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Problem 1. What is an even number? Give all the definitions you can think about. Show 
a general representation for an even number, both algebraically and by picture. 

])~n!Hon a} of\ even nlJrYJbeJ : AI gebt~lcaAkJ ; 'An- e v-eJ\ ()um b::r rs q nu('() ber 
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IS o1:;_, Lt , 6, ?-t . . 
Proofem 2. What . zs an odd number? Give all the definitions you can think about. Show a 
general representatwn for an odd number, both algebraically and by picture. 

JJep. qj- C{'l odd "utYlber: Alge 6f6l.r~j ~ -An odd f\uM beJ is q nurtber 

I) o. f\ u Mber ~AJ hrvh rs I cr<JNL :±Yla~ cDf) be wn1ten Q.:s 2 k t-1 fk'' sorYU2 

--ftm +wTce.. a Lll~le f'I(JMbe.r ~e. n viY\ b e.l k. 
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Problem 3. Give a picture proof and an algebraic proof to show that the sum of two con­
secutive numbers is odd . 

. -.A~ebrarc Prooj : 

;..et-- n, A-tl be two c.O"sec.tt+rve (\UCV\l:::ers . ThV?_, 

f\ + (\ + l ~ 2f\t- J 
1 

uJhrz:.h rs of) odd number D,..r UJho le nurYJ be.rs n 
L.-J I J F 

1.et- f\ 1 

Problem 4. Give a picture proof and an algebraic proof to show that sum of any three 
consecutive numbers is divisible by three. 

A+ l , n + CL ore -1-t1f\e.Q.. ansew-hve n u tYlber.S 

~~ \ v'\ t 11 -+ 1~A_+_2_J =- 3n t- 3 =- 3( A+f) b:j di5 -fnbu +tv-e. 
pro p er~ 

ll.Jhrch r-s q ~ u l-h)ll e oJ.. 3 , dld ~ ~ Sum ~· t hJ'e.L CO's -e eM +-tv-e._ 

(\l).{'() bers 1.s d.1 vr.slb fe bj 3 . 
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Problem 5. Give a picture proof and an algebraic proof to show that the product of an even 
number and an odd number is even. For the picture proof use two different ways: First 
consider the horizontal dimension to be odd and vertical dimension to be even and then do 
it again vice versa. 

Pid-tire Proo(2 ! 
nr) 
~ 

11 le.,\- J4 be Gll eJJe) nut<l b~ 

.SQ ~=-2.~ ~r-_some. ~e.. 
nur().ber k:. 1-eJ- B on odd 
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' 
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: 
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·"' 

nu('()bti", ~o B.=- 2-l+l ,{Lor-~ 
o.J\-o,l e.. n um 6 er f_ . 

Thef\ <A. B =- (.2~).(2-l +-I) 
2k 

The (\umber (D() be. spl•+ The AUN'ber [d) be ::: :2.-~. (2-l. +I) 

l'n+a -\-UXl equa,t 89oups) ~\It- iyrt-o tt.UG ea,UQcl : .a k. 2. .e + ];k:. 

..so +he_ n:'mber1s e_\f€.1) groups (ver-h~~),so (b~drst. prop.) ~ .2- (2.1ce-+ k.) 
(rcn~lt9) ~e.. C\ur()l:eJ IS t:_\{eJI ~0 ~.~ ,. 0{) eveJ,nu«7be.r: 

Problem 6. Give a picture proof and an algebraic proof to show the following: '~ppose A · 
is a number divisible by 7. Then B is divisible by 7 if and only if A + B is divisible by 7. 
(Please read pages 114-115 for the general case where 7 is replaced by k.) 

A f.s dtv r.s•ble. 6 j ·7 

B \5 dfvJsible bj I c(=) -At-~ rs chv ;-srb le bj 7 

~ A rs dhr.s-ible bj 7
1 

so A = Ia. -Par s CY"ne u..Yole number q . 

~~ .R 1 s drv1s1bl e ~ 7 fhef\ B.:: 7 6 {lor sore. \..Llbol-e n01YJbeJ b . 

Thef\ A"tB =- 1q+ 76=. 7 (a+b) (bj cl.rsi-f-tbufi\1€. properry) 
.So A+ .B -;:s dh.Jrs·ibl e._ b~ 7. 

<;::: If 'IS diVIsible bj { 1 so -IL= 7q ibr s (Y('(2_ u.Jhale number Q . 

(Q- -A-tB rs divrs'lbie b~ 7, th~ At.B -==. 1c.. -Por ~ u.ihJlen0fYlberc . 

f~ef\ B~ L~ t6) _A = 7 c_ ~ 7a :=- 7 ( a - c) 1 So B rs d Tvl.S.ble. hj ·7 . 
AtQ. , ... 

PI c.lote Proo(d 
-> . } 7 

1-> 

A -. 



Definition 1. For any two whole numbers a and b, 

a= b (mod k) 

means that a and b have the same remainder when divided by k. Hence, a = 0 (mod k) 
means that k is divisible by a. 

Example 1. For example: 3 = 8 (mod 5) or 8 = 13 (mod 5). Give two more examples of 
congruence mod 5. 

I =: b l rrod tJ) 
-\=-~=~ (N'Od5) 

Definition 2. For any two integers a and b, 

a= b (mod k) 

if and only if Ia- bl = 0 (mod k). 

Example 2. For example: -3 = 8 (mod 11). Give two more examples of a negative and a 
positive number that are congruent mod 11. 

-b = '5 (MOd H) 

- 6 == s-= I b (tT"Gd II) 
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Problem 7. Give a picture proof and an algebraic proof to show the following: Suppose 
A = 3 (mod 7) and B = 4 (mod 7). Show that A+ B = 0 (mod 7)~. - ---- -----

. \'\ . ~ A::3lcYOd -r) 
1\ I ~eb~a.fc. ~"'roof-! / fl\00\ s A= 7 k + 3 ~ .5UI1e 1.:: 

-A:: 3 ( crod 1) fl'\ealS l A-3 \ =o {rf\-Od 7) 
~\tllch r<V2J:/\5 · A-3 r-s dTVTslhle b.:i 7. So , A-3 = 71:: (lir scY't'e ~e11umberl::. .. 

B:: '-f(r0Cd7) f() eDf\S )B-4].:: o (('()od 7) , 

(J.J~ Ich r(U2D'IS g_~ Is drv;-slble b~ I . 5o B - 4 ~ 7 l .p-a--.. sav-e uJ--oiC?{)U'l')bef 

-rhell At e, =L7t+ 2. ) + l7.f +-4)= 7~+ 1 -l+ 7 = ..., (~+U I) -{_ , 
whTGh('(\0>'\S 1\ +~ IS d t \fi.si b(e b~(. Thus A+ B = O {fY'Od r ) 

Problem 8. Suppose A= 6 (mod 7) and B = 5 (mod 7). Fill in the blank with a whole 
number between 1 and 7: A+ B = IJ_ (mod 7) and prove your answer algebraically. 

T p A::.. b (rf\Od 1), +heA 

Lt 1~ ~ =? [rrod 7) 1 +hell 

-A= 7k -tb por ~ u..1hoie fiV/Y1ber k, 

3 = 7.l+t? ~or .s~ w~e nu«1ber l. 

-Th eJ\ fi + 6 :::: 1 k + b + 7 ~ + 7 

.._ 7~+7.et )\ 

- 7~+7£+7+4 

=-l(lL-rft\)+4 
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Problem 9. Let N be a five-digit number, with digits abcde (note that a, b, c, d, and e are 
all one-digit numbers). (Actually, the result of this problem works for any number of digits, 
but for ease of notation we stick to 5 digits.) In expanded form N = lOOOOa + lOOOb + lOOc + 
lOd +e. 

a) Show that N = e (mod 10). 

N = \oOOOQ + 1ooo6+ IOOc + lod -t e 
rJ-::.10 ( IOOOQ+ IOOb+ IOc.+J) +e 

wtn·tch ('(\QQIIS N = e (rrod )o) 

b) Show that N = e (mod 5). 

I~ N :Qbcde, 4heA f\1 = l 0000Q+ lOOob + IOOc. + 10d +e 
N = 1J (;woo o. + 2-00 b+:Jac + 2d )+e. 

w h let> (VVU){) s N =- e ( rWd ') 

c) Show that N = 0 (mod 2) if e is even. 

1.(2 N:::abcde, 4\-1€1\ N~tOOOOQ-t\000 b+ IOOc.t- IOd t-e 
b\J-::: 2 l [JOOO q t t?Oo b+ 60c + "fd) +- e 

J\J-=. e _ Q 19- e rs eVeJ) ( e~ 2~ .oa rs~~ .) 

d) Show that N = lOd + e (mod 4). (Recall that d and e are the last two digits of N.) 

N= tooooo. t loooh+ tooc. t-IOd +e 

1\J::: 4 ( ~ '700 a+ .2170 b+ 2 5L) -1-IOdt e 

N= Jodte (rMd 4) 
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~ '\t')oU 501<!.9. -r'&'l~ C) (::' 

~~ 2.-. 3 t) 

~ 0 (!} rl ~ nnn ilf8 
lil ij~ FA 

2- 3 ;;; ___... 

e) Show that N = a + b + c + d + e (mod 9) . 

1{2- N ~ Qbcde 1 +h€11 N-== toooOq + 1 coo6..,.. roo c..+ I od t-e 

N = qq~_q9a. tqq9b-t qqc+9d + (a+tJ +c.t-d+- e) 
b . I I 

N = Lf ( I\ t\ tq + 1\ I b + II c -rd) r {a+ b t- C + d +e) 

~ V\ N =- at b +c_ td + e · ( ry-0d '1) 

f) Show that N = a + b + c + d + e (mod 3). 

iheA N -:. Q+ bt c -rd + e 
'ThO u<, . 

( _see +he prcJ-ur€. proo~ ab01.re J 
g) Show that N =(a+ c + e)- (b +d) (mod 11). 

~ N= IOOOOQ-+ tOOO b + \OOC. + \ Od t- e 
N = qq q c; ~ + q t 100 I b --b t q q c r c -r tid - d t e 

J\} = [ q q q q q + l oo I b t q 9 c. t 1\ d] -r (a - bt-c-d +€) 

N .:: II [ q o q q + 9 16 -t q c + d J 1- [ (a-t c +e ) -( btd ~ 

l~V\ N::: (o.tc.-re ) - (b+d) (CYX>d 1/) 

? 1 c.l-t.K 'Proal-: e3 ~ 12..3~ 
\t0r1ch~S \ houS&\JS TeA<; 0'\es - -t --t-

B (J~ UTIG ••• -\ +J_-'j +lf = 3 ., 7 ••• 12- j£)- ~ (Mod tl) 
+2 -3 -r '7 ~ 3 ret1'Clr\ler 



Problem 10. Using base blocks (without using long division) show the remainder of 357 
when divided by 3. 

H-urd~ds 

oo nn~n 
0 ~ .. 

of\es 

I. I 
I e I 

-• , 

(\t,e Tde a beh~ CA~ OUt y.~.ekmiAtlte -
QmOtl_9 . - - -

( 5 -t- '2 "t lt -r q T I ) -;- q 1 -H-\rs f\U~ W xt.s. chvr.slbJe 
Problem 12. Another example of mod 11 arithmetic: Find the remainder of 1493 divided b~ 
by 11 without using long division. 

-, 4q 3 ~ -l + L, -q -t 3 
-+ - + 

( 4 -t- '3) - ( I t-'1) 

-9 

7~93~-g=2 (N\Odll) 

Problem 13. Add the three numbers below, and check your answer by casting out 9's. 

+
JIJ'm 

±Jilt_ 110 2 l = <3 (MOd q) 
\1011 
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Definition 3. A prime number is a whole number P > 1 whose only factors are 1 and p 
Whole numbers N > 1 which are not prime are called composite. . 

Note: Based on this definition, 0 and 1 are neither prime nor composite. 

Probl~m 14. Sieve of Eratosthenes. In the array below, cross off all numbers that are 
not pnme. · 

Lemma: Prove that every whole number N > 1 is divisible by a prime. 

G\vefl N
1 

r.£t- ~· CUJ t2{L rts ~C:klrs CY-d lcl-P be -4ltle s.rroJies-f ~Ck>r ulh fd1 p>l, 

The/\ N rs o r<\u\+rp\e <2!-- ~, SQ_:j N = p~ . (his ~s ~+ N Ts d;rvTSI-bie ~ 

p. [ l~p<.N] 
..5 U? pose -trol- ? TS ro+- pr--('('(le, +he!\ p ras ~ c+or.s Q5 I. 5 =? . Th €.1\ r k D 

ace ~ct-ors oJ.- N -s7nce N =-P·9 = r . .s .g md r ~P tt s ,<(p , Bu+ NJ .(lac~or 

a~ ~ Is ~Uer mil p, e)(c.ep+- I. ThuS
1 

rls eTther 1 or p . so f> r.s a }Jr rM e oOd 
Fu d 

1 
. N rs dTviSih 1-e b~ q p rr"''NL B 

.n amenta Theorem of Anthmetic (Part 1): Every whole number N > 1 can be 
wntten as a product of primes. 
Proof: 

Frcrn l-emN\Q (ak?ove) I N (.a(l be wr~ Q S N=. p,. ()I ~I' sore P "~ p,' 

I~ l\1.=l md +hen N = p, Ts pr iNte . 'TheA we are ~. 
1-(l. n, :1- J ~ eJ) n, La1 l>e Lllfl1-ki> O S n, :=::. P.2. I ().2 .{Wr G\ p ri!Y'e.. 'P.2 . 

.:5o • r N=P1·P2.. ·n2 

Asarn J~ . 1) 1 ~1 -+Y101 N=p,.p2 Dl'd we ored.d\e . J(Lr0t1 wee«> re.pt!4+ 

Qf1 d UJrrk q s N= p,. p.2. p3 . p
4 

_ - · P.t .nk where f'l k ::I,_ Then 

l N =. P1. P2 · P3. "- -Pk 7 s wn'tkn a s +0e p NciucA- oJ- pr-frYies ~ 



Problem 15. Find the prime factorizat ion of each of the following numbers and write it in 
exponential form. 

a) 480 

480 
/ \ "-

'-I 12 \0 

b) 77220 = 2 ':2.._• 3 3 ., 5' I 11 t J 3 

/o/ "; 1 2.2 · 

{ ~ / "-3s'6•f 
/""-

3 ' 22> 7 
1 '\ I \ I "" 

2 2 L, 3 .2 lJ 
/\ 3/ ""'4 2 q 

2 2 II / iq 
::: 2 15~ 3 I c:;- / "I 3 

Fundamental Theorem of Arithmetic (Part 2): For every whole number N > 1, tifere 
is only one waY. of writing N as a product of primes, except for reordering. 
Part 2 will be proved later, in Section 5.5, but you are allowed to use it in your 
current work. 

Example 1. It is easy to see that 7 ·19 · 232 = 23 · 7 ·19 · 23, because this is just a reordering of 
the factors. This does not violate the Fundamental Theorem, because reordering is allowed. 

Example 2: Without doing the multiplication, we can show that 19 · 232 
• 7 =I= 132 

· 29 · 17. 
Explain why this follows from Part 2 of the Fundamental Theorem of Arithmetic. 

1 q ' 2 3 2 , 1 1= /3 ~ 2 ~ ' /7 T rose ore -t-u-0 dr(l(kJen~ tvm bers ~eawse 
\.. ....., -- .... v be{ (A/15 eQc...h At""' beJ yq~ Q t.l{)iqu e w a3 ()~ 6e rs 

"'~ pf'irt\{. -tnrs nUM ·"f · • ......... 

-ii-lis fluiV\W •"-(; ' 'P(;r(lll {lQCkrs 13,2.9,17 w~ qs prock'~ o~ Pflr'e..s . 
-{b<Jars Jq,~iample 3: Without doing any multiplication or division, liow can we show that 112 . 295 

is not divisible by 21? 

1~ tJ rsdi\JTS!ble bj 21) +h~ 14-has t:o be d.N rslble Vj 3A" 1 ( r.e 21::.3 ,1) 
51~(e t J\' ~ are I'Q-\- .pD.clerS c4 II Q • 2. Cj'J I $ 0 f+ IS rof-dJvTS11_::k ~ .2.)' 

Example 4: We can write 21 = 3 · 7 and 21 = 1 · 3 · 7. Explain why this does not violate 
Part 2 of the Fundamental Theorem of Arithmetic. 

:1-1 = 3. 7 = I . 3. 7 ha'S Q unl que 
~~ 

both a-e -Jhe scree 
pfii'l'e__ 

-fl-D.~~l7J. 
p~ .fbcd-a'7~+l::n 

Definition 4. The number 1· 2 · 3 · 4 · 5 · 6 · 7 . .. · n is written as n! and called "n factorial" . 

Example 5: 1 · 2 · 3 · 4 · 5 · 6 = 6! 

10 
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{ Problem 16. Write the prime factorization of 12! in exponential form. 

Problem 17. Is 12! divisible by 7? By 40? By 120? By 1000? 

10 ') 52. 
)'.l\-::-2. .3 . . 7.11 

.. 

I= l. I i .si'nce 1 rs o.ne eJ.- 4he .packrS at 12.-{ , 1 !2 ~ rs drvrsrble hj 7. 

~0 ::; 2 3, 5 j s rn ce 2 3 and ~ Q('(:'_ ~e (2a ct<lrs 4 I 2..l, ~ rs c!rv · bj l..t 0 

120::: 12.1 0= :1 ~. 3 . '5; 511\Le 2 3, 3, ~nd IJ ore po.Uers ~ 12-!' 01--
15 

cLfV<slble bj I:J.JJ. [ ~ sl-ould ra.ve. t~->·s """'~ &,.':.;!-~ 
\000.:: 10 3 = 2 3 . 53;· 2 ~ rs a p.actor of- t.2-! 1 bc...t+- ?

3 
rs ro~ 

--

Dt ~u-ar- oJ- 1..2.J. . - ----
~o 

1 
1-f- r-s AD+ d.rur.slble ~ /COO. 

1'2.1 i't\d~t~ 
" . ?~but' 
~?3 

11 



Problem 18. How many .zeros are at the end of the decimal form of 30!? 

Jo \ ~ 'S, tO I \ 'J, 2[)1 2_ 1) I 30 
,. 

.1, 1 t J l t 
5' 6"' 5"' 

,, ~l. 5"' 

'-- --' ---.......,-
?' 

5o, 30 ! ~s I ..Q.:ef(l.S a.+- +he e/'1~ .. 

Problem 19. Is 25! divisible by 143,000,000? 

IY ?J , ooo~ mo = !4 3 · 1o'· 
v .; . b/ 

:::llr/ ~, 1 0 

= 2 b , 7 b c tl, r3 

2 5} =- 2 CJ. 24 ,2 3. _- _ 2. I 

Cjb 

@ .. 11 o~ wos o.+ +he 
e C\d at-+he IIWV\W 

;::; ~ 0~ IO.s 1n 

-t\-1 IS f'l u ('(l b eJ 

I0 .:- 2-. CJ 
so we ore l ak~ 
_per , ~ oj.. 5 s dld 

jV a} 2-s . Strc€ 

M.\ (1. ~ 4-he. (\umbers 

i'n 30 ~ e. vel\ , -+her{ 

are a~ Ieos+- I'J euef) 

nud)bers, so~ 
ore. Q-f- 1 eQs+ xl). 
T b«f-' S UJ~- H- TS 

e.rau3h to too l(_ 

-(Wr +hcl ClU«J b<f' 

OJ- B'_s . 

There- a-e_ 6 '):#05 e<. +-+ne elld qt_ 2'1 1 . So ~ a.r-e.. b kn.s 
12 (/06) 

l. :4'71 15 cbvtsible b.J lit 3,od), oXJ ~use 25[ 1--a:; aJI..f+.e t:~ :0. 



Fact 1. A whole numberN > 1 is prime unless it has a prime factor p :S: .JR. Thus to test 
whether N is prime or not, one only needs to check divisibility by the primes p = 2, 3, 5, ... 
satisfying p2 :S: N. 

Note: If N is composite, it can be written as pn, where pis the smallest factor of N ·(other 
than 1). Then p must be prime, and p2 :S: np = N. Therefore p :S: .JR. 

Problem 20. Show that 247 is not divisible by 2,3,5, 7,11, applying the divisibility tests 
whenever possible. Is 247 prime? If so, explain why. If not, write 247 as a product of 
primes. 

13
2 _ 1 b q < 2 ~ l ~ c.heck_ I 3 , 11 J I 1 '?, 3, 2 
- v ~ I>( P<. tJt J( 

112- 1Z 1 7 2 ~ 7 .2-~ l ~ I 3. I q 5 0 I+ rs ro t p r i'(')"€.. 

Problem 21. Find the prime factorization of each of the following numbers and write it in 
exponential form. 

aJ 1111 = 1 t. 1 b I 
=IL7. 2 3 
~ f I J). 2 s 

b) 2261 = 7 ' 3 2 3 

= I, 17. 19 

Problem 22. Show that 11! + 2, 11! + 3, 11! + 4, .. . , 11! + 11 are all composite by giving 
a factor of each. 

Il l -t 2. = ~ ( 3 , y , 5, b . 7, g / 1. I 0 , II + I) __... II t + 2 71> drv. b~ .2 

1\ \ + 3 = 3, { 2.1.1 • ?. b , l . g , l . I 0 .II t- I ) --..., ll ! + 3 T3 di'v. b~ 3 . -
Ill +

4
. ==- !±_ • ( :J..,-?, . IJ. b .l . ~,q. I O. II+I) ~ tilt!, Is drl1. hc::J it . ( 

' 

ll.l t \l = I\ · LJ.. /3 · 4· '?.b .l. ~ . Lt I lOt I)~ . -
( 

• 

l\ I+ ll r.s • 

11 \ + :J.. 
1 

11 l t ~ 
1 

II ! + 4 1 • • • 1 11 ! t II t.<fe,_3 aJ<l\pO sties l:J emu se +h~ ean be 

wr-rtte.A cts producl- 9- 0Malle.J'- ~. ·- ._: -·· .. . 

u ~ +12. IS CD"llpcSfk. be.le\uS~ ll- .::. 2. b~ 3.t, has~L.-k15 In II ! f ~u+- "~ +\3, rs p ri'meJ 



Problem 23. Can you find any factors of 11! + 1? Do any of the primes 2 3 5 711 divide 
11! + 1? ' ' ' ' 

\\ ~ T' =- 1 ~. 2. ~I~· b. ] . g . '1 · I 0 , ~ .,.. l ---f f'O+- drvls!bl e b~ 
::: (1). 5 2. . 3. L, . t; . {:, . 7 ·J. ~ . I 0 . 1/ + 1 ) 

1 
-+t-ose. pr/r<l e s , 

~ u ~ + 1 But- s+rtl LJJe reed to 
·The -~c+ors ().,re_ . \ . oo.4--~ 14se1~ (lH"+I) 6he.d:.. }ar9e.s+- sCfJa-e oJ-
s Q , II ! t I r" p r i'me. ·· ' ' -+he Pnr<'{'_ · (~d· I) 

Problem 24. Can you find a list of 7 consecutive composite numbers? How about 70? 

~ \ t2 
' 

31 t3 , 

8! +4 
$! -tlJ 

31 t 6 
e 

l CO'\~ CU-t:lV€ 
c cYYf>o.STk 

"'u rl' ber 5 

11 c.cnsecu~V'£1 nuC(I bers 

I g 1 -t 2 

'~ '. + 3 
I %~ ·-t- 1.; 

1<3l t l8 

o R- sw-+ 1 q l , 2-0 ! 1 -s w-r Lll7'th Q nUN1 ber 
_bi-93 er -fton 11 . 

( 0 CO'\secu+ive t\Uf\llber5! 7' ! t 2. 1 ll J t 3, 711 1-4 r. - - 7/ ~ + 11 

Theore~: Given any positive whole number n that you like, we can make a list of n 
consecutive numbers, where all of these numbers are composite. 
Proof: 

Let- o .be Q tJJho(,e_ n urnb eJ (A ~t). Th€.ll ( n -t I)! -t 2 rs dtvrslb( e. b.y 2_ 

laecDJtS-L bath ( n+ I ) 1 ard Q__d'€_ divr:sl b\e bj 2. 

TheA (A-t\\~ -t 3 IS dr'rr:=:rbl€- . b;:J 3 

Ll\ t \ ) t -t- 4 T'::- d.Iv·~ lb le bj L, 

I 
{ 

(~-t\ )! -tn Ts divrsrble. b~ () 

(nt\)t +f\tl rs dfvrslble... ~ n-rl 
14 

So 1 4he_ ~+- q\- r\L(O ber.s Lnt I ) 1 -t 2..1 (f\t \) J t 3, - ---, (i\-+ \)!"tn-t I TS -the_ 

1 r s t--~ n cd\se..cu..-h"'\/e n U(() bv-5 WheJe ctlt aj-~ are_ CD'YlfY2Srte.. 



Theorem: There are infinitely many primes. 
Proof: Suppose -...tro.+ th-ete. 01'€. ml~ ~f+e..Jj ~ pr-iYY\e.S1 I€J-'..s S~ 

r) ~+-h~Y1. we def\0-+e -H't€JY) ~ sp,,p2..,ifJ3, ---,pn. f\¥JUJ c...C()..Sftu.cA- a f'\-€u.J 

f\ue0 blf p::: P, . p !2- • P3 . -- Po + I • d e.a.rl~ , P rs I ~ e.r +han Ot1j <?d- +te pn~, 
.:5o r -a- does I'D+-~ to one o4.. fheJY) · ...S70c.e. ?tt P.21 P3,-- ·J ?n cd'l.s+-r-:f-ti+e.. 

o.U pf'l'f<\Q.S, :p c.o'YX)f- be ?rro~- Thus, rt- MU3~ be cL-vr~le bj od- leas-4-ane. 

op_ OJr ttnik~ {Y\()/)_j ~nmes 1 .sa~ pn •. 

~of- w\'efl we drv-ld.e._ p b~ ?n 1 u..se 8eJ-Q ,..ef'(IQ.i'fdar I # Thus p Ts 1"'0-l- q rttul-

-h))le. q!_ OO::J ?rtrY\e_. Bu+--tha+ ~cl:s the ~ct-4-tYH- f2JJer:J U.Jho,le numher 

rs a ('()u~{e__ ~· ?N""t'<\es. Thrs C0'4adrcnon r<lro1S ~-\- (lAJ{"'. O':>Sucn~ -+ha+ 
{here. ore .P....Y\~ ' ('('aO~ prrrn-e.S T75 f\Q+ corf'ed-: (neJe ore_ m.p_rrn1-eJ~ j¥'01~ prrt'Y'ts. 

Problem 25. Is n! + 1 prime for every whole number n? 

~0 l 
coun~ e_)Cor()pte :' 1J! ~ l -=- 1. 2.. 3. 4-,? +I =I 2.0 +I 

5 1, + J = I 2 J '1.5 q c_Q(Y) p:;> 5Tie numb€!" 

4! + l = 24-t I ::: 2 ') ~s COr()posrte nu(Y") bet 
ro 1--c prl'('('€_ . 

Problem 26. Find GCF(24, 88) in two different ways: by listing the factors and by finding 
the prime factorization. 

3 24 =2::-' 3 
<3'6 .::2'S, f) -

15 



Problem 27. Find GCF(990, 825} in two different ways: by finding the prime factorization 
and by using the Euclidean algorithm. ' 

5"" 

\ b~ )<61~ 
% 1'? 

0~ 

~ r rro.Q.. ..{!ado rnARO\. l 
61'10= .2 ._2 ~2· li 
<5 zs-·- ] , .2~ _!1 

. Gc F . (qq o, <62s-):: S., 5', JJ 

= lb? 
Problem 28. Use the Euclidean algorithm to find GCF{1081, 1457}. 

' 
. ., 

1 0<61 j t.4tJ1 j · 
I 0€; l 

31b) 1081 [
4 

.. ' 

- 152-
' L,1)321 

~3lq 

316 319 ~ 

16 



Problem 29. a) Use the Euclidean algorithm to find GCF(133,943}., 

1 · I I _ ltJ.. 

!33]t--q-~3--) 12),33 I~ 
_q3L ::.S ~ 

12 '~ ~ 

6CP {I t,.?lrCJ4 3 )c 1 . 
\ 

-1~ -2. -- --
~ 41>:::. I 3 3.7 + 12.) 

Q) 
[ 133= 12. II+ I j 

@ 

of 
(1-= 1-12+0 

b) (Extended Euclidean Algorithm} Find integers m and n such that 943n + 133m = 1. 

® [j -13'3 -f2.1Q 

(i) pl. c: 943 .. 13 g.1 j 

L= 133-@ II 

::: \ 3 3 - ( qlj 3- 13 3. 7) ./I 

:: t 3 3 - ( qL/~ .. ll - I '3 3 . 7 7) 

~ 13 3 - lfL/3 I II + I '3 3 . ll 

= J'JS'~ba) - q It '3.(\ I). 
= G?43.(-1l) + 133. (1'6) 

17 



l 

Lemma 1 (used in Euclidean Algorithm): If a= bq + r then GCF(a, b) = GCF(b, r). 

'~ o rs o ~ctor- ~ bo+h b CX')d r; +\1€/\ 1+ -rs C\ )6o q _Qac+cr-- ~ 
Q = bg+r- be~quse J?tj+~ r.s q ('(\U l+t-p \e 4- n • 

.....srml\ori.:J , •fL n Ts Q ~ctot' 4- _both Q t{ b +1\eA t=l- rs o )so q 

..po.tJ-or ~ _ / 1=- G\- l? q . So '-f{,e se+-s <4-

1 c. t: (Q 
1 
~~ )c { c F ( b 

1 
r ] ore T daA+.-co.!. T hu ~. -+he. lo.rg e s-1- n vm bel 

if\ +h .e. fLr-cs + \ r s ~ = 6t.C ~ ( a ' 6 ) rs +he. sarrte- q _s ~ e lor .9 e .s + num b'if' IYJ 
~e_ s econd l.-.s+= 6C.f=: (.b, r ) , 

Definition 5. Two whole numbers a and b are called relatively prime if GC F( a, b) = 1. 

Lemma 2: For any whole numbers a and b, that are relatively prime, there are integers m 
and n where ma + nb = 1. --i' lr0ecc- ~b~Of) 

We can look back at the Extended Euclidean Algorithm to check this Lemma. 

Problem 30. For example, find integers m and n so that 1265m + 241n = 1. 

l!fg-
·-b -DO; 

I = 241 - 12.. b 5. ~ + 1. t., l . 2.0 

f = 2-41 , 2.l -(2b ?. 4 

l ~ 12:'1. 1-t,) + 1 4} . (21) ~ :;,= ;t-' 



Lemma 3: If p is a prime number and p is not a factor of a, then p and a are relatively 
prime. 

~~"eJ\ ~ p \s t'nme ord ~ 1s rot- Q .p..ac.+or a(L a 

'Pro\./'€ ~ Gc ~ (p, a)=' 

I C- p f5 q prme )c p IS 1\01- Q ~ch>r oJ- o. , +hell GC~ ( p,a ) Is eT-J.h er I or .p 

.because p hQS on~ ~clif5 I of\d. p . IR G CF(p,q) T5 I 1 -ihell pu 're_ done. 
,. t.Q.- G c F ( p, a )= P . -rh en p rs Q .{lac.+or o.{L C\ , ( QI)fi'<tlrcffO'll c P ( p, a ) -, s rot- p 

Lemma 4: If pis a prime factor of ab, then pis a factor of e1ther a or b. 

6f'le'\ ~ p 1.5 a .(Latta r qL o b 

Prove : 'P 1 .s q -{2.llc:tar 4 a o r fJ Ts a -Pa c.tor of b . 

beCfluse p rs f\Ot-Q 

G-cr oJ- q, 

t R p T.S a .pa.C:tor ai a, -#hef) we tre_ cbC\e . 
J .. e+-~ ass oro e p T.S f'Q+- a ~ cl-ar oA- a, -#'I eJ) P O'ld a qe ~Ia+-; ve.!::J p~ 
5o 

1 
GC.~( p,a) ~) 

-....,---- Fundamental Theorem of Arithmetic (Part 2): For every whole number N > 1, there 
is only one way of writing N as a product of primes, except for reordering. 

Here we use an example to display the reasoning for the proof of part 2 of the Fundamental 
Theorem of Arithmetic. Let 's look at 51425 =52 · 112 • 17. Assume that this number has 
another prime factorizations p1 · P2 ... Pn. 

-.,~ 

Th ere-{lae-1 -\.here_ ore.. 
-k.uo T() -k;ger:s m, n 
..suc-h ~hot 

«lP-t na.=.t 
b {n1p+nq =-I) 

bmp -rbna-=. b 

·~ b rn r +.nab ~ 6 

Sft'\ CQ.. ~ knot.U p 

fTA (Por+2) ~ 

p, 1s ~ .(la.c.+a- aJ- ob, +hen p, rs a Faclif c+ 
e]fher 'J or ?. 1 1?-., 17 b~ I e('{)r[\q 3 · 

Theil 1-1-- rs tJ (pi =- tJ) 

" r 

Is o. ~~ ub, 19 

.}heJl Q b..::p.k. I 

~mpt n pk~b --t> p. (brnff'\8=b _.So.., rsq ~w i b 
1 



Problem 31. Find LCM(24, 88} using the prime factorizations. 

'3 
lL1 = 2 ~ 3 

<g<3 ~ 2 ~ . }) 

I owes+ carY'~ ·rYV 1-hple 
bCOd ~eck.J~ ~ : Bo+fl .2-Lj 01d 88 CJ.lliJ 

Problem 32. Find LCM(JO, 24, 88} using the prime factorizations. · c9<J jy) 71-. SO 

\0: 2 ,') ........_ 

24=.13· ~ 
38 = 2~. } l 

""""'---

3 
l Cm( \ 0,.2~~~~ )= 2 , 3 , 'J.JI 

?rob \€fY) 3 3, F rnd 1.. cJYI l q, b) ~ ? 
.-:z_.. 3.2... 3 '41- Q=2 I f ;-

b :: 33. S,l 

20 

LCN1>2.~ 
~ Lc ("() '> 88' • 


