Yn+1 + 27(n+1)> — [(Yng1)|Fn)
= PG+ 27 = (1) + S (S (Y +27) = f(¥a +27D)))

— (Yo 427" — f(Y) = X

where we used the fact that Z conditional on F,, has a uniform distribution [Y,,,Y,, +27") and thus
Y,,41 is equally likely to be Y, or Y;, 4+ 2~ (+1),

4.1 Doob’s decomposition

Theorem (Doob’s Decomposition) Let (X,,, F,,) be a submartingale. The, there exit a unique
Doob’s decomposition of X, such that for a martingale (M,,F,) and a predictable increasing
sequence (A, Fn—1) with Ay =0,

Xn =M, + A,.

Proof: Define .
My, = Xo+ 3754 (X; — E(X;]Fj-1))
A= Y0 (BOGIFi-1) — Xjo).

It is easy to see that (M,, A,) gives the desired decomposition. For the uniqueness, if we let
X, = M/, + Al the other decomposition, then

E( In+1 - AH}-H) = E(An-i-l - An) + (Mn-H - Mn) - ( 7/L+1 - M;:,)U:n)

and thus we have
;1—4-1 - A/n = Ap+1 — An
Since Aj, = Ay, this implies A/, = A, for all n > 1 and hence the decomposition is unique.

The Doob’s decomposition plays a key role in study of square integrable martingale (M, Fy,)),
i.e., E(M?2) < oo for all n > 0. Since {M2, n > 0} is a submartingale, from Theorem there exits

n?
a martingale m,, and a predictable increasing sequence ((M ), Fn—1) such that

Mg = mp + (M),
The sequence ((M )y, Fn—1) is called the quadratic variation of {M,} and is given by
(M) = E(AM;)?|Fj-1),
j=1
where

E((AM;)?|Fj-1) = BE(M} —2M;M; y + M} 1| F; 1) = E(M; — M} | Fj_1) = (M); — (M);

30



For k > ¢
E((My, — My)*|Fe) = E(M} — M| Fy) = E((M), — (M) | Fy).

In particular, if My = 0, then E(M2) = E(M)y.
If (X,,, Fn) and (Y,,, F,,) are square integrable martingales, we define

(XY )= H(X + )~ (X 7))

It is easy to verify that

XY, — (X,Y), is a martingale (4.1)
and for k£ > ¢
E((Xk — Xo) (Y = Yo)|Fo) = E((X, V)i — (X, Y)e| F). (4.2)
Moreover, we have
(X,Y) = S B(AX;AY[Fyy) (4.3)
j=1

In the case X, = > ;& and Y, = > ")'_, ng, where {&} and {n;} are sequences of independent
square integrable random variables with E(&) = E(n;) = 0, then

(X, V) =Y E(&n;).

Jj=1

Theorem For the martingale transform

n
(H-M), =M+ > H;AMj,
j=1

the quadratic variation is given by

(H - Mn—ZE ((HjAM;)?|Fj-1) Z!H PE(AM;PFj-1) =Y [HjPA(M);.
j=1 i

4.2 Optional Sampling

Example 9 Let {&:}, £ > 1 be an i.i.d sequence with Bernoulli random variables, P(§, = 1) =
P&, =—-1)=1—p. Let F, = o(m, -, m,) and assume the player’s stake V;, (F,_1-measurable)
at the n-th turn. Then the player’s gain X, is

Xn =Y Vil

Then, (X,,,F,)) ia martingale if p = % Consider the gambling strategy that doubles the stake
after a loos and drops out the game immediately after a win, i.e, the stakes are

oot ia= ==
10 otherwise
Then, if §; = -+ = §,—1 = —1, the total loss after n turns is > ; 2i=1 —9n _ 1. Thus, if &40 = 1,

we have
X1 =Xp+ Vo1 =—(2"=1)+2" = 1.
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Let 7 = inf{n > 1: &, = 1}. If p = 3, the the game is fair and P(7 = n) = (3)", P(t < o0) =1

and F(X;) = 1. Therefore, for a fair game, by applying this strategy, a player can in finite time
complete the game successfully in increasing his capital by one unit (E(X;) =1 > Xy = 0).

The following the basic theorem the typical case in which E(X;) = E(X() of a Markov time
T2>0.
Theorem (Optional Sampling) Let (X, F,) is a martingale (or submartingale), and 7 < 7
are stopping times. If

E(|X5]) < oo, lirginfE(|Xn|I{Ti >n}) =0, (4.4)

then
E(72|Fr) = (2)Xr and E(Xr,) = (2)E(X7).

Proof: It suffices to prove that for A € F;,,

/ X, dP = / X, dP
Aﬂ{TQZTl} Aﬂ{TQZTl}

for every A € F,,, or equivalently

/ X, dP = X,, dP, (4.5)
Bn{re>n} Bn{ra>n}

for B=AN{mn =n} and all n > 0. Since

/ X, dP = / X, dP + / E(Xps1|Fn) dP
Bn{m>n} Bn{re=n} Bn{m>n}

X,, dP + / XpiodP
BN{ma>n+1}

/Bﬂ{ngm <n+1}

.:/ X, dP+/ X, dP,
Bn{n<m<m} Bn{re>m}

/ X, dP + / X, dP = X, dP.
Bn{n<r2<m} Bn{r2>n} Bn{rz>m}

Since X, = 2X,;, — | X,n|, we have

/ X, dP = lim sup(/ XpdP — / X, dP)
Bn{m>n} m—00 Bn{me>n} Bn{me>m}

= / X, dP —lim inf/ XndP = X, dP,
Bﬂ{TQZTL} m—00 Bﬂ{7'2>m} Bﬂ{ngn}

which implies (4.5).
Example 9 (revisited)

/ X, |dP = (2" —1)P(r > n) = (2" = 1)27" — 1 as n — oc.
™>n
and condition (8.1) is violated.
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Corollary For some N > 0 such that P(1;1 < N) = P(m72 < N) = 1, condition (8.1) holds and thus
E(XT) = E(XO)

Corollary If {X,,} is uniformly integrable, then condition (8.1) holds and thus E(X;) = E(Xj).
Theorem Let {X,,} be a martingale (or submartingale) and 7 be a stopping time with respect to
Fn = 0(Xk, k <n). Suppose E(7) < oo and for all n and some constant C

E(| X1 — Xul||Fn) <C ({7 >n}, P—a.s.)

Then,
E(|X;]) <oo and E(X;)=(>)E(Xo).

Proof: Let Yo =0 and Y; = [X; — X;_1], j > 1 Then, |X;[ < >>7_,Y; and

BIX) < By =Y [ S vpar
j=0 n=0"T=" j=0

- JT=n §=0 T>3

n=0;j=0"7"" j=0n=j

Since {7 > j} =Q\ {7 < j} € Fj_1,
[ var= [ EwiFyar<crez )
T2j T2j

and thus

T

E(x.)) < B Y; < B(Xol) +C . P(r 2 j) = E(1Xo]) + C P(7) < 50

Jj=0

Moreover, if 7 > n then

3
93

and thus

/ \Xn|dP§/ > Y;dP.
T>n T>n §=0

Since E(} 7_oY;) < oo and {7 > n} | @, it follows from the Lebesgue dominated convergence
theorem that

liminf/ Xn|dP§1iminf/ Y Y;dP =0
n—00 T>n n—00 >N _]IO
Hence the theorem follows from Theorem (Optional Sampling).

Example (Wald’s identities) Let {&;, &k >} be i.i.d random variables with E(|¢x|) < oo and 7
is a stopping time with respect to F,, = (&, k < n). If E(1) < oo,

E(Y> &) =E(&)E(r)
k=1

33



If moreover E(|¢;|?) < oo, then

B & —1E&)P =VE& E(r).

k=1

In fact,
Xn =) &—nE&)

k=1
is a martingale and
E(|Xn+1 — Xo||Fn) = E(|&n1 — EG)|Fn) = E([én+1 — E(&)]) < 2E(|&1]) < oo

Thus, E(X;) = E(Xo) = 0 and the claimed identity holds.

Example (Wald’s fundamental identity) Let {{x, & >} be i.i.d random variables with and 7
is a stopping time with respect to F,, = (&, k < n). Define S, = Y70 & assume E(7) < oo
and |S,| < C, (7 > n, P —a.s.) (for example, 7 = {n > 0 : |S,| > a} for some a > 0)). Let
B(t) = E(ef1') and for some tg # 0, ¢(to) exits and ¢(ty) > 1. Then,

(95 (t0) ) = 1.
In fact, X, = eS¢ (ty) ™™ is martingale and
E(| X1 — Xal|Fn) = XpE(|e 1 (to) ™ — 1]|F) = XpE(|e" 1 (to) ™ — 1) < oo

The claimed identity follows from E(X;) = 1.

4.3 Martingale Convergence

Theorem (Doob’s Maximal Inequality) Suppose that {M,} is a submartingale. Then

1
P My > X)) < —
Op M=) = 5

E(Mn.[{rl?élx My > A\}).
Proof: Define the stopping time 7 = min{n > 0 : M,, > A} A n. Then, by the optional sampling
theory,

E(M,) > E(M;) = E(M;I{maxy<, My > A}) + E(M;I{maxy<, M} < \})

> X P(maxg<p, My > \) + E(M,I{maxg<, M} < \).

As a consequence, if {M,,} is a martingale and p > 1, applying Doobs maximal inequality to
the submartingale {|M,,|P} we obtain

P( max |M,| > \) <

1
_ p > .
oax, < /\pE(]MN| ) fooep>1, (4.6)

which is a generalization of Chebyshev inequality.
Kolmogorov’s Inequality Let {&;, k >} be i.i.d random variables with F(£;) = 0 and E(|&|?) <
o0. since S, = > p_; & is a martingale with respect to F,, = 0(&, k < n),

ES?
P Skl >€) < .
OpaxlSkl 2 € < =5
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For a <blet iy =1 and
71 =min{n > 0; X,, <a}, 7 =min{n > 7m;X, >0b}, -

Top—1 = min{n > 1,_2; Xy, <a}, 7o, =min{n > 1m,_1; X, > b}, -

Let 3, (a,b) = max{m : 1o, < n} be the upcrossing number of [a,b] by the process { X, k > 1}.
Theorem (The Martingale Convergence Theorem) If {M,,} is a submartingale such that
sup,, E(M,I') < oo, then

M, - M a.s.,

where M is an integrable random variable.
Proof: First, since

E(M,) < E(|My|) =2E(M,;) — E(M,) < 2E(M,) — E(M),

we have sup,, E(|M,|) < co. Suppose that
A = {limsup M,, > liminf M,,} and P(A) > 0.
The since
A = Ugp(limsup M,, > b > a > liminf M,, where a, b are rational numbers
for some rational numbers a, b
P({limsup M,, > b > a > liminf M, }) >0 (4.7)

Let (3, (a,b) be the number of upcrossings of (a,b) by the sequence My, -, M,.
M, —a)* < E(M;") + |al

E((
E(Bn(a,b)) < ———— < —

and thus Bt
lim (G, (a,b)) < S2Pn (M) + |al
n—o00 b —a
which contradicts to assumption (4.7). Hence lim,,_ o M,, = M exists and by Fatou’ lemma

E|M| < sup E|M,| < co
n

Example 6 (revisited) Since E(|M,|) = 1 and lim,_,. M, exists almost surely. By the law of
large number % — 0 in probability, we have lim,,_,o, M,, =0, a.s..
Theorem (P.Levy) Let £ be an integrable random variable and Fo, = (U, Fy,). Then,

E(¢|F,) — E(€|Fx) as. and in L.

Proof: Let X,, = E(¢|F,). Fora >0 and b >0

/ X, dP < / E(¢||F) dP = / € dP
{|Xn|>a} {|Xn|>a} {|Xn|>a}

/ &ldP + / &l dP
HIXn[Za}n{[]<b}} H{IXnlza}n{[¢|>b}}

< bP( X, > a) + / € dP
{1€]<b}

< ZE(|Xn|) +/

b
elap < LB(je) + / € dP
{]¢|<b} a {|€I<b}
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Letting a — oo and the b — oo in this, we have

lim sup/ | Xn|dP =0,
{IXn|za}

a—00

ie., {X,} is uniformly integrable. Thus, from Martingale Convergence theorem there exists a
random variable X such that X,, = F(¢|F,) — X a.s and in L'. For the last assertion let m > n
and A € F,. Then,

/AdePZ/AXndPZ/AE(afn)dP:/Agdp.

Since { X} is uniformly integrable, E(I4|X,, — X|) — 0 as m — oo and

/AXdP:/Agdp

for all A € F,, and thus for all A € U,F,. Since E|X| < oo and E|{| < oo the left and right hand
side of the above inequalities define o-additive measures on the algebra U,F,. By Caratheodory’s
theorem there exists the unique extension on these measures to Foo = 0(UpFy,). Thus,

/AXdPZ/AgdP:/AE(afoo)dP.

Since X is Foo-measurable, X = E({|Fx).

Corollary (Doob Martingale) A {M,} is uniformly integrable martingale if and only if there
exists an integrable random variable M such that M, = E(X|F,) for n > 1.

Proof: Since {M,} is uniformly integrable, sup, E(|M,|) < oo and M, — M in L'(Q, P) as
n — oo. Since {M,} is a martingale, for A € F,, and n > m,

/E(Mn|Fm)dP:/MmdP
A A
But, we have
/E(Mn\]-'m)dP:/MndP
A A

Hence
|/(Mm—M)dP|:|/(Mn—M)dP\g/|Mn—M|dP—>O
A A Q

/MmdP:/MdP.
A A

Corollary If (M,,F,) is submartingale, and for some p > 1 sup,, E(|M,|) < oo then there exits
an integrable random variable M such that

as n — oo and

M, = E(M|F,) and M, — M in LP.
Corollary If (M, F,) is a martingale

n

—0 P —a.s.
(M),
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Example 8 (revisited) Assume f is Lipschitz continuous,.e. |f(z) — f(y)| < L|z —y|. Then
|Xn| < L. Note that F = BJ|0,1]) = o(UpFy) there is F-measurable function g = g(x) such that
X, — g a.s. and

Xn = E(g’fn)

Thus, for B = [0, k27"

k2= k2
f(k27™) — f(0) = /0 Xpdr = /0 gdz.

Since n and k are arbitrary, we obtain

i.e., f is absolutely continuous and % f =g as.

4.4 Continuous time Martingale and Stochastic integral

Let {X;, ¢ > 0} be a continuous time stochastic process on a probabilty space (2, F,P) and
{Fi, t > 0} be a family of sub-o algebras with Fs C F; for all ¢ > s > 0. A random variable
7 > 0 is a Markov time with respect to the filteration F; if for all ¢ > 0, the event {T < t} is F;
measurable i.e., the event is completely described by the information available up to time ¢. For
continuous time process it is not sufficient to require {7 = t} is F; measurable for all ¢ > 0. If
71, T2 are Markov times, so are 71 + T2, 71 A T2 = min(71, 72) and 71 V 7 = max(7y, 72). Thus, 7 At
is a Markov time. For example, let F; = 0(Xs, s < t) of a continuous process X;. The exit time
from an open set A;
Ta=inf{t: X; ¢ A}

is a Markov process, i.e,

fretb=J () {dist(xX, A) > %}.

k=1reQ, 0<rt

In general if X; is not continuous 74 is not necessary a Markov time. Suppose t — X;(w) is
continuous from the right and has a limit from the left, i.e., X; = lim,}; and X;_ = limgy X exists
for all t > 0. Let

‘Ft+ - ﬂ fs

s>t

Then, F;+ is a o algebra, X; is F,+ and Ft' ¢ Fg+ for t < s. Next, F;+ be the smallest o algebra
containing every set in F;+ and every set A in F with P(A) = 0, i.e, it consists of all events that
are P — a.s. equivalent to events in F+. Then, for every Borel set B, the arrival time

S inf{t >0: X, € B}, X; € B forsomet>0
BT o, X: ¢ Bforallt>0,

is a Markov time with respect to Fj+.

Given a filtered probability space (€2, F, (F¢)¢>0, P), then a continuous-time stochastic process
(Xt)t>0 is a martingale (submartingale) if
(a) X; is Fy measurable for all ¢ > 0.
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(b) E(X;") < .
(c) Xy = (>)E(X|Fs) forall t > s > 0.
Both the martingale optional sampling and convergence theorems hold for continuous time, i.e.,

E(Xo) < E(X7at) < E(Xy)

for all Markov times 7. Here, the inequalities for a submartingale and the equalities for a martingale.
If P(T < 00) =1 then P—a.s.
Xont =+ Xrast — o0,

Theorem (Optional Sampling) Let {X;, ¢t > 0} be a martingale (submartingale) and 7 is a
Markov time with respect to ;. If P(7 < 00) and the random variables { X, , t > 0} are uniformly
integrable, then E(xg) = (<)E(X;).
Corollary Let {X;, t > 0} is a martingale and 7 is a Markov time with respect to F;. If P(7 < o0)
and E(sup;sq | X¢,t > 0} < oo, then E(zo) = E(X,).

We use these results to derive a number of important proprieties of the Brownian motion in
Chapter 7.
Example (Poisson Process) If {Ny, ¢t > 0} is a Poisson process with parameter A, then

Ny —At, (Ny— A2 —At, e fNtx-—e) (4.8)

are martingales with respect to F; = 0(Ns, s < t). Let a is a positive integer and 7, = inf{t > 0 :
Ny > a} starting from Ny = 0. With the observation N, = a, we have

)\ a
a=\E(1,), E(A7q —a)?)=\E(1,) = a, E(efﬁm) =l = (W) (4.9)
where § = —A (1 — e~%). The last equation is the Laplace transform of 7, and it shows that 7, has

a gamma distribution with parameters a and .
Example (Birth Processes) Let {X;. ¢ > 0} be a pure birth process having the birth rate A(7)
for ¢ > 0. If X; = 0 then

t t
V= Xi— [ A s, V= RO A
0

are martingales with respect to F; = o(X;, s <1t).

Lemma 2.2 Suppose M, is almost surely continuous martingale with respect to (2, 7, P) and Ay
is a progressively measurable function, which is almost surely continuous and of bounded variation
in t. Then, under the assumption that supg<,<; |Ms|Varp gA(-,w) is integrable,

t
MtAt — M()AQ — / M(S) dA(S)
0

is a martingale.
Proof: The main step is to see why

t
E(MA; — MyAy — / M, dAy) =0
0
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Then the same argument, repeated conditionally will prove the martingale property.

E(MAy — MoAg) = lim Y " E(My, Ay, — My, Ay,_,)
j

= limz E(E((Mtj - Mtj_l)Atj_l ‘th—l) + Mtj (Atj - Atj—1))
J

t
=lim Y BE(M, (A, — Ay,_,) = E/O My dA,.
J

where the assumption and the dominated convergence theorem. [

For
My = f(Xy) — f(Xo) — [y Af(Xs)ds
_ [t Af(Xs) ds
At =€ 0 f(Xs)
we have
_ft AF(Xs) g
f(Xi)e 7o 76 (4.10)

is a martingale if f is uniformly positive. In fact
t
M Ay — MoAy — / MsdAs = f(Xy)Ar — f(Xo)Ao. (4.11)
0

4.5 Stochastic Integral with respect to Martingale Process

Let (2, F,P) be the probability space and F; be the right continuous increasing family of sub
o algebras (i.e. Fy = Ng>t Fs). Let M is a right continuous square integrable martingale. The
process X; is predictable if measurable with respect to the o-algebra F;- for each time t. Every
process that is left continuous is a predictable process. For every square integrable F; adapted
process there exists a predictable ® € Ly such that ® is a modification of ®. For example, we may
take

- 1 [t
& (w) = limsup — / D (w)ds.
h—0+ t—h

One can define the stochastic integral
t
X = / HdM;, (4.12)
0

where {M;, t > 0} is a square integrable martingale and {H;, ¢ > 0} is a predictable process.
Definition Let £y be the set of bounded adapted process such that

H; = Hj on [tj,t;41) and Hj is F;; measurable,

with some partition P = {0 =1ty < t; < ---} of the interval [0,T]. For H; € Ly

E
—_

X, =I(H)) =S H;(M,,, — M)+ Hy, (M, — M,,). (4.13)

1 3

<
I
o
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As the discrete time case, we define the quadratic variation of {M;, ¢t > 0} by
E(<M>t - <M>S|-’r8) = E((Mt - MS)2|.7:5),

then
| My|* — (M),

is a martingale and (M), is naturally increasing predictable process. We can complete a space of
predictable process by the norm
T
|1 aon.
0

and the completion is called L?((M)). Note that I is a linear operator on the subspace Lo of simple
predictable process of L?({M)) and it follows from Theorem for the martingale transform that

= [ aon,
ia martingale and .
(0 = [ j aga..
Proposition 1 The stochastic integral fot fsdMy for f € Ly is a square integrable martingale and

satisfies . .
<fo [s dMS>t = fo ff d<M>s

E[| [y fo dM?] = B[fy f2 d(M)s] = || /11>

Proof: For t > s (without loss of generality) we assume that ¢, belong to the partition P.

t
B( [ fr Mo PIF) = 30 BB (i = M P11

+2 ZE ftkfte Mtk+1 Mtk)(Mt[+l - Mt[)|‘7:tz)|]:8)'

k>0
Here ) ) ) )
E([fti(Mtz‘+1 - Mti) |‘Ft7,) = ftiE((Mtz‘Jrl - Mti) |ft7,)
= ftQ,LE(Mt2»L+1 - Mt2¢|Fti) = ft%-E(<M>ti+1 - <M>tz’ftz)
and

E(ftkftZ(Mtk+1 - Mtk)(Mt£+1 - Mte)’]:%e) = E(ftkfteE(Mtk+l - Mtk|]:tk)(Mte+1 - Mte)|]:te) =0
Thus,

E(I/ fo dMy[*|Fs) = Z E(fEE[(M), — (M| Fs) = E(/ |fol? d(M) 4| Fy).

which implies the claim. [
Definition For H € L?({M))

t t
/ HydM, =lim X} = lim / H™ dM,
0 0
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where H* € Lo and ||[H™ — H|| — 0 as n — oo. From Proposition 1
E[IX7 - X7 = ||H" — H™|]”
and by the martingale inequality

E( sup |X7—X°) <4B(IXp - X7'%).
0<s<T
Since Lo is dense in L2({M)) there exits a unique limit X; of X}* in L2((M)) and X*, 0 <t < T
has a subsequence that converges uniformly a.s. to X; (pathwise). Thus, the limit ;, 0 <¢ < T
defines the stochastic integral fg fsdM; and is right continuous. That is, I is a bounded linear

operator on Ly and since Lo is dense in L?((M)) the stochastic integral (4.12) is the extension of
(4.13) on L2({M)).

t
X2 / HL? (M),
0

is again a martingale after the extension.

Remark (1) If M; is continuous, then it is not necessary to assume that F; is right continuous. If
we let Fi+ = Ng>yFs. Then if M, is an F; continuous martingale, M, is also an F,+ martingale.
The corresponding natural increasing process (M), is Fi+ adapted, but since (M), is continuous
(M), is F; adapted. Hence M? — (M), is an JF; continuous martingale.

(2) If M, is continuous, then it is not necessary to assume that ®; is predictable, and f O, dM; is
a continuous J; martingale for ®; is a square integrable F; adapted process.

(3) L?({M)) is a Hilbert space with inner product

T
(f.9) = B / fuge d(M),).

If the original martingale M; is almost surely continuous and so is X;. This is obvious if Hy is
simple by (4.13) and follows from the Doob’s martingale inequality for general. That is,

1
P( sup X" = X7 >¢€) < 5|[H™ - H"||.
0<s<T €

Choose a sequence ny such that

P( sup X'~ XJ| > 27%) <27
0<s<T

and thus -
> P(sup [XI - X% > 27F) < oo

0<s<T

By Borel-Cantelli lemma

P( sup |Xg* — X™| > 27F) for infinitely many k) = 0
0<s<T

So, for almost surely w, there exists k > ki(w) such that for all & > k;(w)

sup | XD — X < 27K,
0<s<T

Hence, lim X;(w) = limy_,0o X;™*(w) is continues.
Example Let M; = N; —t for Poisson process N;. Then, M; and |M;|? — t are martingales.

X = /Ot Ned My =Y N((rj)7) - /DtN(s) ds.

TjSt
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4.6 Generalized Ito’s differential rule

Let X; = Xo+ M; + A; where M, € Mz is a continuous (locally) square integrable martingale and
Ay is an continuous process of bounded variation. Then we have the Ito’s differential rule:
Theorem For f € C12([0,T] x R?)

f(X) — f(Xo) = /ftsX ds—i—Zf%sX )Xt + = Z/f%x]sX)d(M’ M),

1,j=1

Or, equivalently (increment form)

AF (6, X0) = fodt + 4+ fo (X)dX) + = 2:/j@%XﬂﬂM’MO (4.14)
t,j=1

Proof: For a positive integer n we define a stopping time 7,, by
Tn = inf{t > 0:|Xo + M| > n or |A| > n}

Then 7, — oo as n — oo a.s.. Thus, it suffices to prove the formula for X;\,, and thus without
loss of generality we can assume that |Xo + M|, |A¢| are bounded and f, fz,, fz,.; are bounded
and uniformly continuous.

Note that by the mean value theorem

n d

n d
f(Xt)_f(XO) = Z Z f$z (th)(th+1 _th + Z f:vz,crj €1J ng-kl thk)(Xth_,_l _Xijk)

k=0 1=0 k=0 i=1 j=1

N | =

By the definition of the stochastic integral the first term of RHS converges to

Z / (for (Xo) dME + £,,(X,) dAY)

The second term is a linear combination of forms

> 9(6) (M, — My, )(Nyy.,, — N,
P

Z g(gk)(Mthrl - Mtk)(Athrl - Atk)
k

Z g(gk)(AtIH-l - Atk)(ctk+1 - Ctk)

k

where M;, Ny € M§ and A;, C} are continuous process of bounded variation. Here

’Z g(fk)(MtkH - Mtk)(Atk+1 - Atk)| < ||g|| Sl;p |Mtk+1 - Mtk’At —0

as |P| — 0. In the following theorem it will be shown that the first term converges to fg 9(Xs)d{(M,N)s.
Lemma If |M;| < C for some C on [0, t], then

E[VoPl <12C* if V=) (My,, — M,)*
k=0
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Proof: It is easy to see that

|Vn’2 = Z(Mtk+1 - Mtk)4 + 2 Z(Vn - kal)(Mtk-H - Mtk)2
k=0 k=1
and .
E[(Va = Vie)|Fu) = EDY_(Meyy, — My,)*|Fy,] = E[(My — My )?|Fy,] < 4C7
i=k
Thus,
E> (Vo= Vie1)(My, ,, — My,)?] < AC?E[V,] = 4C% E[M ()] < 4C*.
k=1
Also,

n
E(Y (M, — M,)") <4C*E(V,) <4C'0
k=0
Theorem Let M; and N; be bounded continuous martingale. For a bounded uniformly continuous
function g

Z gk (Mtk+1 - Mtk)(Ntk+1 - Ntk) — /O g(XS) d<M7 N>8 in Ll(Q)'

where g, = g(Xz, + (1 — 0,)(Xt,,, — X3,) with 6 € [0, 1].
Proof: Let

I= Z Q(th) [(Mtk+1 - Mtk)(Ntk+1 - Ntk) - (<M7 N>tk+1 - <Ma N>tk)]
J = Z (gk - g(th))(Mtk+l - Mtk)(Ntk+1 - Ntk)
K = Z g(th)[(<M7 N>tk+1 - <M7 N>tk) - f(f g(XS)d<Mﬂ N>S

We show that I, J, K — 0 as |P| — 0. Clearly E[|K|] — 0 as |P| — 0. Let

Vi = Z (Mtk+1 _Mtk)2a Wy = Z (Ntk+1 _Ntk)2‘

te41<t te+1<t

Since
7] < sup gk — 9(Xe, )| (ViW)Y/2

we have from Lemma

E|J| < E[sup g, — g(X3,) )V 2EVAYVEWHY < V12C?Esup [g(&) — 9(Xi,) Y2 — 0
k k

as |P| — 0. For I let
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Then (I;, F3;) is a discrete-time martingale. Thus from the same arguments as in the proof of
Proposition 1

W Z E |g th Mtk+1 Mtk)(Ntk+1 - Ntk) - (<M7 N>tk+1 - <M’ N>tk))2

and therefore

E[IP) < 2llgl* Y Bl(Meyyy — My,)* Ny, = No)*T 420917 Y EI(M, Ny, — (M, N)g,)?].
k=0 k=0

Here

ZZ:O E[(Mtk+1 - Mtk)z(Ntk+1 - Ntk>2] < E[Squ (Mtk+1 - Mtk)Q Ek (Nt/c+1 - Ntk)Q]
< Efsup (Mj,,,, — My )] E[[Wi "]/ = 0
k
as |P| — 0. Since (M, N)s, s € [0,t] is bounded

Z E[(<M7N>tk+1 - <M7N>tk)2] < E[Sl}ip ’<M7N>
k=0

- <M7N>tkH’<M7N>”t] —0

tet1

as |P| — 0. Thus E[|I|?] — 0. O

Theorem (Ito) Suppose a continuous square integrable process X; satisfies
dX; = b(Xt) dt + U(Xt)dBt.

Then,

t t 2
) = FX0) + [ VFCE) - 000 ds o (X)dBa) + [ G, (X (G DX ds.

where a(z) = o'o. Thus,
t
Fo) = £x00) - [ Ascx
is an Fi-martingale. where {X;, ¢ > 0} is a Markov process and its generator A is given by

0 1 0?2

A = i) (g D) + 5040 (5 D)

with dom(A) = CZ(R").
Example

df (¢, By) = (fe + Af)(Bt) dt + Vf(Bt) - dBy

and thus f(¢, B;) is a martingale if and if f; + %Af =0.

Theorem (Levy) Let X; be a continuous F; adapted process. Then the followings are equivalent
(1) X; is an F;— Brownian motion.

(2) X; is a square integrable martingale and (X*, X7); = §; ; t.

Proof: It suffices to prove that

Elel 6Xe=X)| 7] = o3 [EP(t—s)
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Applying the Ito’s formula for e’ (&:X¢)

t t
ez‘@,xt)_ei(s,xs):/ (igei(f,xa),an)_;/ €[261 €X0) g

Since X; € M
t
E[/ (i€ € &%) dX )| F,] = 0.

Multiplying the both sides of this by e~* (&%) for A € F,
) 1 t )
Ble! 5% 4] = P(A) = —5 [€P [ B do.

Thus, we obtain
E[ei (6X:e—Xs) XA] = P(A) e—%|§|2(t—s) O

4.7 Semimartingale

A stochastic process {X;, t > 0} is called a semimartingale if it can be decomposed as the sum of a
local martingale and an adapted finite-variation process. Semimartingales are ”good integrators”,
forming the largest class of processes with respect to which the Ito-integral can be defined. The class
of semimartingales is quite large (including, for example, all continuously differentiable processes,
Brownian motion and Poisson processes). Submartingales and supermartingales together represent
a subset of the semimartingales. As with ordinary calculus, integration by parts is an important
result in stochastic calculus. The integration by parts formula for the Ito- integral differs from the
standard result due to the inclusion of a quadratic covariation term. This term comes from the
fact that Ito-calculus deals with processes with non-zero quadratic variation, which only occurs for
infinite variation processes (such as Brownian motion). If X and Y are semimartingales then

t t
X.Y; = XoYo + / X,_ Y, + / Y, dX,+ (X, V),
0 0

where (X,Y) is the quadratic covariance process. The result is similar to the integration by parts
theorem for the RiemannStieltjes integral but has an additional quadratic variation term.

Ito’s lemma is the version of the chain rule or change of variables formula which applies to the Ito
stochastic integral. It is one of the most powerful and frequently used theorems in stochastic calcu-
lus. For a continuous d-dimensional semimartingale X; € R? and twice continuously differentiable
function f from R? to R, it states that f(X;) is a semimartingale and,

d d

A6 = 3 S AX] + 5 3 fug (X0 d(X, X7),.

i=1 ij=1

This differs from the chain rule used in standard calculus due to the term involving the quadratic
covariation. The formula can be generalized to non-continuous semimartingales by adding a pure
jump term to ensure that the jumps of the left and right hand sides agree.
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4.8 Excises

Problem 1 Show (4.1)—(4.3).
Problem 2 If {{, k > 1} is a sequence of independent random variables with E () = 1. Show that
X, = II}_,& is a martingale with respect to F,, = o(& k < n). Consider the case P(§, = 0) =
P(& =2) = 1. Show that there is no an integrable random variable ¢ such that X,, = E(|F,).
Problem 3 Let {€;} be a sequence of independent random variables with E(&) = 0 and V (&) = o3.
Define S, = > }_, & and Fy, = 0 (&, k < n). Show the following generalization of Wald’s identities.
1f (Y, |6) < o0 then B(S;) = 0. 1t B(Y_, |6f?) < oo then B(S2) = E(Yf_, o).
Problem 4 Show (4.8) and (4.9).
Problem 5 Suppose {X,,} is a martingale satisfying some p > 1 E(|X,|?) < co. Show

(B((max [Xu))> < ~L B(Xa[")s

Orgnkagxn & “p—1 " '

Hint: E(|¢[P) = p [, P71 P(|¢] > t) dt. Now, we use the maximal inequality for the submartingale
| X0l
Problem 6 Show (4.10)-(4.11).

2
Problem 7 Show that X; = e’\Bt_% satisfies d Xy = AX; dB;. Find the generator of Xj.

5 Brownian Motion

In 1827 Robert Brown observed the complex and erratic motion of grains of pollen suspended in a
liquid. It was later discovered that such irregular motion comes from the extremely large number
of collisions of the suspended pollen grains with the molecules of the liquid. The position of a
particle at each time ¢t > 0 is a d dimensional random vector B;. The mathematical definition of a
Brownian motion is the following: Definition

Definition (Brownian motion) A stochastic process By, t > 0 is called a Brownian motion if it
satisfies the following conditions:

i) For all 0 > ¢; < --- < t, the increments By, — By, ,, - B, — By, are independent random
variables.

ii) If 0 < s < ¢, the increment B, — B; has the normal distribution N(0,t — s).

Theorem (Continuous Process) If X; is a stochastic process on (€2, F, P) satisfying

E(|X; — X,|%) < CJt — s|'*7P

for some positive constants «, 8 and C, then if necessary, X, ¢ > 0 can be modified for each t on
a set of measure zero, to obtain an equivalent version that is almost surely continuous.
For the Brownian Motion, from (ii) an elementary calculation yields

E|B; — By|* = 3|t — s|?

so that Theorem with a« =3, § =1 and C = 3 applies.

Remark (1) With probability 1 Brownian paths satisfy a Holder condition with any exponent
less than % . It is not hard to see that they do not satisfy a Holder condition with exponent %
The random variables (B; — Bs)/+/|t — s| have standard normal distributions for any interval [s, ¢]
and they are independent for disjoint intervals. We can find as many disjoint intervals as we wish
and therefore dominate the Holder constant from below by the supremum of absolute values of an
arbitrary number of independent Gaussians.
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(2) The mapping w — Bi(w) € C([0,1); R) induces a probability measure Pp which is called the
Wiener measure, on the space of continuous functions C' = C([0;1); R) equipped with its Borel-
field B(C'), generated by open balls in C. Then we can take as canonical probability space for the
Brownian motion the space (C,B(C'), Pg). In this canonical space, the random variables are the
evaluation maps: Xy(w) = w(t).

First, we will show that 22:1 ]ABk|2, ABy, = By, — By, _, converges in mean square to the
length of the interval as the length of the subdivision tends to zero;

E((XCh=1 [AB? = 1)%) = 325 ((|ABR > — Aty)(JAB,]* — Aty)

\E

(ABp — )" = 3(At)? — 2(At)? + (Aty)? =D 2(Aty)* < 2t max [Atg| = 0
k k

=
Il

1

On the other hand, the total variation, defined by V = sup > j_, |AB| over all partition 0 = ¢y <
t) < --- < t, =t, is infinite with probability one. In fact, using the continuity of the trajectories
of the Brownian motion, we have

n

n
> |ABy|? < supp|ABi| Y |ABy| <V supg|ABy| — 0
k=1 k=1

if V' < oo, which contradicts the fact that Y ;_; |ABy|? converges in mean square to .

5.1 Brownian motion and Martingale

If {B;, t > 0} is a Brownian motion and F; is the filtration generated by B, then, the processes

A2
By, |Bi|? —t and e’ =z are martingales. In fact

E(eABtJ;t‘]_-S) _ E(e)\(Bths)f%(tfs)e)\Bsfgs|]_—8) _ E(e)\(Bths)f)‘—;(tfs))e/\Bsfgs _ B s

2
Consider the stopping time 7, = inf{t > 0: B; = a} for a > 0. Since the process M; = Bt i

a martingale, F(M;) = E(My) = 1. By the Optional Stopping theorem we obtain E(M; rn) =1
for all N > 1. Note that

)\2
M, AN = eABraaN =% Ta AN < el

a

On the other hand,

lim My Ay =M, if 1, <oo, lim M, Ay =0Iif 7, = o0,
N—o0 N—o0

and the dominated convergence theorem implies E(I{7, < co}M;,) = 1, that is,
2

E(I{r, < oo}e_%”) = e,

Letting A — 07, we obtain P(7, < 0o) = 1 and consequently,

With the change of variables ’\2—2 = «a, we have
E(e™T) = ¢~ V200, (5.2)
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From this expression we can compute the distribution function of the random variable 7,;

2

P(r, <) /t“ea/%d

Ta 1) = S.
0 V2rs?

On the other hand, the expectation of 7, can be obtained by computing the derivative of (5.2) with

respect to the variable a:
ae~2Voa

E(r,e” ) = —

and letting o — 0% we obtain P(1, < o) = 1.

(3) One can use the Martingale inequality in order to estimate the probability P(supg<;|Bs| > £).
For A > 0, by Doob’s inequality

2 1
P(sup e*Ba s > A) < —.
s<t A

and thus \ \
P(Supsgt Bs > €) < P(Supggt ‘Bs - 78‘ > ¢ — Qt)

)\2 )\2 2
= P(sup |AB;s — —S] > M- "t) < e —t
s<t 2 2

Optimizing over A > 0 we obtain
2

P(supBs > 0) < e~ 5
s<t
and by symmetry

2
P(sup|By| > £) < 2e %
s<t

The estimate is not too bad because by reflection principle
2 o0 12 2 e ’y2
P(sup |Bs| > ¢) >2P(B; > () = / e 2 dr = / e 2 dy
s<t 2t J, T \L[
- t

lim P(rp <t)=1.

t—o00

and thus

In particular, the one-dimensional Brownian motion starting from 0 will get up to any level ¢ at
some time.

Theorem (Levy theorem) If P is a measure on (C|0, 1], B, P) such that P(Xo = 0) = 1 and the
the functions X; and | X;|> —t are martingales with respect to (C[0,T], B;, P) then P is the Wiener
measure.

Proof: The proof is based on the observation that a Gaussian distribution is determined by two
moments. But that the distribution is Gaussian is a consequence of the fact that the paths are
almost surely continuous and not part of our assumptions. The actual proof is carried out by
establishing that for each real number A

2
Xy(t) = X7t (5.3)

is a martingale with respect to (C[0; T; By, P). Once this is established it is elementary to compute

E(e)\(Xt*Xs)|BS) — e%(tfs) (54)
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which shows that we have a Gaussian process with independent increments with two matching
moments (0,¢—s). The proof of (5.3) is more or less the same as proving the central limit theorem.
In order to prove (5.4) we can assume with out loss of generality that s = 0 and will show that

2
BTty = 1. (5.5)
To this end let us define successively 79 = 0 and
Tht1,e = min(inf{s > 7, ¢ : | X5 — XTk’E\ > eb, b, The +€).

Then each 7, is a stopping time and eventually 7, . = ¢ by continuity of paths. The continuity of
paths also guarantees that | X — X5, | <e. We have

Tk+1,e
Xt = Z(XTIH‘LG - XTk’€)7 t = Z(Tk’+1,e - Tk,e)'
k>0 k>0

To establish (5.5) we calculate the left hand side as

A2
lim E(e20sk<n* Xrppr,e=Xn )= (er1.e=The))
n—oo

and show that it is equal to 1. Let us consider the o-algebra F, = B, _ and let

Tk, e
qk(w) = E(e)\ (XTkJrl,eiXTk,g)7(L22+5)(7—k+1,677—k,6)’fk)

where § = §(¢, \) is to be chosen later such that 0 < §(e, \) < 1 and §(e, A) — 0 as e — 0T for every
fixed A. If z and 7 are random variables bounded by € such that

E(z)=E(z*-1)=0,
then for any 0 < § <1

2 2 2
B(eM G507y < E(1+(>\z—(% +5)7’)+%()\z—(% FO)T)24+Ox (|23 +20%) < B(1—67+Cher) < 1

provided that 6 = Cye. Clearly there is a choice of d(e, \) — 0 as € — 0" such that gx(w) < 1 for
every k and almost all w. In particular, by induction

E(ezoﬁkfn>\(X7k+1,e_XTk,e)_(¥+§)(Tk+1,e_7—k,e)) <1
for every n and by Fatou’s lemma
E(e)\(Xt—Xo)—(%Q-HS)t) <1.

Since € > 0 is arbitrary we have proved one half of (5.5). To prove the other half, we note that
X,\(t) is a submartingale and from Doob’s martingale inequality we can get a tail estimate

2
P(sup | Xy —Xo| >¥) < 2¢ %,
0<s<t

Since this allows us to use the dominated convergence theorem and establish

E(eZnggn A (X7k+1’e_XTk;’E)_(g_é)(TkﬁLl,s_Tk,e)) > 1.0
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5.2 Random walks and Brownian Motion

Let & be a sequence of independent identically distributed random variables with mean 0 and
variance 1 The partial sums Sy are defined by So = 0 and S, =& +---+ & for 1 <k <n. We
define stochastic processes X, (t), t € [01] by

for 0 <k <n and for t € [E1 £]

n

Xo(t) = (nt— k + l)X(%) (k- nt)Xn(%).

Let P,, denote the distribution of the process X, (¢,w) on C[0, 1] and P the distribution of Brownian
Motion. We want to explore the sense in which lim,, , P, = P
Lemma For any finite collection 0 < t; < --- < t,;, < 1 of m sample points, the joint distribution
of (X(t1),-- X(tm)) under P, converges, as n — 00, to the corresponding distribution under P.
Proof: We are dealing here basically with the central limit theorem for sums of independent random
variables. Let us define k!, = [nt;] and the increments

7

Sk%‘ - Sk;_l
N
fori =1,---m. For each n, & are m mutually independent random variables and their distributions
converge as n — oo to Gaussians with 0 means and variances t; — t;_1, respectively. This is of
course the same distribution for these increments under Brownian Motion. The interpolation is of
no consequence, because the difference between the end points is exactly some f So it does not
really matter if in the definition of X,,(t) we take k,, = [nt] or k,, = [nt]+ 1 or take the interpolated
value. We can state this convergence in the form
lim E(f(Xn(t1)7 Xﬂ(tQ)a o Xn(tm))) = E(f(Btv to 7Btm))’

n—oo

for every m, any sample points (¢1, - - - t,,) and any bounded continuous function f on R™.
Equivalently, for a simple random walk

I(an) 9Pk (n)l +35 l(ch)l’
or
o —p 1 -2+
At 2 Az? ’
where At = §z2. Letting At — 0 we obtain
9] 1 0

ap(ﬁ r) = iﬁp(t, ).

5.3 Stochastic Integral with respect to Brownian motion

Since |B;|? — t is a martingale, we have (B); = t and thus £(0,T)((B)) = L?(0,T). For a deter-

ministic f(t) € L?(0,7)
t
/0 f(s)dBs = lim Z £i(Bt,s, — By))
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defines the Wienner integral. Since

Z(fj+1Btj+1 - ijt]) = ij(Btj+1 - Btj) + Z(f]-i—l - fj)Btj+1)
J

J

J

for f € BV(0,T)

/ f(s)dB, = [(t)B; — £(0)Bo / By df(s).
0 0

The Ito stochastic integral

t
/0 fodBs = |11>1|r302j:fj L

is defined for f; satisfying
(a) f is adapted and measurable (the mapping (¢,w) — fi(w) is measurable on the product space
[0,T] x © with respect to the product o-algebra B[0,T] x F).
(b) E(f |f[? dt) < oo.

One can extend the Ito stochastic integral replacing property (b) by the weaker assumption:
(¥) P(Jy | fi? < 00) = 1.
We denote by L, 1 the space of processes that verify properties (a) and (b'). Stochastic integral is
extended to the space £, 7 by means of a localization argument. Suppose that u belongs to £, 7.
For each n > 1 we define the stopping time

t
Tn:inf{tZO:/ |fs|?ds > n}
0

where, by convention, n =T if fOT |fs|? ds < n. In this way we obtain a nondecreasing sequence of
stopping times such that 7, 7 7". Furthermore,

t
t<7'n<:)/ |fs|*ds < n
0

Set ft(n) = ftljo,7,)(t) and then f) e E?I,T. For m > n, on the set {t < 7,,}

t t
/ ul™ dB, = / ul™ dB;,
0 0

t t tATh
/ u™ dB, = / ™I dB, = / u™ 4B,
0 0 0

As a consequence, there exists an adapted and continuous process denoted by fot fs dBg such that

forany n > 1and t <7,
t t
/ £ dB, = / f, dB,.
0 0

The stochastic integral of processes in the space L, 7 is linear and has continuous trajectories.
However, it may have infinite expectation and variance. Instead of the isometry property, there is
a continuity property in probability by the proposition:

since
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Proposition 4 Suppose that f € £, 7. For all K, § > 0 we have:

T )
PU[ seam =R <P 15Rds >0+ 2

Proof: Consider the stopping time defined by

t
T:inf{tZO:/ o2 ds > 6}
0

Then, we have

T T T T
P(l/0 fs dBs| ZK)SP(/O |fs|2d526)+P({|/0 fs dBy| ZKH,Q{/O o2 ds < 1)
where
P({] Jy fedBol = K[y {fy 1fl?ds < 6}) = P({rfons dBy| = K|} {r = T})

= P({| [y fsdBs| > K[} {7 =T}) < 3 B(| [y f2dBi*) gz E(Jy 1fsl* ds) < 1.0

As a consequence of the above proposition, if (™ is a sequence of processes in the space LoT
which converges to f € L, 2 in probability:

T
P(/o |f§n)—fs]2ds>e)—>0asn%oo

for all € > 0, then
T T
/ fs(") dB, — / fs dBs in probability.
0 0

Examples (Ito’s stochastic integral) Since

1
ZBtj (Btj+1 - Btj) = Z §(|Btj+1 ‘2 - ‘Btj ’2 + ‘Btj+1 - Btj|2)
j J

1
(Bif? — Bof?) - 5t

L\’)M—t

we have
t 1., 9 ot
BsdB; = (|Be|” — Bol") — 5
0
The Stratonovich integral
T
/ XiodB; : Q2 —R
0
is defined to be the limit in probability of

k—
tin T X,
Z +1 Bti+1 - Bti)

=0

as the mesh of the partition P = {0 =ty <t; <--- <ty =T} of [0,T] tends to 0.
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Examples (Stratonovich’s stochastic integral) Since

B;. . + B;. 1 _ 1
ST By~ Buy) = 3 5 (1B 1By ) = 5B = 1B,
J J
we have

t
1
/ B, odB, = §(|Bt|2 — |Bo)?).
0

Conversion between Ito and Stratonovich integrals may be performed using the formula

T 1T T
/0 f(Bt)odB; = 2/0 f(Bt)dt‘f'/o f(By)dB;, (5.6)

where f is a continuously differentiable function and the last integral is an Ito integral. Stratonovich
integrals are defined such that the chain rule of ordinary calculus holds, i.e.,

ﬂ&rwaszfmgm&.

5.4 Excises

Problem 1 Show (5.6)

Problem 2 Let B, be a two-dimensional Brownian motion. Given p > 0, compute P(|By| < p).
Problem 3 Compute the mean and covariance of the geometric Brownian motion. Is it a Gaussian
process?

Problem 4 Let B; be a Brownian motion. Find the law of B; conditioned by By, , By, , and (By,; Bt,)
assuming t; < t < to.

Problem 5 Check if the following processes are martingales,

2, 4
6)\Bt7>‘77 et/2COS(Bt), (Bt_'_t)eth*Q’ B1<t)B2(t)B3(t)

where By, B2 and Bj are independent Brownian motions.

6 Diffusion Process

When we model a stochastic process in the continuous time it is almost impossible to specify in
some reasonable manner a consistent set of finite dimensional distributions. The one exception is
the family of Gaussian processes with specified means and covariances. It is much more natural
and profitable to take an evolutionary approach. For simplicity let us take the one dimensional
case where we are trying to define a real valued stochastic process with continuous trajectories.
The space C[0,T] is the space on which we wish to construct the measure P. We have the o-fields
Fi = 0(Xs, 0 < s < i) defined for ¢ < T. The total o-field F = Fr. We try to specify the
measure P by specifying approximately the conditional distributions P[Xy 1 — X; € A|F;]. These
distributions are nearly degenerate and and their mean and variance are specified as

E(Xt+h — Xt|ft) = hb(t,W) + O(h)
(6.1)
E(|Xen — Xe?|F2) = ha(t,w) + o(h),

where for each t < T the drift b(¢,w) and the variance a(t,w) are Fy;-measurable functions. Since
we insist on continuity of paths, this will force the distributions to be nearly Gaussian and no
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additional specification should be necessary. Equations (6.1) are infinitesimal differential relations
and the integrated forms are precise mathematical statements. We will discuss the approach by K.
Ito that realizes the increments Xy, — X; as

Xipn — Xe ~ b(t, Xe)h + v a(t, X ) (Bryn — By)

and as h — 0 X, defines a solution to the stochastic differential equation

t t
Xt = X0+/ b(S,Xs) d8+/ AV a(S,XS)dBt
0 0

We need some definitions.
Definition (Progressively measurable) We say that a function f : [0,7] x 2 — R is progres-
sively measurable if, for every ¢ € [0, T] the restriction of f to [0,¢] x © is a measurable function of
t and w on ([0,¢] x Q, B[0,t] x F).

The condition is somewhat stronger than just demanding that for each ¢, f(t,w) is F; is mea-
surable. The following facts hold.
(1) If f(t,z) is measurable function of ¢ and z, then f(¢, X;(w)) is progressively measurable.
(2) If f(t,w) is either left continuous (or right continuous) as function of ¢ for every w and if in
addition f(t,w) is F; measurable for every ¢, then f is progressively measurable.
(3) There is a sub o-field ¥ C B[0,T] x F such that progressive measurability is just measurabil-
ity with respect to X. In particular standard operations performed on progressively measurable
functions yield progressively measurable functions.

We shall always assume that the functions b(t,w) and a(t,w) be progressively measurable. Let
us suppose in addition that they are bounded functions. The boundedness will be relaxed at a later
stage. We reformulate conditions (6.1) as

Mi(t) =X — Xo — /Ot b(s,w)ds, and My(t) = M(t)* — /Ota(s,w) ds

are martingales with respect to (2, F¢, P). We can define a Diffusion Process corresponding to a, b
as a measure P on (2, F) such that relative to (2, ¢, P) M;(t) and Ms(t) are martingales. If in
addition we are given a probability measure p as the initial distribution, i.e. u(A) = P(Xy € A)
then we can expect P to be determined by a, b and p. We saw already that if a a =1 and b = 0,
with u = dp, we get the standard Brownian Motion By. If a = a(t, X;) and b = b(t, X;), we expect P
to be a Markov Process, because the infinitesimal parameters depend only on the current position
and not on the past history. If there is no explicit dependence on time, then the Markov Process
can be expected to have stationary transition probabilities. Finally if a(t,w) = a(t) is purely a
function of t and b(¢,w) = by (t) + fg c(s) X ds, then one expects P to be Gaussian, if u is so.
Since X; are continuous we can establish that

Z)\(t) _ e)\Ml(t)*g fg a(s,w)ds _ e)\(Xt*XO*fOi b(s,w) dsfg fg a(s,w)ds

is a martingale with respect to (2, 3, P) for every real \. We can also take for our definition of
a Diffusion Process corresponding to a, b the condition that Z,(¢) be a martingale with respect
to (Q, Fy, P) for every A. If we do that we did not have to assume that the paths were almost
surely continuous. (€2, F;, P) could be any space supporting a stochastic process X; such that the
martingale property holds for Z,(t). If C' is an upper bound for a, it is easy to see that

E(e/\(]\/h (t)—M; (5))) < ecT/\z .

54



The lemma of Garsia-Rodemich-Rumsey will guarantee that the paths can be chosen to be contin-
uous.

In general, Let (2, F, P) be a probability space. Let T be the interval [0, T] for some finite T" or
the infinite interval [0, 00) F be sub o-algebras such that Fs; C F; for s < t. We can assume with
out loss of generality that 7 = (J,c- Ft. Let a stochastic process X; with values in R" be given.
Assume that it is progressively measurable with respect to (£, ;). We can easily generalize the
ideas described in the above to diffusion processes with values in R™. Given a positive semidefinite
n X n matrix a = a; ;j and an n-vector b = bj, we define the operator

1
(Lapf)l@) = 5 Z s dmon ) * Z big 8
If a = a;;(t,w) and b = b;(t,w) are progressively measurable functions, we define
(Lewf) (@) = (Latw) piew)f) (@)

Theorem 2 (Diffusion Process) The following definitions are equivalent. X is a diffusion
process corresponding to bounded progressively measurable functions a(t,w), b(t,w) with values in
the space of symmetric positive semidefinite n X n matrices, and n-vectors if

(1) X; has an almost surely continuous version and

Y(t)=Xi — Xo— /0 b(s,w)ds, Z;;(t) =Yi(t,w)Y;(t,w) — /0 a; j(s,w)ds

are (§2, F¢, P) martingales.
(2) For every A € R"

Zy\(t,w) = eAY (Ew) =3 fiQals@)Nds g oy (Q, F¢, P) martingale.
(3) For every A\ € R™
Xa(t,w) = Y ()3 JyRals@)Nds g oy (Q, Fi, P) martingale.

(4) For every smooth bounded function f on R™ with at least two bounded continuous derivatives

t
f(Xy) — f(Xo) —/0 (Lswf(Xs))ds is an (€2, F¢, P) martingale.

(5) For every smooth bounded function ¢ on 7' x R™ with at least two bounded continuous x
derivatives and one bounded continuous ¢ derivative

t
o(t, Xe) — ¢(0, Xo) — / (gt + Lsu)P(s,Xs))ds is an (Q, F;, P) martingale.

(6) For every smooth bounded function ¢ on T" x R™ with at least two bounded continuous x
derivatives and one bounded continuous ¢ derivative

exp <q§(t, X,) — (0, Xo) — / (gt + Lowd(s, X)) ds — % /0 (qub(s,Xs),a(s,w)Vz¢>(s,Xs))ds)

is an (€, F;, P) martingale.
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(7) Same as (6) except that ¢ is replaced by ¢ of the form ¥ (t,z) = (A, z) + ¢(t,x) where is ¢ as
in (6) and A € R" is arbitrary.
Under any one of the above definitions, Y (¢, w) has an almost surely continuous version satisfying

2
P(sup |V (s,w) — Y(0,w)] > ) < 2ne o
0<s<t

for some constant C' depending only on the dimension n and the upper bound for a.
Proof: (3) Since

4Z5(1) = (0 dYi) — S(\aN) d)Za(1) + 5 (A, a \)Za () dt = (A, d¥i) Z3(1),

we have
Zy(t) — Zx(s) = / Zy(0) (A dY,)

and thus Z; ia a martingale.
(4) Let us apply the above lemma with M; = X (¢) and

A, = oJo ibs) = (Aas V) ds
Then a simple computation yields
t t
MtAt — M()Ao — / MSdAS = GA(Xt — Xo) -1 / (Esywe,\)(XS — X[)) ds,
0 0

i(Asz)

where ey (z) = e . Multiplying this by e)(Xp), which is essentially a constant, we conclude that

¢
ex(Xy) —ex(Xo) — / (Lswer)(Xs)ds
0
is a martingale. That is,
t .
B E) = [CB((=i00b(0) + (ala) ) 0N |7, do

If b and a are deterministic

B(efMXe=X)|F) = e~ JLib(e)+(Na(o)N) do

and X; is a Gaussian process if X is so.
(5) Note that

E(o(t, Xy) — ¢(s, Xs)|Fs) = E((t, Xy) — o(t, X)|Fs) + E(o(t, Xs) — (s, Xs)| Fs)

t t 8
= E(/ Loud(o, Xs)do|Fy) —l—/ a(ﬁ(a, Xs) do|Fs)

t
_ E(/S (gt b Lo)b(0, Xo) dolFo) + 7
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where

0

= B[ Laulolt, X~ 0) = o0, Xr) dolF) + [ (G600, X,) = (5,000, Xo) doF)

ot

// O (0, X)L, ) dude| ) ~ // e

u, Xy) dudv|Fy)

= E(// Euwéé(v,Xu) dudv — // (Ey’wgqﬁ(u,Xv) dudv|Fs) =0
s<u<v<t ot s<v<u<t ot

where we used the fact that the last two integrals are symmetric with respect to (u,v).

6.1 Excises

Problem 1 Show that

0

My = u(t, Xt) — u(0, Xo) — /0 (a + L)u(s, Xs) ds

is a F; martingale. If we assume

% + Lu(t,z) =0, u(T,z)= f(z)
then show that u(t,z) = Eb*(f(X7)) = E(f(X71)|X; = ).
Problem 2 Show that

]
= T L—ql

t
My = e BByt X,) (0, Xy) - [ e S Ao
0

is a F; martingale. If we assume

0

5+ Lult.2) —q@ult,) =0, u(T,2) = f(a)
then show that u(t,z) = E%*(e - i ax) )ds f(X 7)) (Feynman-Kac formula).
Problem 3 Let

2
t
Xt — eT‘t-i—o’Bt—aT

Show that
dXt = T‘Xt dt + O'Xt dBt
and -
Lf=raf + L; .
If

u(t,z) = B (e T f(Xr)),

then show that u satisfies Black-Scholes equation

du, Ou o%?du
ot " or T T2 92

(for the European call option)
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7 Stochastic Differential equation

A stochastic differential equation models physical processes driven by random forces and random
rate change and uncertainty in models and initial conditions. It has a wide class of applications
in multidsplined sciences and engineering and provides a mathematical tool to analyze concrete
stochastic dynamics and apply and develop probabilistic methods.

For example, consider the population growth mode

W aON ) + 1), NO) = N, (7.1)

where N (t) is the size of population at time ¢, a(t) is the growth rate and f(¢) is the generation
rate of the population at time ¢t. We introduce the rand environmental effects through;

a(t) = T(t) + ” n0i86”7 f(t) = F(t) + ” noise”

and random initial value Ny. In different applications (7.1) can be used to model the chemical
concentration and the mathematical finance for example. We will solve this using the solution to
the Ito’s stochastic differential equation.

Consider the discrete dynamics for X, £ >0

Xpi1 = Xp, + b(Xy) Deltat + o(Xp)wy, Xo==z (7.2)

where b(z) is the drift, o(z) is the variance, and wy, is independent, identically distributed Gaussian
random variables with N (0, v/t). Equivalently, we have

Xp=2+ > b(Xp_1)At+ Y o(Xp)wy
k=1 0

We will analyze the limit as the time-stepsize A — 0, introducing the stochastic integral for the
second sum and develop the solution to the diffusion process.
First, we establish the existence of the strong solution to the stochastic differential equation

dX; = b(t, Xt) + O'(t, Xt)dBt

under the conditions
H1) (Lipschitz)
b(t, x) = b(t,y)| + |o(t,x) —o(t,y)| < Dz —y|

H2) (Growth)
[bt, )| + [o(t, )] < C(1 + [z])

Ito’s Lemma Let a square integrable random variable Xy and F;-Brownian motion By, ¢ > 0
be given and assume they are independent. Under conditions H1) and H2) there exists a unique
almost surely continuous measurable processes X; that satisfies

X =Xo+ /Ot b(s, Xs)ds + /(:J(S,Xs)st (7.3)
Proof: (Uniqueness) Suppose X, X, be two solutions. Then, we have
E(|X; — X:|%) = BE(|Xo — X0 /Ot(b(s,XS) — b(s, X,)ds + /Ot(a(s, X,) — o(s, Xs)dB,|?)
¢
< 3B((X— XoP)+ 30 +0DB( [ X, — X[ ds)
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By Gronwall inequality
B(1X: — Xif?) < BB((Xo — Xo)e P05,

(Existence) Consider the fixed point iterate

X =ot, XF)  with X = X,

and . .
O(t, Xy) :X0+/0 b(s, Xs) +/0 o(s,Xs)dBs
Then,
BXET - X < (40D [ QXS - X5 d
and

B(IX{ - X}|* < 2C%(1 + E(|Xo[*))
By induction in k we have

E(XF - X)) <

Aktk
i (7.4)

ont € [0,7]. Thus, {XF} is Cauchy a sequence in L?(€, F;, P) has a unique limit X;(w) =
limy,_, 00 XF(w) uniformly on [0,7]. By the martingale inequality

T
sup P(|XF — xF| > 27k < p(/ Ib(s, X5H1) — b(s, XF)|2 > 22k-2)
0<s<T 0

T
+2k+1E(/ lo(s, XF) — o (s, X*)|?) ds.
0

From (7.4) and by Borel-Cantelli lemma X;(w) = limj,_,o, XF(w) a.s., uniformly on [0,7]. O

7.1 Martingale representation

Martingale representation Let F; = (B, s < t). For every square integrable F; martingale
there exits a unique f € V = {square integrable adapted processon(0,T") such that

t
M; = E(My) —i—/ f(s,w) dBi(w).
0
Proof: Step 1 Let {h(t)} is the orthonormal basis of L?(0,T). Define

Yk}(t) = efot hk(s) st_% fg |hk(8)|2 ds‘

If dXy, = kg dB, — 2L gt then

AYit) = V() (dXi + glhil?dt) = hu(t)Yilt) dBy

and

Ya(t) = 1+ /0 h(O)Ya(t) dB.
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Since
d(YrY;) = dYiY; + YidY; + hiph;Y3Y; dt,

EY0)Y;() =1 +/0 hi(s)hj(s)E(Ye(s)Yj(s)) ds

Thus,
E(T)Y(1)) = e 1) — g
and
E(Yi(T) - 1) =
since {hy(t)} are an orthonormal basis in L?(0,T). Hence {L, M, k > 1} are an orthonor-
VT Ve

mal basis in L?(Q, Fr, P) and for every Fr measurable random variable F' has

F =g+ 352 ax(Yi(t) = 1) = a0 — X3, Jy anhi(s)Ye(s)dBy

T
+ /0 f(s,w) dBs,

ow = “B((Yi(t) = DF), o= E(F).

(7.5)

where

By the isometry
T
E(FP) = E(Fof?) + B( /0 (s, 0)[2 ds).

and the representation (7.5) is unique.
Step 2 By Step 1 for t1 < t9

to
My, = (M) = EQIo) + B( [ 50 (5,0) dB.IFy)
0

t1 t1
=BE(My)+ | f)(s,w)dBs=E(My)+ [ f*)(s,w)dBs.
0

Thus,
t1
= B [ (60 = 1 ) B = B [ 175,0) = 1) s,
0
and ) (s,w) = ft2)(s,w) = f(s,w) almost surely.

7.2 Tanaka’s formula

Let
|zl |z > €
ge(x) = 9
rys x| <€
2¢ 2 -
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By the Ito formula

9e(B)) = g.(Bo) +/0 J(B.)dB, + Qiem(s €10,4]: B, € (e, )

Since . .
B,
/ ' (BI{|B| < €} dB, = / Bs 1B, < €}dB, = 0 as ¢ — 0,
0 0o ¢

t
IBy| = |Bo + / sign(B,)dBs + Ly(w)
0

where L;(w) = the local time for the Brownian motion is defined by

Liw) = lim —m(s € [0,4] : Bs € (—e,€)) in L2(Q, F, P).

e—0t 2€

7.3 Dynkin’s formula
Let X; = x + By in R and f = |z|?. Define a stooping time 7 by

T=inf{t >0:|X;| =R}, |z|<R.

By the Dynkin’s formula
TNk 1
E*(f(Xraw)) = flz) + Eg”(/ S Af(Xs)ds) = jz|* +n B (7 A k).
0

Thus, letting k — oo
E®(1) = R* — |z|%.

For n =2 let f(z) = —log|z| and || > R. Since Af =0,
E*(f(Xn,) = f(a)
for 7, = inf{t > 0|X;| = R or | X;| = 2¥R}. For p; = P*(|X,,| = R) and ¢ = P*(|X,,| = 2*R).
—logR pr — (logR + klog2)q, = —log|x|

Thus, gr — 0 as k — oo and P*(7 < oo) = 1. This implies the Brownian motion is recurrent.
For n > 2 let f(x) = |2|?>~™. Since

Ranpk + (2kR)27nqk — ‘{L‘an,

lz]

2—n
7)

lim pp = P*(1 < 00) = (
k—o0

and the Brownian motion is transient.
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7.4 Girzanov Transform
In this section we disccus the Grizanov transform, which uses the measure change;

dv

m (w) = f(w) € L*(Q) on (Q, F

Lemma (Measure Change) Assume

E,(|X]) = /Q X (@) f(w) d = E(£X) < o0

Then we have

E,(X|H) Eu(fIH) = Eu(X[H).
Proof: The lemma follows from the following identities:
Jg B XH) fdp= [ E,(X|H)dv= [ Xdv= [, Xfdu= [, E.(fX|H)
Jn BEv(X|H)f dp = B (E(X[H) fIn|H) = E(InEy(X[H) E.(fIH)) = [ Bv(X[H)EL(f[H) dp
Theorem I (Girzanov) Let Y; be an Ito process defined by
dY; = b(t,w) dt + dBy
and M, is an exponential martingale;

M, = e fg b(s,w) ds—%fg |b(s,w)|2ds.

Define the measure @ on (92, Fr) by
dQ = My(w)dP on F

Then, Y; is (F3, Q)-Brownian motion.
Proof: Since

dM; = —bMdBy, d(MY:) = My(bdt + dBy) — YiM; dB; — bMyddt = My(1 —Y;)dB, (7.6)
M;Y; is a martingale. Since

d(MY?) = dM;Y? 4 2Y; MydY; + Mydt — 2bM,Y; dt
(7.7)
= (=bMdB;)Y? + 2(bdt + dBy) + Mydt — 2bM; dt = (—bM,Y;? + 2M,Y;) dB; + M, dt,
E(Mth2|-7:8) = M5Y52 + (t — )M

Hence Y; and Y;? — t are (F;, Q) martingale since

E(Mty;f|fs) _ MSYS
E(M;|Fy) M,

EQ(YH-’TS) = =Y

and ) )
E(M(YyE —t)|Fs) _ MY — sM; —y2_g

E(M;|Fs) B M, s

EqQ(Y? —t|F) =
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By the Levy characterization of Brownian motion Y; is a (F, @) Brownian motion.
Remark MpdP = M;dP on F;, t < T, i.e.,

[ $MrdP = Erf) = BEQOLIF) = B(GEOM|F) = B(EM) = [ f3aP

for all f € F;, -measurable.
Theorem II (Girzanov) Let X, Y; be Ito processes defined by

dX; = ot,w)dt + 0(t,w) dB;

and
dY; = B(t,w) dt + dBy

Assume that there exists a u(t,w) such that

0(t,w)u(t,w) = B(t,w) — a(t,w)
and assume E (62 Jo lulsw)l? ds ) < oo (Novikov condition). Let M; be an exponential martingale;

M, = e Jo ulsw) ds—3 [g [u(sw)| ds.
Define the measure @ on (2, Fr) by

dQ = My(w)dP on F,
Then, B, = fo s,w)ds + By is (F¢, Q)-Brownian motion and
dY; = oy dt + 0(t,w)dB; on (Fr, Q)

Proof: .
dY; = B(t,w) dt + 0(t,w)(dB; — u(t,w) dt)

= (B(t,w) — O(t,w)u(t,w)) dt + 0(t,w)dB; = a(t,w) dt + O(t,w)dB;.
Theorem IIT (Girzanov) Let X;, Y; be Ito processes defined by
dY; = b(t, Y;)dt + o(t,Y,)dB,

Assume that there exists a u(t,w) such that

o(t, Yi)ult, w) = b(t, Yi) — a(t, V)
and assume E (62 I lulsw)l? ds ) < oo (Novikov condition). Let M; be an exponential martingale;

M, = e Jo u(sw)ds—3 [g lu(sw)* ds_
Define the measure @ on (Q, Fr) by

dQ = My(w)dP on F

Then, B, = fo s,w)ds + By is (F¢, Q)-Brownian motion and

dY; = a(t,Yy) dt + o(t,Y;)dB; on (Fr, Q).
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Example Let a be bounded continuous and
Yi=x+ By
with b=0, 0 = I. Let u = —a(Y;). Let
M, = efg a(Ys)dBs—3 [3 a(Ys)[? ds
Then, (Y%, By) is a weak solution to
dX; = a(X;) dt + dB,

and
EP(f(thv"' ’th)) = EQ(f(Btw"' ’Btk))7

for all bounded continuous function f.

7.5 Excises

Problem 1 Check (7.6)—(7.7).
Problem 2 Consider the SDE
dXt = f(t, Xt) dt + O'(t)Xt dBt

(1) Define
Fy = e Jo o(9)dBs+5 [5lo(s)|? ds

Show that d(FtXt) == th(t, Xt) dt.
(2) Let Y:(w) be a solution to

d _
ZYiw) = F(w)f(t, F (@)Yi(w),

Show that X; = F;*(w)Y;(w) defines a solution to the SDE.
(3) If f(t,x) = r(t)z, then
X, = Xoefg o(s)dBs+ [} (r(s)—L|o(s)[?) ds

Derive a solution to

dXt = X;Y dt + O'Xt dBt

8 Probabilty Theory

In this section we discuss the basic concept and theory of the probability and stochastic process.
Let Q be a set and F be a collection of subsets of Q2. If A € F is an event. The probability measure
P assigns 0 < P(A) < 1 for each event A € F, i.e. the probability of event A occurs. We now
introduce the definition of the probability triple (€2, F, P):

Definition (1) F is o-algebra, i.e.,
QNeF, AeF=AeF

F,eF=U,F.€F
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(2) P is o-additive; for a sequence of disjoint events {A,,} in F,

o0

P((JAn) =) P(An)
n n=1
and for A € F
P(Q)=1, P(A°)=1-P(A).
Since (U,, Frn) =), F5, the countable intersection

n ni
ﬂFn eF.
n

Theorem (Monotone Convergence) Let { Ay} be a sequence of nondecreasing events and A =
Ug>1 Ak Then, limy, 00 P(A45) = P(A).

Examples (o-algebra)
Fo={Q, o}, F*=all subsets of Q.

Let A be a subset of €2 and o-algebra generated by A is
Fa={Q,0,A, A°}
Let A, B be subsets of ) and o-algebra generated by A, B is
Fap=1{00,A A°B,B° ANB,AUB, AN B, A°UB°, AN B,A°UB,AN B, AU B}.

A finite set of subsets Ay, As,--- , A, of Q which are pairwise disjoint and whose union is 2. it is
called a partition of €2 . It generates the o-algebra: A = {A = J;c; 4;} where J runs over all
subsets of 1,--- ,n. This o-algebra has 2" elements. Every finite o-algebra is of this form. The
smallest nonempty elements {Ay,---, A, } of this algebra are called atoms.

Example (Countable measure) Let €2 has a countable decomposition {Dy}, i.e.,
Q:ZDk, D;ND; =9, i#3j.

Let F = F* and P(Dy) = o > 0 and ), a;, = 1. For the Poisson random variable X

Dy={X =k}, P(Dy)=e".

for A > 0.

Example (Coin Tossing) If the cardinality of € is finite, then naturally we let F = F* and
P({w}), w € Q defines a measure on (2, F), i.e., P(A) = > ., P(w) for A € F. For example the

case of coin tossing n-times independently is formulated as

Q:{w: (bl,‘-- ,bn), biZO, 1}
and P(w) = p2ign=224 where p is the probability of ”Head” appears and ¢ is the probability of
”Tail” appears. the cardinality of € is 2" in this case. For the case of an infinite number of coin

tossing €2 is the set of binary sequences;

Q={w=(by,by, ), b; =0, 1}.
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Each number x € [0, 1) has the binary expression
o
b
v=) %
k=1
1

Thus, €2 has the cardinality of the continuum. Suppose p = ¢ = 5 and all samples w € Q
have the same probability. Since the set [0,1) is uncountable, P(w) = 0 for each w € Q. The
sets [3,1) = {"Head” appers at the first toss} and [0, 3) = {"Tail” appers at the first toss} should
have the probability % This suggests F* does not lead very far and P must be assigned to a
collection F of subsets of  for uncountable space €. For the measure space (2, F), F must be
closed with repeat to countable unions and intersections and complements.

Definition For any set C' of subsets of €2, we can define the o-algebra o(C') by the smallest o-
algebra A which contains C. The o-algebra A is the intersection of all o-algebras which contain
C. It is again a og-algebra.

If (E,0) is a topological space, where O is the set of open sets in E, then the o-algebra B(F)
generated by O is called the Borel o-algebra of the topological space E. A set B in B(E) is called
a Borel set.

Definition A map f from a measure space (X,.4) to an other measure space (Y,B) is called
measurable, if f~1(B) = {x € X : f(x) € B} € A for all B € B.

For example, for f(z) = 2% on (R, B(B)) one has f~(([1,4]) = [1,2] U [-2, —1].

Definition A function X :  — R is called a random variable, if it is a measurable map from
(2, F) to (R,B(R)). Every random variable X defines a o-algebra Fx = {X~}(B) : B € B(R)}.
which is called the o-algebra generated by X.

Definition Let X be a random variable. Then we define the induced measure on on (R, B(R) by
u(B) = P(X"1(B)), B eB(R)

and the distribution function by
F(z)=P(X(w)<z), x€R.

Then, F satisfies that x € R — F(x) € RT is nondecreasing, right continuous and the left limit
exists everywhere and F(—o0) = lim,_,_o, = 0, F(c0) = limy_,o, = 1. Such a function F is called
a distribution function on R.

Example (Random Variable) Let 2 = R and B(R) be Borel o-algebra. Note that

(a, b] :ﬂ(a,b—k%), [a,b]:ﬂ(a—%,b—i- !

n
n n

) € B(R).

Thus, B(R) coincides with the o-algebra generated by the semi-closed intervals. Let A be the
algebra of finite disjoint sum of semi-closed intervals (a;, b;] and define Py by

n

Po(Y (ar, be]) = Y (F(by) — F(ay))

k=1 k=1

where F is a distribution function on R. We have the measure P on (R, B(R)) and thus a random
variable X (w) = w on (2, F) = (R, B(R)). That is, a random variable X is uniquely identified with
its distribution function.



Caratheodory Theorem Let B = o(.A, the smallest algebra containing an algebra A of subsets
of Q. Let o is a sigma additive measure of on (£2, ). Then there exist a unique measure on 2, B)
which is an extension of pg, i.e., u(A) = up(4), A€ A

We now prove that Py is countably additive on A. By the theorem it suffices to prove that
PO(An)\l/Oa AnJ,Q, AneA-

Without loss of the generality one can assume that A,, C [N, N]. Since F is the right continuous,
for each A,, there exists a set B,, € A such that B,, C A,, and

Po(An) - Po(Bn) < e2™"

for all € > 0. The collection of sets {[~N, N]\ B,} is an open covering of the compact set [N, N]
since NB,, = @. By the Heine-Borel theorem there exists a finite subcovering;

U[_NvN]\Fn: [_N7N]'

and thus N;°, B, = 0. Thus,

Po(Any) = Po(Ang \ N2y Br) + Po(N2y Br) = Po(Ang \ N2y Br)

P (4 \ B) < ol A\ By) < e
k=1 k=1

Since € > 0 is arbitrary Py(4,) — 0 as n — oc.

Problem 1 P(AUB) = P(A)+ P(B) — P(ANB).
Problem 2 Show that N,F, is a o-algebra.
Problem 3 Let X be a random variable { X1 (B) : B € B(R)} is a o-algebra.

8.1 Expectation

In this section we define the expectation of a random variable X on (2, F, P).
Defintion (simple random variable) A simple random variable X is defined by

X(w) =) ila,(w)

where {A} is a partition of(, i.e, Ay € F are disjoint and ) Ay = Q. Then expectation of X is
given by
E[X] =) aP(A).

Theorem For every random variable X (w) > 0 there exists a sequence of simple random variable
{X,} such that 0 < X,,(w) < X(w) and X, (w) T X (w) for all w € Q).
Proof: For n > 1, define a sequence of simple random variable by

n2" E_1

Xn(w) = Z QTIk’n(w) + nIX(w)>n
k=1
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where I}, ,, is the indicator function of the set {w : % < X(w) < % . Tt is easy to verify that

Xy (w) is monotonically nondecreasing and X, (w) < X (w) and thus X, (w) — X(w) for all w € Q.
(]

Definition For a nonnegative random variable X we define the expectation by

E(X) = lim E(X,)

n—oo
where E(X,) is an increasing number sequence.

Note that X = Xt — X~ with X1 (w) = max(0, X (w)), X~ (w) = max(0, X (w)). So, we can
apply for Theorem and Definition for X and X .

E[X]=E[XT] - E[X]
If E[XT], E[X] < oo, X is integrable and
E[|X||=EX*]+ E[X"].
Corollary Let pux is the induced distribution of the random variable X, i.e.,
p(z) = P({X(w) < x})

Then, for a Borel function f: R — R

n2m

E(f(Xn)) =Y f(

as n — o0

T R

)+ f(n)(A = px(n) = /OOO f(@) dp(z) = E(f(X))

8.2 Stochastic Process

A stochastic process is a parametric collections of random variables { X; };c7 defined on a probability
space (2, F, P) and taking values in the state space S. The space T os either discrete time T =
0,1,--- or T'=[0,00). The state space S is a complete merit space. That is, for each t € T'

w € Q — X (w) € S is a random variable.

On the other hand, for each w € Q)
t— Xt (W)

defines a sample path of X;. Thus, X;(w) represents the value at time ¢t € T of a sample w €
and it may be regarded as a function of two variables:

(t,w) : T xQ— X(t,w) € S.

and we assume that X (¢,w) is jointly measurable in (¢,w).
Let Q be a subset of the product space ST of function ¢t — X (t,w) from ¢ — S The o-algebra
F contains the sigma-algebra B generated by sets of form

{W:th GBl,"‘ ,th GBn}

for all t1,--- ,t, € T, n € N and Borel setsBj in S. Therefore, we adopt the point of view that a
stochastic process is a probability measure on the measure space (ST, B)
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Definition (Finite dimensional distribution) The finite dimensional distribution of the stochas-
tic process X; are the measures defined py, ... ¢, on S™;

:U’th'“,tn(Fl X e X Fn) = P(Xt1 ek, ,th S Fn)

for all tx € T, n € N and Borel sets Fj of S. The family of finite dimensional distributions
determines the statistical properties of the process X;. Conversely, a given family of {vy, ... 1, tx €
T, n € N} of probability measure on S™ with the two natural consistency conditions it follows
from the Kolmogorov’s extension theory we are able to construct a stochastic process;

Theorem (Kolmogorov’s extension theory) For all ¢1,--- ,t,, let vy, ... +, be the probability
mesures on S™ satisfying

Vtﬁ(1>7...7t7r(n>(Bl X X Bp) = vty o 1, (Bre1(1) X -+ X Brny))
for all permutations 7 on {1,--- ,n} and
Uty oot (B X oo X Bp) = Uty ot tnit ot (B1 X oo X By X S+ x S)
there exits a probability space (£, F, P) and a stochastic process X; on € such that
Uty ot (B1 X -+ - X Byp) = P(Xy, € By, , Xy, € By),

for all tx € T, n € N and all Borel sets Bj,.
Example (Brownian motion)

A stochastic process By, t > 0 is called a Brownian motion if it satisfies the following conditions:
i) For all 0 < ¢; < --- < t;,, the increments B;, — By, ,,--- By, — B;, are independent random
variables.
ii) If 0 < s < t, the increment B; — Bs has the normal distribution N(0,t — s).
Based on the conditions we have

Uty oot (F1 X oo X Fp) = / p(t1, z, x1)p(te — t1, 1, 22) - p(ty — th—1, Tp—1,Tp) dxy - - - day,
Fix--xF,

where

n o \-7”—7J|2

p(t,z,y) = (2mt)"2e”

8.3 Convergence of Stochastic Process

Borel-Cantelli Lemma If Y P(A,) < co then P(A,, occurs infinitely manny time) = 0.
Proof: Note that

Ay, occurs infinitely manny time) = limsup A,, = N;° UgS,, Ay

Thus,
P(A,, occurs infinitely manny time) = nlbrgo P(US A < nlLH;O Z P(Ag) =0.
k>n

Definition A sequence of random variables {X,,} is uniformly integrable if

sup/ | Xn|dP — 0 as ¢ — oo
| Xn|>c

n

Theorem (Uniform Integrable) If {X,,} is uniformly integrable, then
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(a) E(liminf X,,) <liminf E(X,,) < limsup F(X,) < E(limsup X,,).
(b) If in addition X,, = X a.s., then X is integrable and E(|X,, — X|) — 0 as n — oo.

Lemma Let G be a nonnegative increasing function on R™ such that lim; @ — oo. If

81T1Lp E(G(|Xn]) < >

then {X,,} is uniformly integrable.

Theorem (Kolmogorov)

8.4 Conditional Expectation

Definition Let X be a random variable and A be a o-algebra. The conditional expectation E(X|.A)
is a A random variable that satisfies

E(I4 E(X|A)) = E(I4 X) (8.1)

for all A € A.

Note that Q(A) = E(I4 X), A € A for a nonnegative random variable X defines a measure @
on (2, A) and if P(A) = 0 implies Q(A) = 0 (i.e. Q is absolutely continuous with respect to P). By
the Radon-Nikodym theorem the conditional expectation exists as the Radon-Nikodym derivative
% = F(X]A). Condition (8.1) is equivalent to the orthogonality condition;

E(Z (X — E(X]A))) =0 for all A-measurable random variables Z. (8.2)
Let L?(Q, F, P) be a space of square integrable random variables and define the inner product by
(X,Y)2 = B(XY)
Then, L?(Q, F, P) is a Hilbert space. Moreover X = E(X|.A) minimizes
E(|X — Z]?) over all A-measurable square integral random variables
In fact,
E(|X-ZP)=E(X -XP+2X -X)(X - 2)+|Z-X*) = E(|X - X)) + E(|Z - X*).

That is, E(X|.A) is the orthogonal projection of X onto the subspace space of A-measurable random
variables of L2(€, F, P). If X, Y are random variables

HXeBY:w:/”mﬂ%wm

B py(y)
where px y is the joint density function of (X,Y’) and and py (y) is the marginal density of Y.

Property of Conditional Expectation

(1) E(E(X|H)|A) = E(X|A) for A C H.

(2) E(X|A) = E(X), if X is independent with A.
(3) E(Z X|A) = ZE(X|A) if Z is A measurable.
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8.5 Characteristic Functions

Definition For X € R" is random vector the characteristic function of X is defined by

PO = B@EN) = [ deDar@), ¢e R,

where F' is the distribution of X;.

Theorem The characteristic function ¢t € R — ¢(t) satisfies;

(1) lp(®)] < ¢(0) = 1.
(2) ¢(t) is uniformly continuous.

(3) #(t) = (1)

(4) ¢(t) is real-valued if and only if F' is symmetric.

(5) If E(|X|") < oo for some n > 1, then (™ (t) exists for all r < n,

P(t) = / (ix) " dF (), (i) B(X") = ¢!"(0),
R

and
= W gy + W,
r=0 ’ ’
where |, ()| < 3E(|X|") and €,(t) — 0 as t — 0.

(6) If ¢ 2”)( ) exists and is finite, then F(X?") < co.
HIfE < oo for all n > 1 and hmsupwzi<oo, then
n eR

o) =3 px|) for all ] < R
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